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Critical phenomena in gases 
II. Vapour pressures and boiling points 

By J. E. Lennard-Jones, F.R S. and A F. Devonshire 
The Umvemty Chemical Laboratory, Cambridge 

(Received 24 November 1937) 

1. Introduction 

The object of the first paper on “ Cntical Phenomenam Gases” (referred 
to in this paper as I’aper 1) was to develop a simple method of dealing with 
dense gases and to calculate critical temperatures in terms of atomic fields 
of force. Each atom in a dense gas was pictured as caged for most of its time 
by a cluster of neighbours, equal in number to those which surround it m the 
Bolid (and presumably also in the liquid) phase Tho model was intended to 
provide a general average of tho jiotential lield in which any one atom moved 
by replacing its varying environment by an arrangement of neighbours 
which could be regarded as typical. This arrangement was taken to be the 
one in which the neighbours were situated at their mean positions as 
determined by the density of tho gas Tho potential energy of any one atom 
could thus be expressed as a function of the volume of tho gas—a step which 
is probably the crucial one in a theory of critical phenomena. This point of 
view brings the process of condensation within the category of those 
described by Fowler (1936) as co-operative phenomena In passing we may 
observe that the derivation of van der Waals’ equation provides a particular 
exam pie of this method, for 111 it the potential energy of each atom is assumed 
to be inversely proportional to the volume. The present theory goes beyond 
this simple model, for tho potential energy of an atom is considered to be 
not only a function of volume but also a function of the position of the atom 
relative to its neighbours. The probabihty of finding an atom in any assigned 
position can be calculated by statistical means and its average potential 
energy and its available free volume easily deduced. The equation of state 
can then be deduced by thermodynamic methods, as has been pointed out 
elsewhere (Leonard-.Jones 1937). 

The success of this method in calculating critical temperatures has 
encouraged an attempt to push the theory a stage further so as to give the 
boiling points of gases. At the boiling-point the conditions in the gas are 
very different from those at the critical point. The density is much less and 
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the perfect gas laws can be assumed to hold But in the liquid we may suppose 
that the conditions are similar to those of a derise gas except for the closer 
relation of neighbouring atoms In this paper therefore we use the samo 
methods for the liquid which wo adopted for the dense gas in the first paper 
and then find a relation between the tcm|>eraturo and vapour pressure. 
This enables us not only to calculate boiling-points m terms of atomio force 
fields but also to determine the change of entropy on evaporization and thus 
to give a theoretical justification of Trouton’s rule 

While we have approached the problem of a liquid and its vapour as a 
natural extension of the theory of dense gases, wo find that considerable 
work has already lioen done on the theory of liquids, which bears some 
resemblance to that develojiod here T S Wheeler ( 1934 - 6 ) has used the 
force fields previously given by Lennard-Jones as a basis for a theory of 
liquids He supposes each molecule to keop clear round it a spherical 
volume by its thermal motion and to vibrate within it like a linear oscillator. 
He is thus able to obtain many properties of a liquid by simple kinetic 
theory arguments in terms of the specific volume and the constants of the 
force fields The theory does not determine the specific volume, as a self- 
contained theory should do, but by giving to this quantity its experimental 
value he is able to get satisfactory agreement between theory and experi¬ 
ment for a number of physical properties 

Recently Eynng and his collaborators ( 1936 - 7 ) have dcvelofied a theory 
of the liquid state which seekH not to obtain all the properties of a liquid in 
terms of interatomic forces but rather to correlate the different properties 
with one another Eynng has introduced a new concept which is extremely 
valuable He has given reasons for supposing that in a liquid there are a 
number of “holes” of atomio size, the number of which can lie estimated by 
simple thermodynamic arguments. Tn terms of those the phenomena of 
diffusion and viscosity can be dealt with quantitatively. In a further paper 
(Newton and Eynng 1937 ) the vapour pressure has been obtained in terms 
of the coefficient of expansion and the specific heats and other properties 
have been successfully correlated (Eynng and others 1937 ). 

An attempt to develop an exact theory of condensing systems has 
recently been made by Mayor (1937). This work must be regarded as an 
important advance m the subject, but though the vapour pressure of a liquid 
is expressed in terms of the interatomic fields, the equations are too com¬ 
plicated to admit of more than a very approximate calculation In order 
to make applications to |>articular gases and liquids, it will probably be 
necessary for some time to try to find methods, such as that given in this 
paper, which permit of easy numerical computation. 
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2 Calculation of vapour pressures 

In calculating the partition function and hence the free enorgy of a dense 
gas in Paper 1, we supposed that each atom could be regarded as confined by 
its immediate neighbours to a cell or cage and that its migration from one 
environment to another could be regarded as a relatively infrequent event 
In conformity with this, we supposed the partition function of the assembly 
to bo equal to the product of the partition functions of the individual 
molecules, but the fact that migration may occur, though slowly, implies 
that the statistics should be like those of a dilute gas rather than that of a 
solid We discussed in Paper I the partition function for a perfect gas by 
these two methods and showed the ability to change places results m a 
factor of e N m the partition function for the assembly (corresponding to a 
factor N K /N N '). As we stated m that paper, none of the results given there 
(for example, the equation of state and critical constants) are affected by this 
factor, but m extending the results in this paper to vapour pressures this 
factor must bo considered more closely. The contribution of mobility to 
the energy of the assembly will be small and may safely bo neglected, but it 
is probably more accurate to take into account the permutation of the atoms 
and to include the factor just referred to. This means that the whole of tho 
“free volume” of the assembly and not just that of each cell is accessible 
to every atom and tho usual factor of AH must be introduced to allow for 
jiermututions. This method has already been used by Eyring and Hirsch- 
felder in a paper just published ( 1937 ) 

In Pajier I we supposed the fields of tho atoms to be spherically sym¬ 
metrical and the potential to lie of the special form 

< p ( r ) - Ar n - Br ~ m . (1) 

Now atoms obeying a law of force of thiH tyjie would crystallize in the form 
of a face-centred cubic (Lennard-Jones and Ingham 1925 ) and tho number 
of nearest neighbours of each atom would be 12 We accordingly assume 
that in the liquid and dense gas phases there is a tendency to this structure 
and that theaverage field m w Inch anyone moves can bo represented approxi¬ 
mately by the effect of the 12 nearest neighbours m their mean positions. 
Clearly it will be necessary in taking the theory to fuither approximations 
to consider tho motion of the atoms about those mean positions and to 
represent this by probability patterns as is done for electrons in atoms, in 
fact, what is ultimately required is a method analogous to that of self- 
consistent fields for finding electronic distributions. 

In this paper we shall suppose the methods used for a dense gas are 
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applicable also to a liquid. The partition function, obtained in Paper I, 
equation (48), can be written in the form 

2^1og JX?) = - ^p ? ,+1 log (27m IcTjh 2 ) + \og(v t xl^i), (2) 

where 0 O = - N,A{( 1 - 2 ) (r 0 /t>,)* - (0-5) (i> 0 /t>,) 4 }, (3) 

and is the mutual potential energy of N t atoms, when arranged in a face- 
centred cubic lattico at their mean positions. This is easily obtained from ( 1 ) 
by adopting the summations given by Lcnnard--Jones and Ingham ( 1925 ) and 
by altering the notation so as to express the energy in terms of volume, 
thus, 

A = c<j> 0 , v 0 = N,rllJ 2 , (4) 

where <f> 0 is the absolute value of the minimum of the potential energy of 
two atoms under the field (1), r . the number oi nearest neighbours (- 12) 
and r 0 their distanuo apart in the equilibrium configuration. N t is the number 
of atoms in the assembly, considered to be in the liquid phase, v, the volume 
occupied by these atoms, while x w the fraction of the total volume which 
may be regarded as available to an atom, in fact, 

X = ( 1 /w*)Joxp[- t(r)lkT\dr, (5) 

where the integral is taken over a unit cell of volume v* (tho specific volume) 
and is the potential energy of the atom within its coll referred to that 
at its centre as zero For the particular law of force defined by ( 1 ) ^ is given 

by t 

X = 2tt expjj^,{ - (i’ 0 /»i) 4 %) + 2K/?;,) 1 »«(!/)}] dy (6) 

(cf. equation (49), Paper I, using the relation x - 2n-j2g) 

We may conveniently define a free volume v f by the relation 

“ v iX - ( 7 ) 

We note that it is a function of temperature and volume. The free volume 
]>er atom wo shall denote by vf 

As explained above we now modify the partition function from (2) to 
(l/A5)log JXT) = - <PJN,kT +1 Iog(27m AT/A*) + log wf +1. ( 8 ) 

The vapour pressure can be calculated from the well-known thermo¬ 
dynamical formula 




(») 
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where U is the internal energy of the substance in question. Now p remains 
constant and equal to the vapour pressure while the substance evaporates 
at constant temperature, so that if we integrate (9) at constant temperature 
from v — v* (the specific volume of the liquid), to v = v* (the si>eoifie 
volume of the gas), we obtain the equation 

{ 2 ’(l'f),” /J }(' , *~ V? ) _= lJ *~ UT ’ (10) 

where V* is the internal energy ]>er moloculo of the gas, U* the internal 
energy |>er molecule of the liquid, and p the vapour pressure. If the vapour 
pressure is small (of the order of an atmosphere or less) wo can neglect vf in 
comparison with v* and treat the vapour as a perfect gas. Then we have 



1 

II 

5 

e- 

' — sr~ 

g 

(11) 

Now 

u*.. kT * 9 io *Fm- 0 *+*****+*kr 

U> ~ N, V, + -x'dT + * U - 

(12) 

so that 

f T (Vp\ ALT 0 O kT*d X 

\ \dT/ r P j p " ~N, X ~ M 

(13) 

Tf wo divide by kT 2 and integrate wo have 



log p - log T = 0 o /N,kT - log X + log;/(»), 


so that 

V = T X V(w) ex p {0 o IN, k T), 

(14) 


where f(v) is an arbitrary function of v Since X 18 11 P ure number, it would 
appear from dimensions that f(v)jk must bo equal to tho inverse of a volume. 

Another method of calculating the vapour pressuro, which has the 
advantage of giving the equation without any arbitrary function, is to use 
the thermodynamical equations for the condition that two phases should be 
in equilibrium in the form 



where A is the Helmholtz freo energy or work function, which, for the liquid, 
is given by the equation (cf. equation (48), Paper I) 

A, = -kT log F t (T) = 0 o -N,kT{log(v l xlN,)+ ^-^kTlog^rnnkTIh*), 

(17) 
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and for the vapour, assuming it to bo a perfect gas, by 

A, = -N 0 kT{\oK(v,IN g )+l}-lN g kT\og(2nmkTlh*). (18) 
Equation (15) is the condition that tiic pressure on the liquid should be 
the vapour pressure, and is 

_-N u kT_ _-N,kTd x N,kT 00 o 
P * v u Pl ~ X 2 V [ r, + dv,' 

(19, 

0 *’/ X dv i dv i 

Equation (16) gives the relation " 1 

-kT log (v„IN a ) = * 0 /W, - kT log x - kT \og(v,IN,) - * {??• - AT, t T1**} 

-tM-kTiwX-tTWvJNA-kr+MW 

on using ( 111 ) This is equivalent to 

P 0 = (fykT/vtx) ex p{| 4>JN,kT] - 1 }, ( 20 ) 

since the term (pgVt/N,) may be neglected in comparison with kT. We note 
that this equation has the same form as (14). If we replace v lX by the “free 
volume ” v f , we may wnto equation ( 20 ) in the form 

vf - v* exp{[0 o /A J <*7’J - 1 }. (20 A) 

This simple formula gives the “free volume” of the liquid per atom in terms 
of the specific volume of the gas 

Equations (19) and (20) together determine the specific volume of the 
liquid as a function of temperature, but for moderate vapour jirossures it is 
a good approximation to put p equal to zero in equation (19) as it is small 
compared with tho other quantities involved, so that this equation alone 
gives the specific volume of the liquid as a function of temperature. 

We may also determine the change of entropy and tho heat of vaporiza¬ 
tion without difficulty, if or the entropy of a substance is given by the 
well-known equation 

TS =11-A, 

so that from equations ( 12 ) and (17) the entropy per molecule of the liquid 
is given by 

S *l k = y It + log * + lo Z( v ‘l N i) + ^og(27Tmk Tjh, 2 ) + \, (21) 

♦ It is to bo noted that <P, and x depend on N, through (»’ 0 M, or (cf/uf). 
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while the entropy of the vapour, supposed to be a perfect gas, is given by 
S*/k = log (vJN.) f l \og(2nmkT/h*) + f, (22) 

so that (S* -S*)/t = log (vVrtx)~l*. (23) 

Now from equation (12) we see that (kT*lx)@xfiT) 18 the change in 
potential energy of an atom due to its motion about its equilibrium 
position. We know that it will bo equal to \k'T if the atom is moving like a 
harmonic oscillator This will not be far from the truth at high liquid 
densities and in any case the second term in equation (23) is always small 
compared with the first so that wo may writo approximately 

(tf*-N?)/* = log(»>f*)-f 

= logO’J /»*)-!, (24) 

The heat of vaporization is then given by 

AH*-L*= T(S* - S*) = kT\og(v*lv* x )~l* 


= l’T{]og(v*/v*x) - §}. (25) 

To the same approximation we can write equation (20A) in the alterna¬ 
tive forms 


3 DlSOUSSIOV OF RKSIJLTS 
Equation (20) may be written in tho form 

„ VAkTv^WJN'kT) - 1 } 

P v 0 A x ’ K 

and hence, since 0 o /N t kT ami x both dojiend only on Ajl-T and !>/«„, and 
these quantities are given in terms of each other by equation (19) (with 
p equal to 0), we have 

p - (W,/l/r 0 )£Wn (27) 

where iJ is a dimensionless quantity, which is a function of A/kT only. It 
should be the Bame for all gases to which our equations are applicable. A 
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few typical values of (v,/v 0 ) and Q(A/kT) for a range of values of A/kT, are 
given m Table I As a guide to tbo size of the quantities involved it may bo 
mentioned that A/kT is about 9 at the critical point and about 16 at the 
boiling-point for the simpler gases, and that for the inert gases (N t A/v 0 ) 
vanes between 2 x 10® and 5 x 10® dynes/cm 2 . It is found that the calcu¬ 
lated values of log/2 are proportional to (A/kT) to within the errors of 
calculation, so that wo can put the equation for the vapour pressure in the 
form 

log,/! = log e (AT ; yl/i) 0 )+ 1-916-0-678(/l /kT), (28) 


Table T 


(A/kT) (»’,/»,) Q(A/kT) 


log, U 


12 8 
15 8 
18 0 
21 0 


1 118 0 00116 - 0 762 

1 054 0 000150 - 8-749 

1 026 0 0000352 - 10 255 

I 000 0 00000448 -12 317 


for values ot A/kT within the range 12-8-21-0 This is in agreement with 
the empirical fact that the vapour pressures of many gases can bo expressed 
by an equation of this form. If we insert the values for A and v 0 calculated 
from the interatomic forces wo find that tho calculated vapour pressures 
expressed in dynes/cm. 2 are expressed by an equation of the form 

V = 10*exp[J - /i/71, (29) 

where tho appropnato values of A ami Ii are given in Table II. From those 
equations tho boiling-points can at onco bo calculated and the values 
obtained are given in Table TI. The theory can hardly be expected to apply 
to a light gas like hydrogen for reasons explained in Paper I, but it may be 
added that the boiling point comes out to be 26-1- instead of tho observed 
value of 20-3. 


Table IT.* Calculated boiling points ok the inert gases 





Boiling-point, 

Boiling-point 
Critical temp. 

Kntropy of 
valorisation 


A 

B 

Calc 

ObH. 

Calc. 

Obs. 

Calc. Obs. 

Neon 

9-863 

291 8 

29 0 

27-2 

0 62 

061 

196 152 

Argon 

10 407 

979 

94 1 

87 4 

0 59 

0 58 

20 7 17 2 

Nitrogen 

0 950 

786 3 

70 0 

77 2 

0 61 

0 61 

198 173 


* Tlio boiling-points given here differ slightly from those quoted at the end of a 
previous pa|>or (Lonnard-Jones 1937), being tho result of u revised calculation 
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In this table we also give the entropy of vaporization in cal /deg This is 
given by using the well-known thormodynamic equation 

AS = (v*-t f)(dp/dT) 

= (v*)d P /dT 

= kTd(\ogf p)/dT, (30) 

where p is the vapour pressure and then using the approximate equations 
(28) or (29) In fact from (28) wo have 

AS - 0 ti78k(A/kT), (31) 

and from the same equation we see that since \og,(NAjv 0 ) doos not vary 
greatly from liquid to liquid, A/kT is practically a constant at the boiling- 
point Hence the entropy of vaporization should be approximately con¬ 
stant for all liquids to which this theory is applicable This is the familiar 
Trouton rule (probably more accurately referred to as the Pictet-Trouton 
rule) (Pictet 1876 , Trouton, 1884 ) and it is satisfactory to find that the 
value given by the theory for the constant is practically the same as that 
used in the empirical rule Observation shows that tho quantity has nearly 
the same value for a large number of gases. 

The inner meaning of Trouton’s rule becomes clear from an examination 
of equation (25). This equation shows t hat the latent heat of vaporization 
divided by the boiling temperature is determined largely by the ratio of tho 
specific volume in the gas phase (»*>) at atmospheric pressure to the 
speoific free volume in the liquid (vf) at the same temperature and pressure 
The former of these at room temperature is of the order of 4-10 _so c.c., 
while the latter may be taken to be of the order of 10 -24 c c. We see at once 
that log,(t->;) is of the order of 10 and so L/T is of tho order of 20 , as 
given by observation. 

Trouton’s rule has been modified by Hildebrand to the statement that 
the entropy of vaporization is the same for all liquids at temperatures at 
which the concentration in the gas phase has a given value. The significance 
of this becomes cloar from equation (28) This equation can be written in 
the form 

l°g«( f, o/*’*) = 11-910-(0 078) (A/kT) + log r (/l/^7 1 ). (32) 

Now v* is the specific volume of tho liquid when the molecules are at the 
same distance apart as in tho diatomic molecule This will not vary by 
more than a factor of 3 or 4, so that when v* is given, that is the concentra¬ 
tion in tho vapour phase given, AjkT will be approximately the same for 
all liquids, and hence the entropios of vaporization will bo the same. 
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Hildebrand's rule would according to this theory be correct, if all sub¬ 
stances had the same number of molecules per unit volume at absolute 
zero. 

The actual values of A]kT at tho boiling-point for the liquids in Table II 
lie between 16 and 17 so that remembering that A = 12^ 0 , we have 

kT b - = O-72$S 0 , 

where T h is the temperature at the boiling-point and <f> 0 was defined to be 
the absolute value ot the mutual potential energy of two molecules of the 
substance in their equilibrium position. 

In the table we also give the ratio of the calculated boiling-points to the 
critical temi»eratures calculated in Paper I, and tho observed values of theso 
ratios. 

Finally we may note that if we had used the same partition function aR 
in Paper I, that is, without the correcting factor e N , tho calculated vapour 
pressures would have been higher by a factor e, and the boiling-points 
about 9% lower They would then have been rather below the experi¬ 
mental values instead of above them. 

We are indebted to the Department of Scientific and Industrial Research 
for a grant to enable this work to lie carried out. 

Summary 

This paper extends to liquids the theory which was given recently by 
the authors for the equation ot state of a gas at high densities. A direct 
calculation is made of boiling points in terms of interatomic forces and tho 
numerical results for the inert gases are in satisfactory agreement with 
tho observed values A theoretical interpretation is given of Trouton’s 
empirical rule connecting the heat of vaporization with the boiling 
temperature and also of Hildebrand’s modified form of it Calculations 
are made of tho vajHiur pressures and heats of vaporization of the inert gases. 
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The nature of the penetrating component 
of cosmic rays 

By T. M. H Black urr, F R S 
(Received 18 December 1937) 

1 InTKODL'CTION AN1> SUMMARY OF CONCLUSIONS 

The measurements by Neddermeyer and Anderson ( 1937 ) of the absorp¬ 
tion of cosmic-ray particles of low energy by metal plates differ in certain 
respects from those by Blackett and Wilson ( 1937 ). The former results 
showed that, in the energy range I - 2 x I0 8 to 5 x 10 8 e-volts, two types of 
particles exist, an absorbable group assumed to behave as theory predicts 
of electrons and a much more penetrating group, attributed provisionally 
to heavier particles. 

On the other hand, we found that all the rays with energy under 
2 x 10 * e-volts were absorbed like electrons, while for rays of greater energy 
the average energy loss was very much less. Though a very few energetic 
particles were found to have a high energy loss, insufficient evidence was 
then available to justify classifying them as of a nature distinct from the 
less absorbable rays Thus we obtained definito experimental evidence that 
the energy loss of the great majority of the rays varies rapidly with their 
energy. We concluded, therefore, that the energy loss of a normal olectron 
varies with its energy Wo now believe this to be probably lalse, since the 
success of the cascade theory of show era, m explaining the transition curve in 
the atmosphere, and a large part, at any rate, of the phenomena of the 



12 


P. M. 8. Blackett 


transition cutvch of showers and bursts, has provided fairly strong evidence 
that there must l>e a very few onergetic rays at sea-level, which have the full 
radiat ion loss of electrons, even in heavy elements It follows that the great 
majority of tho rays, for which the energy loss cortainly varies rapidly with 
energy, are probably not normal electrons. We therefore agree with the 
view of Neddermeyer and Anderson that it is likely that there are two 
types of particles present, though the difference in behaviour only exists for 
energies over 2 x 10 ® e-volts. 

The experimental work described in this paper was carried out mainly 
to investigate the discrepancy mentioned above between the two sets of 
experimental results. It will lie shown thatonr former conclusion, that nearly 
all the rays with energy under 2 x 10 ® e-volts are absorbed like radiating 
electrons, has been fully confirmed. Further, the assumption of the previous 
paper that the penetrating rays actually become absorbable like normal 
electrons, when their energy falls much below about 2 x 10 ® e-volts, is also 
shown to bo correct 

These further results, together with the implications of the cascade theory, 
lead therefore to the conclusion that tho cosmic-ray beam at sea-level 
consists of a few fully radiating electrons, together with a large number of 
particles, which are very penetrating when energetic, but which apparently 
become indistinguishable from radiating electrons when their energy falls 
much below 2 x 10 ® e-volts. 


2 Thu wean energy loss as a function of energy 

Measurements have been made of the energy loss of cosmic rays in the 
following plates 

t IK 

Load 0 33 cm. 0 82 

Load 1 0 cm 2 50 

Gold 2 0 cm. 8-5 

The thicknesses (<) are given also in terms of the fundamental units Aq of the 
cascade theory, which arc 0-40 cm Pb and 0-24 cm Au (Bhabhaand Heitler 
1937 ). The magnetic field used was either 3330 or 10,000 gauss. 

In order to compare tho results with the theory of the radiation loss, it is 
convement to subtract from the measured onergy loss (E 1 - E t ), the energy 
E t estimated to be lost in ionization and excitation. From Table II of the 
paper by Bethe and Heitler ( 1934 ), this can be estimated as approximately 
15 x 10® e-volts per cm. Pb, for energies from fifty to a few hundred million 
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volts. Thus tho value of tho relative energy loss is calculated from the 
expression 

(1) 

where t cm. is the thickness ol tho plate, and E ^ ^{E 1 +E i )m the mean of 
the measured energy E x above, and the energy E t below the plate * 

Tho results of the measurements for the two load plates are given m 
Table I. Tho results with the gold plate are given in § 3 


Tatit.e 1 Energy loss in lead plates 


Absorber 


.ft frum equation (1) 

Range of ft . -■- 

10* e-volt* No (ft,) No (ft) 


033cm lead, 
3300 gauss 


0-100 
100-200 
200-300 
300 400 
400-500 
500-700 


20 2 01 +0 33 

13 100 +<I2<1 

10 0 9K J 0 2H 

13 0 024 +0 075 

6 0 10 | 0 40 

12 OI4 ±0 1(1 


20 2 42 ±0 37 

0 1 05 +031 

0 040 +018 

11 010 |.0 OH 

0 010 +0 21 

13 000 +014 


1 0 im lead 

Mainly / 0-100 

3300 gauss \ 100-200 

Mainly /200 500 

10,000 gauss \ 500-700 


10 0 00 +0 08 20 

5 1 27 +0 25 (2) 

10 0 12 j 0054 10 

13 0 25 1 0 075 10 


104 J009 

044 1 014 
0030 +0 040 


ft, from equation (2) 

(F (SF' 

2 84 i 0 47 3 00 -10 48 

1 13 1 0 20 1 18 +0 34 

10« i 0 28 0 53 J 0 18 

0 00(1+0 075 0 21 |0 08 

0 22 +0 40 014 +0 21 

0 10 L0 10 0 12 H 014 


2 01 +0 10 211 +018 
1 80 +0 35 — 

0 10 ±0 072 0 50 | 0 10 
0 20 + 0 08 0 007 +0 040 


Of tho tracks with the thin plate, twenty-eight are from the previous pajier 
by Blackett and Wilson ( 1937 ) and the remaining fifty-five are new. Of those 
with the thick plato, nearly all with energy under 2 x 10 s o-volts are new, 
and most of the others are from the previous paper. All the earlier results 
wore obtained with counters abnvo and below the chamber, thus giving 
a bias against largo losses. For nearly all the new rosultB, all the counters 
were above the chamber. This is tho better arrangement ami is essentia 
for the low energy rays when using a thick {date. The actual results obtained 
in both systems were essentially the same. For most of the photographs 

* Tho error of a suiglu energy measurement is given by dE = Ji t IE m (Dlnckett 19370), 
where E m is about 4 x 10* e-volts for the tranks in a Held ol 3300 gauss and about 
1 2x 10 10 e- volts for 10,000 gauss. Tho error 8R of R is approximately J2E//S ,1 
For instance, for A’ = 6x 10* o-volts, wo have Aft = 0 4 for tho thin load plate, and 
0 14 for the thick load plate For low energies, however, tho orrors arc rathor larger 
than those givon by tho above expression Tho corresponding value of E m m tho 
measurements of Neddermeyer and Anderson (1937) appears to have been about 
6 x 10“ o-volts, with a field of about 7000 gauss. 

For A’> 3 x 10* e-\olta the error of a single energy-loss determination is comporablo 
with the real mean energy loss, but for K< 2 x 10* e-volts, tho error is much less than 
tho real moan loss, and tho error of R is then mainly due to the statistical variation 
of the number of rays obsorvod with given energy loss 
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a lead screen about 1 5 cm. thick was placed over the top counter to increase 
the number of recorded showers. 

The two values of R listed for each energy range are obtained by grouping 
the particles differently In the column headed (/?,), the value of R is the 
mean of the values of R for all tracks wIiobo initial energy /?, lies within the 
stated limits, while the column headed ( E ) refers to all tracks which have 
their mean energy R in the stated limits. The latter method was used in 
the previous pajier as it is more reliable, sinco the mean error of E is 1/^2 
times that of E v But the classification by initial energy E t shows up better 
the sharp fall of R with energy. 



© 0 33 cm. plate, using A',. 

• 0 33 cm. plate, using A’. 

□ 0 I cm. plate, UHuig A’,. 

■ 0-1 cm plate, using K 

Fio 1. Relative energy loss of cosimc-ray particles m lead. 

Except with very thin plates, the value of R given by ( 1 ) cannot be 
compared directly with theory. Wilson ( 1938 ) has shown that tho correct 
value to take is 

„ _ 1. I + iff/2 
c ~ t ] ° g l-St]2-tE t IE’ 


(2) 
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where E t is the energy lost in ionization These corrected values are given 
in the last two columns, and are shown graphically in fig 1 . The open circles, 
etc., give the data obtained by the classification by E v and the black circles, 
etc., that by E All the open circles, etc , represent one way of analysing all 
the tracks, and tho black circles, etc., another way of analysing the same 
data These results are in close agreement with those previously reported. 
The sharp fall of It for E—2x 10 8 e-volts is fully confirmed. For lower 
energies the observed values are comparable wnth the exacted loss of an 
electron (dotted curve), but for greater energies are much less than this. 
For tho lowest energies, the observed values are greater than tho theoretical 
loss, in agreement with the results of Turin and (Vane ( 1937 ) for electrons 
of about 10 7 e-volts These high values are possibly due to scattering The 
true curve must be stecjier than that observed owing to tbe effects of ei rors, 
but how much steeper it is difficult to say without further measurements. 


3. Tub msTHiBrTiov oe evkrgy losses *or E< 2x 10 8 e-volts 

Since for this energy region the mean energy loss is comparable with the 
theoretical value for electrons, it is important to compare also tho distribu¬ 
tion of energy losses with the theory. Wilson ( 1938 ) has derived from the 
expressions given by lleitler ( 1937 ) the follow ing results If t be the thickness 
of tho absorber, and A<, lie the fundamental unit, of length of the cascade 
theory, and if a = Rll'2, where R is the relative energy loss of a track as 
defined by ( 1 ), then the chance of an energy loss between a and a f da is 

oc f| ^ )5 [iok( J ^ . (3) 

The curves in figs 2 and 3 show this exacted distribution of energy loss for 
the 0-33 and the Id) cm, lead plates {l = t/A 0 = 0-82 and l - 2-50) 

The [mints on the figures represent tho observed distribution of energy 
loss of all the rays with energy loss than 2 x 10 8 e-volts. The agreement of 
the observation w'ith theory is quite as good as can lie exported, in view of 
the approximation of tho theory and the statistical and other errors of the 
experiments With the thin plate, fig. 2 shows that the chance of a large 
loss of energy is much less than the chance of a small loss, and the distribu¬ 
tion curve is of such a shape as to make easy the detection of particles with 
energy loss greater than that of elections, if such exist Fig 2 shows no 
evidence of such particles. The explanation of the high value for 72^ 4-5 is 
given later 
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On the other hand, with the thick plate, fig 3 shows that the chance ot 
a small loss is much smaller than that of large loss, and so the conditions 
are favourable for the detection of rays with an energy loss that is consider¬ 
ably lesH than that of electrons. No sign of an appreciable number of such 
particles is found. 



When a 2 cm. gold plate is URed, it is not possible to moasuro the energy 
loss of radiating electrons, since they are almost all totally absorbed. But 
such a plate is useful to separate out radiating electrons from more pene¬ 
trating particles A full analysis of the photographs taken with the gold 
plate is not yet finished, but the following are some preliminary results. 
Table II gives a list of the energies and sign of all rays observed with energies 
between 5 x 10 T and 5 x 10 s e-volts and shows in a very striking way the 
change of energy Iosb for En 2 x 10* e-volts 
Of the thirty-fivo tracks, nineteen stop in the plate, and all are under 
2-6x10* e-volts. Of the sixteen which traverso the plate, all but one are 
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Flo 3 Distribution of rnorjo Ions in 1 0 cm load pinto. 
A’< 200 e-volts y 111* 

Taiu.k II. Abnohvtion by a 2 cm oold flatk 

Initial oni'iyu's in million electron volts 
Kays wlmli stop Rays which 
in plato traverse plato 

+ S3 +IBS 

+ 02 + 227 

- 65 - 232 

- 74 + 258 

- 78* +261* 

- 83 f 275* 

- 88 - 320 

I 95 - 322 

- 96 - 330* 

+ 121 +330 

- 132* - 130* 

+140 + 460 

+ 165 + 480* 

-175 +470* 

-186 +480 

-188 +490* 

+ 209* 

-224* 

-242 


Vol CLXV 
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ovor 2 2x10* e-volts, and lose only a small fraction of their energy. The one 
which has a lower energy (1*65 x 10* e-volts) actually loses about half its 
energy, and can be interpreted in two different ways, according as whether 
the curve of fig 1 is considered to represent the actual variation of energy 
loss of each particle, or as representing the result of a sudden change of 
radiating power occurring at different energies for different particles (see § 8) 
In the first case the track represents a less than average energy loss of 
a particle of mean energy loss considerably less than that of an electron, 
in the socond, a particle which makes the sudden transit ion abnormally late. 

The tracks marked with an asterisk were made with a 5 or a 15 cm. lead 
ahBorlier between the counters, which were all above the chamber (see § 7) 
For the rest, there was no heavy absorber over the chamber 

Figs. 4 and 5 show graphically the measured relative energy loss It of each 
individual track, plotted against its initial energy K v for the two lead 
plafes * The data from the previous paper are used to extend fig. 0 up to 
E = 2 x 10* e-volts Each point which corresponds to a ray which entered the 
chamber accompanied by one or more other rays is considered to be part of 
a shower and is marked by two vertical lines it is seen that for 
E< 2 x 10* e-volts, the distribution of shower particles is sensibly the same 
as that of the single particles, and further, tho number of positive particles 
is sensibly the same as the number of negatives Wo conclude from these 
results, and from those of § 2, that rays with E < 2 x 10* e-volts are all positive 
and negative electrons, with approximately the full radiation loss predicted 
by theory. Tf any more (or less) jienetrating particles are present m this 
energy range, their number, m our experiments, cannot exceod a few 
per cent 

This conclusion is in conflict with that of Neddcnneyer and Anderson 
( I 937)> w ho find a strong penetrating group extending down to nearly 
1*2 x LO* e-volts. The possibility that the discrepancy could be due to 
different amounts and nature of material over tho chamber seems excluded, 
since wo find no sign of the penetrating group of low energy, either with no 

* Tho fact that, for tho 0 33 ami tho 1 Ociu plates, tlio maximum values of R 
(corresponding to complete stoppage) aro less at low energies than 8 and 2 respec¬ 
tively, is due to tho subtraction of tho ionization loss (JS7, /) from the observed energy 
loss (equation (1)). For tracks that stop, ami so do not travorso tho full distance /, 
this HUbtnich'd energy is clearly too great by some amount that, for any one track, 
cannot tie determined. The high value of one point in lig 2 is to tie attributed partly 
to this cause, and partly to tho systematic error introduced tiy the scattering m tho 
plats' of the slow rays, and by their deflexion from tho vertical by tho magnetic held. 
Both effects increase tho real path ui the afworbor, and so give too many high values 
of It. Owing to tho subtraction of the ionization Joss, the high numbers occur for 
R X 4 5 in fig. 4, instead of for R =s fl 
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heavy material, with 1-5 cm Ph, with 15 cm Pb, or with 8 cm. Cu over the 
chamber It will therefore be taken as proved that there is no largo peno- 
trating group with E < 2 x 10 s e-volts. 



Fio 4. Distribution of rclntno energy loss in 0 33 cm load plate 
© Single* tracks 

<•> Tracks associated with other particles 
• Negative particles. 

O Positive particles. 

4. TltK RAYS WITH KNBKHY GREATER THAN 3 X 10 s E-VOLTS 

From figs 1 and 5 it is seen that the mean energy loss of the rays with 
E> 3x 10 8 e-volts, is much less than that of radiating electrons, and yet 
they cannot be mainly protons.* However, a few particles do lose a large 
fraction of their energy. For instance, in fig 5 six particles out of fifty, in 
the range 3 x 10 8 to 2 x 10® e-volts, have values of R greater than 0-fi, whilo 
in fig. 4 one particle out of thirty-five in the range 3 x 10 H to 7 x I0 8 o-volts 

* Similar evidence against this ]K)*sibihty has boon obtained by Crussard and 
Loprinco Ringuet (1937) and by Street and Stevenson (1937) The point marked P 
in fig. 5 is the only recognizable proton among the tracks described here. 
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has a value of R greater than 2-0. Thus rather less than 10 % of the particles 
w ith energy between these limits are heavily absorbed as would be expected 
of electrons 

Between the energy of2 x10" e-volts, below which all theraysaro absorbed 
approximately like electrons, and the energy of 3 x 1 () 8 e-volts, above which 
only a small fraction are absorbed electronically, lies a transition region 
which needs further investigation, since the results for the two plates differ 
somewhat. 



• Negative particles. 
O Positive pal tides 


Of the seven absorbable, but energetic, particles shown in figs 4 and 5, 
throe are in showers starting in the lead over the counters, while all but one 
of the penetrating group are single. Street and Stevenson ( 1936 ) were the 
first to recognize clearly the great difference between the behaviour of single 
jiarticles and those in showers. As their photographs were taken with no 
magnetic field, it was not possible to l»e sure that this difference in behaviour 
might not he due to a difference of energy rather than of kind. As has boen 
mentioned, Neddermeyer and Anderson ( 1937 ) found evidence for the 
existence of both an absorbable and a penetrating group in tho energy range 
1-2 x 10* to 5 x 10 8 e-volts and concluded that the two groups correspond 
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to normal and to “heavy" electrons. Our results confirm the probable 
existence of the two groups, but only in the energy region above about 
2 5 x 10 8 e-volts. The scanty data in fig. 5 seem to represent still the only 
direct evidenco available at present that tho two groups exist in the same 
energy range, anil even here the accuracy of tho measurements is not as 
high as would bo desirable. The distribution of the six absorbable rays is 
about what is exacted for electrons The fact that all are positive may be 
duo to chance, or to a possible asymmetry between positives and negatives 
among the shower particles Such an asymmetry, if established, would 
prove a grave difficulty for the cascado theory. 

The strongest evidence for the real existence of tho two groups in tho same 
energy range is obtained indirectly from the cascade theory of showers, 
as develojied by Bhabha and Heitlcr ( 1937 ) and by Carlson and Oppon- 
heirner ( 1937 ) The explanation of the atmospheric transition curve given 
by Heitler ( 1937 ) leaves little doubt that thero are some electrons that 
radiate fully in light elements up to 10 10 volts or mom. Tor heavy elements 
the position is less cleur, but the evidence from t he shower transition curves 
suggests that some electrons radiate fully also in heavy elements up to high 
energies Further evidence tor this is given in § 9 2 The assumption that the 
tadiation formula does not break down clearly necessitates the assumption 
of two groups in the same energy range, in order to account for the jieno- 
trating group, since thiH ceitainly exists over a very wide range of energy 

5. The behaviour of the penetrating rays 

Apart from the six rays showing a large absorption, the rays 111 fig. 5 with 
E >3x l<) 8 e-volts are about equally distributed between positives and 
negatives, and their mean energy loss is perhaps of tho order of I /10 that of 
electrons. 

Two questions immediately present themselves. What hap[>onn to the 
rays of this |K 3 iietrating group, when their energy falls below 2 x 10 8 e-volts, 
and w hero do the elect rons and positrons with E < 2 x 10 8 e-volts come from 1 
The most obvious assumption, which was made in the previous paper by 
Blackett and Wilson ( 1937 ), is that tho |K'notrating rays of high energy 
become, as they lose energy, the absorbable rays of low energy, that is that 
their energy loss vanes with their energy, and approaches that of electrons 
at low energies. 

Though strong evidence that this view is correct will be given m §§ 7 and 8 
it is interesting to consider what is involved in the attempt to explain the 
facts by means only of part icles with a constant relative energy loss, for 
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instance by “heavy ” electrons of constant rest mass. One would then have 
to assume that such particles stopped suddenly as their energy fell below 
2 x 10 * o-voltH. No sign ot such a process has been observed. In fact, it is 
shown in § 3 that there is no sign in this region of any process of absorption 
of large fractions of the energy of a particle, other than that characteristic 
of radiating electrons If such a catastrophic process took place it could 
hardly fail to have been observed. For instance, in fig 4, one would expect 
to find some particles of energy about 2 x 10 s e-volts, which stop completely, 
but there are none 


« The evidence from the low energy end of the spectrum 

No satisfactory investigation of this end of the spectrum, or how it varies 
lielow different ahsorbers, is available 1 low ever, Table TTI gives some rather 
scanty evidence from photographs taken, (a) under no heavy absorber, 
( 6 ) under different lead absorbers, varying from 3 mm to 5 cm in thick¬ 
ness The numbers are not very reliable, owing to theoffectof the magnetic 
field in deflecting away the slow rays The number of these is therefore 
certainly underestimated For the fraction of the spectrum over 10® e-volts, 
the data given by Blackett ( 1937 a) have been used 


Table III Low energy end of .spectrum 


Number of tracks 

Energy range -■- 

(X10* e-volts) No absorber Load absorber Total Fraction 


O 1 
1 2 

2- 3 

3- 4 

4 a 

5- 0 

6- 7 

7- 8 

8- 9 

9- 10 
10-co 


18 30 

27 18 

28 11 

32 21 

16 25 

18 22 

10 15 

23 7 

21 15 

21 15 


48 0 05 

45 0 05 

39 0 04 

53 0 06 

41 0 04 

40 0 04 

34 0 04 

30 0 03 

36 0 03 

36 0 04 

(560) (0-58) 


(960) (0 42) 


For the case of no heavy absorber, the spectrum is fairly flat, but there 
is a sign of a minimum for 2 x 10 " e-volts under the lead absorber. 
This minimum, which was mentioned m the previous paper, is just what 
would be expected, owing to the rather sudden increase of the energy loss 
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with decreasing energy, as shown in fig. 1 . The minimum would not be 
expected with no heavy absorber, even if, as is possible (see Wilson 1938 ), 
the radiation loss in air also increases suddenly at about the same energy, 
because of the much greater valuo of the ionization loss relative to the 
radiation loss in air in comparison with leaf! Tn air, therefore, one would 
expect, either no minimum at all, or only a small one The expected relation 
between a minimum in the spectrum and a sudden increase of energy loss 
has already been discussed by Blackett ( 19370 ) in another connexion 

This sudden reduction of the intensity of the energy spectrum under 
a heavy absorber is also very well shown by the results for the tracks 
emerging from the gold plate For if those tracks listed in the right-hand 
column of Table il are considered, it is seen that the number per unit energy 
range under 2x10“ e-volts is much less than the number with higher energy 
Since this change of intensity muter a heavy absorber is just what would be 
expected if the penetrating [(articles actually become absorbable, it must be 
considered as providing strong evidence that the change of property 
actually does take place. 

The observed fraction of the rays with energy greater than 3 x 10 s e-volts, 
which are radiating electrons, de[ieiids on the number of showers observed, 
and this of course defiends on the nature of the absorber over the apparatus 
(transition curve) From the data of figs 4 and 5 this traction in our experi¬ 
ments for the range 3 x 10 s to 2 x 10* c-volts is about 10 % For the whole 
range from 3x10“ o-voltH to infinity the fraction must be less than this, say 
5 % or less, owing to tlio difference in the shape of the energy spectra 
(sec §91) Those figures refer to the condition under a lead absorber of about 
1-5 cm. thickness In air, that is with no absorber, the fraction must be less 
than 1 5 % (see § 0-1) On the basis of these results we can construct fig <1 to 
represent, highly schematically, the low energy end of the s[iectrum. To 
simplify the discussion, the energy loss has been assumed to oliango suddenly 
at the critical energy. 

The approximate numbers of rays 111 the three main parts are as follows: 



Particle's 

Energy range 

Fraction 

Absorption 

group 

A 

Electrons! 

E<2 5x 10“e-volt 

about 20 

| Soft 

H 

Positrons/ 
Ditto | 

E> 2 5x 10“ n-volts 

1 

/in a,r 1 5 % 1 

1 under Pb 5 %} 

C 

Unknown 

E>2 5 x 10“ c-volts 

about 80 % 

Hard 


Now if the hard group C does disappear at about 2 x 10* e-volts, the soft 
groups A and B must, independently of C,fonn the spectrum of the radiating 



24 


P. M. S. Blackett 


electrons. But such a Hpectnun, shown hy the thick lino, is quite inconsistent 
with the cascade theory (Heitler 1937 ). This theory shows that for E > E 0 , 
whore E 0 ^ 1 *3 x 10 s e-volts for air, the number of rays between E and E + dE 
falls off about as E 4 5 , but for E < E 0 is nearly constant, that is more, as is 
shown by the horizontal dotted curve We conclude therefore that the 
radiation theory can only explain the part B' of group A, but not the restC', 
which must therefore be recruited from group C Tt follows that the rays 
of the jienotrating group, whatever their nature when energetic, are 
apparently absorbed like electrons when their energy falls much below 
2 x I O'* e-volts 



Pm. fl Schematic representation of low energy on<! of spectrum 


7. Direct evidence for the change of radiation loss of 

PENETRATING PARTICLE 

In order to test directly the conclusion of the previous section that a peno- 
tratmg particle apparently becomes an electron when it slows down, a series 
of photographs was taken with three counters over the chamber, and between 
them a lead absorber, either of 5 or 15 cm thickness. This absorlier must 
cut out completely the absorbable rays (except for a few of high energy, 
which will appear as showers), letting only the penetrating rays reach tho 
chamber. Thus if any ray enters the chamber singly with energy less than 
about 2 x 10 s e-volts and is absorbed by the 2 cm. gold plate in the normal 
manner for electrons, it is proved that a penetrating ray has become, or 
has given rise to, an electron The single tracks taken with this arrangement 
are included in Tablo If, showing the results with tho gold plate, and are 
those marked with an asterisk. It will be seen that there are four rays, which 
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have traversed the lead plate, but which stop in the gold plate. One would 
only expect a few of such rays, since the chanco that a penetrating particle 
will emerge from the lead plate just in the nght energy region is quite small. 
These results, though few in number and therefore only of a preliminary 
character, give therefore some direct evidence that a jienetrating ray actually 
becomes absorbable like an electron as it slows down. 

Since the number of normal radiating electrons observed in our experi¬ 
ments is only a small fraction of all the rays, it follow s that the experimental 
curve (fig I) giving the dependence on energy of the energy loss of all the 
rays, actually represents fairly aceuiately the energy Iobb curve of the 
penetrating rays alone. Whether this change of their property of radiating 
energy happens gradually or suddenly can only bo settled by further experi¬ 
ments On the whole, the existing evidence suggest s a fairly rapid, but not 
discontinuous, rise of radiation loss as E falls Ixilow 3 x 1 0 B e-volts It is 
possible that the full radiation loss of an electron is not obtained till its 
energy is less than 10 " e-volts 

Each penetrating ray, when it reaches an energy of less than 2 x 10 8 e-volts 
will produce a small shower, Hinco it then behaves like a radiating electron 
This may lie the origin of the smaller showers, observed by counter exjieri- 
ments to be due to the hard com|K>nent. 


8 DISCUSSION OK THIS POSSIBLE NATURE OF THE PENETRATING RAYS 

Clearly the first demand, w r hich any hypothesis as to the nature of the 
|>enetrating component must satisfy, is that it must explain the observed 
rapid change in the behaviour of the particles when their energy is about 
2-5 x 10 s e-volts. It will be essential to discover whether this change is 
sudden or gradual, and w hether the energy at which it occurs varies with 
the absorber Recent results by Wilson ( 1938 ) appear to show a somewhat 
less rapid variation with energy in copper than in lead, hut the variation 
with atomic number Z is not nearly as large as was suggested previously * 

* In a previous paper Him kett and Wilson (1917) showed that the olmorvod varia¬ 
tion of the mean energy loss with energy was in rough agreement with a tentative 
theory of Nordheun (1936). to explain the then sup|ioscd breakdown of the radiation 
loss of all electrons 1 am indebted to Dr K J Williams for pointing out to me tliat 
an alternative theory put forward previously by linn (1934) h* 8 the n>sult8 for load 
equally well, and the new results for lighter elements much better For t.ho former 
theory gives a largecliango of radiation property with X (K e oc %-*!*), and the latter 
a mueh smaller variation (A 1 , « X , ' 3 } Tliccarlicr results with aluminium, which sup¬ 
ported the former expression, had a rather large probable error and were probably 
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It ih clear that the penetrating rays cannot be heavy electrons of constant 
rest mass, or of any mixture of such heavy electrons, since the mean radiation 
loss varies rapidly. They might, however, consist of heavy electrons with 
a variable rest mass, for instance “excited” electrons which go to their 
normal state when their energy drops below the critical value. Alter¬ 
natively, the heavy particle may in some way give rise to, rather than 
liecome, the light particles. It is obvious from relativity considerations that 
the change ot projiorty cannot occur in freo space, but must occur during 
some tyi»o of collision. 

To explain the rather rapid change of property with energy, one might 
postulate some new kind of resonance phenomenon between the particles 
and the nuclear fields of the absorbing atoms ThiB resonance would then 
have to occur for a critical energy E ,, which probably increases slowly as the 
atomic numlKT Z decreases. 

A rather strong argument for the assumption that it is a difference of 
mass which distinguishes the two types of particles, lies in some results, 
which will he described elsewhere, which show that though the radiation 
from these particles is small, their scattering agrees with the theoretical 
value for vory fast particles Much the simplest way of reconciling a sub¬ 
normal radiation loss and a normal scattering is to assume a greater mass, 
since other jiossible ways ol reducing the radiation loss are likely also to 
reduce the scattering. 

This type of explanation will only be plausible if the change of property 
of each particle proves to bo sudden If tho gradual change shown in fig 1 
really represents the behaviour of the individual particles, such an explana¬ 
tion would be untenable 

From fig i it is seen that tho radiation loss of the jienetrating rays falls to 
about 1/16 of that for electrons, or perhaps less, for energies of about 
4 x 10* e-volts. This gives about four times the electronic! masH as the lower 
limit of the rest mass of the particles in this energy region. It seems im¬ 
probable that they can be heavier than say, 100 times the electronic mass, 

given undue weight (see Wilson 1938) Tt is howovor doubtful if Williams’ theory is 
capable of explaining the very rapid fall of H now observed 

[.Vote added m proa} In a recent paper March (1937) lias given an explanation 
of the observed drop in the energy loss, as indicating that there cxihIs in nature a 
lower limit y for the wavelength of a photon that can react with matter at rest. 
From the observed critical energy of alxmt 2 x 10* e-\olt«, it follows that y 3S 2r # , 
whore r 0 is tho classical radius of tbp electron. This theory is therefore closely 
related to tho suggestion of Williams (1934) that tho breakdown of the radiation 
loss is connected with the classical electron radius But sinoo tho theory must apply 
to all electrons, it is inconsistent, unless further assumptions are made, with the 
facts explained so well by tho theory of cascade showers.] 
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since momentum considerations would then prevent them giving rise to 
sufficiently fast electrons to explain the group C' of fig. 6 

Whatever the mechanism of the change ot radiative property, it must 
occur without abnormal scattering, since the observed scattering is, at 
any rate, approximately normal at all energies From considerations of 
momentum and energy transfer, no simple collision mechanism can easily 
he imagined which will transform a heavy particle into a light one without 
appreciable scattering 

If, as is possible, the energy loss u ill lie found to be a continuous function 
of the energy of the particle, one will lie forced to some other ty i>o of ex plana - 
tion, [icrhaps to one in which the jienetratmg rays are supposed to bo of 
electronic rest mass, but are distinguishable from ordinary electrons by 
some new physical property having the effects of making the radiation loss 
a function of energy Such a theory would then resemble closely the various 
breakdown theones discussed in the former paper, in that these theories 
were formulated to explain the then supposed variation of energy loss of 
electrons with E and Z It is now, however, clear that, if any rays obey such 
a “breakdown” theory, it is tho penetrating rays alone (that is, on this view, 
the abnormal and not the normal electrons) Of course the supposed 
mechanism behind the variation of radiation projiertv with energy would 
have to be altered, so as to diqiend on the unknown physical profierty 
distinguishing the pcnetiating rays from the normal electrons But some 
new mechanism, not contained in the present structure of quantum 
mechanism, is certainly necessary to explain all tho facts. 

9-1. TllJfi FRACTION OF COSMIC RAYS AT SKA-LBVKL WHICH ARK 
RADIATING ELECTRONS 

The fraction of the rays m air which are normal electrons is much 
less than is indicated by tho spectrum of absorbablo particlos with 
3 x 10 " e-volts < E < 2 x 10 9 e-volts in fig 5 For tho photographs wero taken 
under lead, and further all counter systems aro Ntrongly selective for 
showers. An independent estimate of tho upper limit of the fraction of rays 
in air which aro electrons, can be obtained from the observed number of 
bursts For, on the cascade theory, almost every energetic electron will 
produce a burst 

For instance, from the data given by Ehrenberg ( 1936 ), it can be calculated 
that the ratio of the number ot bursts, with more than ton rays, to tho number 
of singles, is btetween 5x 10 4 and JO 3 . Again, from the data given by 
Montgomery and Montgomery ( 1935 a, fig 3) the ratio of bursts (N > 10 ) 
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under a 1 cm lead plate to singles, is found to be rather less than 10~ 3 . 
As a rough result we will therefore assume the ratio to be 10 -8 for a lead 
plate 1-2 cm thick 

Now from the data given by Heitler (1937), a shower of ten particles is 
produced in a lead plate of thickness 1-2 cm {l - 3) by an electron of energy 
parameter y — 5-2 Since the critical energy for lead is 10 7 o-volts, this value 
of y — log( EjE 0 ) corresponds to an onergy of 1-8 x 10“ o-volts Since all 
electrons of higher energies will produce larger showers (neglecting fluctua¬ 
tions), the fraction of the cosmic-ray beam which consists of electrons with 
energy greater than I 8x10® e-volts, must be equal to tho number of bursts 
with N> 10, expressed as a fraction of the number of singles, this ratio is then 
about 10- 3 To obtain the total number of electrons with E> 3 x 10 8 e-volts, 
u e can use the theoretical energy distribution given by Heitler (1937, p. 276). 
This is, that tho number of electrons with onergy greater than E is roughly 
proportional to E~ 1& . Thus the number of electrons with E> 3 x 1U 8 e-volts 
is 10 _3 ( I8/3) 1 ", that is about 1-5 % We conclude therefore that at sea-level 
in air the fraction of the rays which are normal electrons (or positrons), 
with energy greater than 3x10® e-volts, is not more than 1-5 %. This 
estimate is an upper limit, as some of the observed bursts are probably 
produced by the penetrating coni]M»nent 

It is interesting to compare tho energy sjiectrum in air of the absorbable 
and the (lenetratiug rays As is mentioned in §6, the s|>ectrum (that is the 
numbered rays with energy between E,E+dE) oi the former should he 
roughly constant for E < 1 -3 x 10* o-volts and should then fall off about as 
E~ 2& , or according to Carlson and Oppenlieimer (1937) as E~ a 

Now from Table III, and from tho results given by Blackett (19370), 
the spectrum of tho penolrating rays is seen to l»c nearly constant for 
E< 10® e-volts and then falls off about as E * or rather faster Thus the 
sjiectrum of the penetrating rays is rather similar to that of the electrons, 
but the value of tho energy at which the change of slo|ie occurs is about 
seven times larger 

Since the number of energetic electrons at sea-level is very small, it 
follows that the observed absorption at sea-level, except for small thick¬ 
nesses of absorbers, is almost entirely due to tho penetrating coni|)onent 
Thus the results obtained by Blackett (19376) for the energy loss of all the 
ra^s at sea-level, by comparing the observed absorption and energy spectra 
refer, effectively, only to the jionetrating comjKment, anil are very little 
affected, except for small thicknesses of absorber, by tho presonce of the 
few energetic eloctrons. Since it is probable that the straggling of the 
penetrating component is small, the calculated energy loss, which is based 
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on the assumption of a range-velocity relation, should be reliable. Thus the 
mean features found, particularly the sudden drop in energy loss to nearly 
tlio ionization value for A’ ^ 2 5 x 10* e-volts, and the subsequent slow rise 
again for E > 10 10 e-volts are probably reliable indications of the behaviour 
of the penetrating component It must be remembered that the component 
is certainly complex, as it undoubtedly contains a fairly large fraction of 
protons. The fact that the energy at which the sudden fall of energy loss 
occurs is about equal to 2 M 6' 2 , where M is the mass of a proton, suggests 
possible theories of the elfect (Blackett 1936). 


9-2. Evidence for the validity of the radiation formula 
FOR HEAVY ELEMENTS 

Some support for the validity of this formula for electrons in lead up to 
very high energies can be obtained by comparing tho theoretical energy 
distribution giving tho number of rays with energy greater than E, 
<j(E)o c E~y, where, as above, y is of the order of 1*6, with that obtained 
from the observed distribution of bursts 

Montgomery and Montgomery (1935a) have shown that the number of 
bursts with more than N rays under a 1 cm lead absorber, is proportional 
to N ", where # is about 2*2 Now from Table IV of the paper by Bhabha 
and Heitler (1937), it is seen that for l - 3 (1-2 cm l*b), the number of rays 
in a shower duo to an electron of energy E, can be represented approximately 
by NocE' 1 , where 0-8 for y = 5 (E = 1() 9 o-volts) and q =0 4, for 
y - 10 (E = 10 11 e-volts) Tho number of electrons with energy greater than 
E must therefore bo proportional to E^" .Since according to the cascade 
theory the number should be proportional to E 16 , we should have qs = 1-5 
Actually, putting s = 2-2, and q equal to (MS, that is to the mean of the tw r o 
values given above, we get *—13, in good agreement with the theory. 

For thin absorbers (l small) we should exjiect from fig 4 of tho paper by 
Bhabha and Heitler (1937) that q should be smaller than the figures given 
abovo; thus s should be larger This explanation is in agreement with the 
results of Montgomery and Montgomery (19356), who find for a magnesium 
absorber a value of s considerably larger than 2 2. 


I wish to express my gratitude to Mr J G. Wilson and Mr A. H Chapman 
for their invaluable help 1 am indobted also to the Government Grants 
Committee for a grant for apparatus. The w ork was carried out at Birkbeck 
College, London 
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Summary 

1 Further measurements of the energy loss of cosmic rays m metal plates 
have confirmed tho former results of Blackett and Wilson (1937), that very 
nearly all the rays with E< 2x I0 8 e-volts are apparently electrons m 
character. 

2 A reinterpretation of the data for higher enorgies, where the mean loss 
is quite small, in tho light of the cascade theory of showers, has confirmed 
the conclusion of Neddermeyer and Anderson (1937) that there are probably 
present a few energetic, but absorbable, rays which can bo identified with fully 
radiating electrons The penetrating rays, which at Rea-level are in a large 
majority, cannot therefore be normal electrons 

3 It is shown by indirect argument from the spectrum, and by direct 
oxjierimcnt, that these penetrating rays become indistinguishable from 
electrons when their energy falls much below 2 x 10 s e-volts. 

4 It is pointed out that the main requirement of a theory of the ]>eno- 
trating component is to explain this striking property. Various possible 
theories are discussed, and it is shown that there are two mam tyjios of 
possible explanation The first is that the particles are heavy when energetic, 
but change their mass suddenly, during collisions with nuclear fields, perhaps 
through some tyjie of resonance effect, when their energy falls below a 
critical energy. Tho second is that in which the penetrating rays are supposed 
to have the electronic rest mass, but arc distinguishable from normal elec¬ 
trons by some unknown property which has the effect of making their 
radiative energy loss vary with their energy and the absorber, in a way 
rather similar to that given by the various theories previously put forward 
to explain the then supposed suppression of the radiation loss of normal 
electrons Further ex periments will be required to distinguish between these 
possibilities. 
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Tho continuous absorption spectra of alkyl iodides and 
alkyl bromides and their qiiantal interpretation 

By 1). Poiiret and 0 F. Goodbye 
From the Sir William Ramsay and Ralph Forster Laboratory 
of Chemistry, University College, London, W 0 .1 

{Communicated by F O Dorman, F R S.—Received 22 October 1937) 

In recent years a number of continuous absorption spectra of diatomic 
molecules have been examined in order to determine the potential energy- 
distance curves for the excited states. Gibson, Rice and Bayliss (1933) and 
Bayliss (1937) applied the methods of quantum mechanics to the chlorine 
and bromine spectra respectively and Stuckelberg (1932) treated the oxygen 
continuum in a similar manner The spoclra of hydrogen bromide and iodide 
were analysed by Goodeve and Taylor (1935, 1936) The method of treat¬ 
ment has recently been extended and applied to the methyl bromide 
spectrum by Fink and Goodeve (1937). 

In the present paper, recently published measurements for methyl 
iodide (Porret and Goodeve 1937) are analysed and compared with new data 
for ethyl iodide. Tho spectra of ethyl and butyl bromides have been measured 
and compared with that of methyl bromide. 

1 . The QUANTA!, INTERPRETATION OP THE METHYL IODIDE CONTINUUM 
(a) Outline of method 

Tho extinction coefficient, which is the probability of absorption of a 
quantum of light by a molecule, is determined by the eigenfunctions of the 
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initial and final states and by the ilipole moment associated with the 
transition. From known potential energy curves, it is easy to calculate the 
approximate extinction coefficients for the different frequencies, but direct 
calculation in the reverse direction is impossible in practice. To determine 
the potential energy curve for the uppor state, one has first to calculate a, 
the absolute extinction coefficient, as a function of r, the internuclear 
distance, by quantal methods. By comparison with the experimental curve 
for a m terras ol frequency one obtains the required relation between the 
potential energy (expressed as the frequency interval from the zero point 
energy level of the ground state, plus the zero [mint energy) and r. 

The method of calculation of the a-r curve is described m detail by Fink 
and Goodeve (1937). a is given by tho equation 

a = (1) 

where i> is the frequency, ft' and ft" the etgenfunctions of the ujqier and 
lower states, M the dipolo moment and K a constant. As the nuclei represent 
practically the whole mass of the atoms, the variation of the nuclear eigen¬ 
functions is generally the determining factor m the value of the aliove 
integral All the other terms may, therefore, be assumed constant and one 
may write 

« = ( 2 ) 


It is found that lor alkyl halides, and for tho rango of extinction coeffi¬ 
cients with which we are dealing, molecules possessing vibrational energy 
up as high as the third quantum level, play a part in the absorption. The 
eigenfunction curves of the levels of the ground state can be calculated by 
means of well-known equations Tho one of the upper state can be obtained 
according to the Wonzel-Kramers-JJrillouin approximation from tho 
solution of the wave equation 


tPft 
d.> 


,, n 

h Z-kxft~Q, 


(3) 


where k' is the slo[>e of the upper potential energy curve, [i the reduced mass 
and x' the internuolear distance, dofined here by x' = r-r". Tho slo[»e, k\ 
can lie calculated by means of the approximation used by Goodcvo and 
Taylor (1935) which gives accurate values of tho slope for small values of 
x' (see Fink and Goodevo 1937, section 4). 

The value of K t can be determined by calculating a 0 , the probability of 
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transitions from the zero vibration level, multiplying this by the partition 
fraction for this level, /„ (i.e. the fraction of the molecules in this level), and 
equating the maximum value of to the maximum of the experimental 
extinction coefficient curve. For the region of the maximum the zero 
vibration level is solely responsible for the absorption. K x has the same 
value for all transitions between the two electronic states, so far as the 
assumptions in equation (2) are valid 

For methyl iodide the variation of the frequency throughout the band 
is small and sufficiently accurate values for use in equation (1) can be 
obtained by application of the method of analysis used by Goodeve and 
Taylor (1935). 

For any particular frequency, the observed extinction coefficient is the 
sum of the probabilities of transitions arising from the various vibrational 
levels in the ground state, each probability being multiplied by the appro¬ 
priate vibrational partition fraction. Before making the summation one 
has to take account of the fact that fhe transitions do not involve the same 
frequency for a particular value of x' (see equation (17), Fink and Goodeve 
(1937)) Furthermore, the eigenfunctions ol the ground state have been 
calculated for a harmonic oscillator. The formulae for an anharmonic one 
are very complicated, but a partial correction can be made by shifting each 
of the if” curves so that its centre corresponds to the mid-jioint of the 
appropriate vibration level (see fig. 3) Details of the method of applying 
these corrections are givon by Fink and Goodeve (1937) The corrections 
having been made, the total extinction curve can l>c calculated in terms of 
x' and, by comparison with the experimental one, the upper |x>tential 
energy curve can be drawn. 


(6) Application to methyl iodide 

As with methyl bromide, the spectrum of the iodide can be considered 
as arising from a diatomic molecule (GH 3 ) -I The necessary data for methyl 
iodide are given m the table, section (4). The value of the slope, k ', to be 
used m the solutions of equation (3) was found to be — 3-8 x 10 4 wave¬ 
numbers j>er A or -7-47 x 10~ 4 ergs per cm. The eigenfunction curve for 
the level corresponding to x' — 0 is shown m fig 3 The integration of 
equation (2) was conveniently replaced by a summation and the procedure, 
as described above, carried out. 

The partial extinction coefficients (as logarithms) for transitions arising 
from the first four vibration levels (at 20° C) are shown m fig. 1, plotted 
against the value of x'. The curve for tho total extinction coefficient is also 
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shown (curve I). Comparison of this curve with the observed extinction 
coefficient curve, shown by the full hue in fig. 2, gives curve I in fig. 3 as the 
upper potential energy curve. In fig. 3 are also shown the lower potential 
energy curve and the first three vibration levels with their eigenfunction 
curves in arbitrary units. 

It will be seen that this analysis leads to an upper potential energy curve 
with a marked point of inflexion, the repulsive force actually increasing 



x' in A 

Fkj 1. Tho extinction coefficient calculated as a 
function of the carbon-iodine distance 
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with increase of nuclear separation A close examination of the approxi¬ 
mations used in the analyses has revealed no likely source of error which 
could account for this result. It may ho that the absorption band is in reality 
a double one, 1 e. transitions to two separate upper states occur in the same 
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Fro. 2. The obscrvod extinction coefficient curve of methyl iodide and the 
projwsed resolution into two bands. 

region of the spectrum The point of inflexion may in fact be removed by 
resolving the extinction coefficient curve into two parts, as shown by the 
broken lines in fig. 2. By comparing curve I in fig. 1 with the principal band, 
A, shown in fig. 2, an upper potential energy curve shown by the broken 
line, curve A, fig. 3, is obtained. It may be seen that this has the normal 
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shajie The approximate position of the upper potential energy curve 
corresponding to the B band is indicated by curve B, fig. 3. 

The argument that leads to the conclusion that the band is double is 
easily seen by inspection of the two curves, I, fig 1, and I, fig 2. The former, 
the calculated curve, is curved throughout its whole length, whereas the 
latter, the c\{>crimental curve, has a marked straight part with a slight 
depression. 


(c) Influence of temperature 


Some observations were made of the extinction coefficient at 100° 0 


The results were as follows. 

Froquoncy log l0 a, 20° 0. 
cm -1 OLw«r\od 

20.200 22-13 

29,800 22 51 

30.200 22 75 

31,000 2T 23 


log l0 a, 100° C. 

Obnervml Calculated 
22 47 22-99 

22 83 21 31 

21 03 21 49 

21 44 21 83 


The values given in the last column are calculated assuming that the band 
is a single one, i.o. that the potential energy curve I, fig. 3, is tho correct one. 
Tho observed extinction coefficients are about throe times smaller than the 
calculated ones, from which it is to be concluded that the band is not single. 
Galculations based upon the resolution of the curves as shown in fig 2 
yield results in agreement with the observations, but, as tho observations 
were made at two temperatures only, this agreement cannot be considered 
as a quantitative confirmation of the resolution as Bhown. 


(d) Discussion 

The presence of two bands for methyl iodide brings its spectrum into 
conformity with those of tho inorganic iodides (see Porret and Goodeve 
1937). It would api>car, therefore, that tho A band leads to dissociation 
giving an excited *Pj iodine atom and a normal unoxcitod methyl froo 
radical, whereas absorption of light in the B band yields products both of 
which are unexcited. 

It is of interest to note that Mulhken (1935) discusses arguments which 
suggest that the observed continuum of methyl iodide is complex. 


2. The extinction coekkioienth ok ethyl iodide 

Tho continuous absorption spectrum of ethyl iodide has been studied by 
a number of observers in order to obtain the position of the maximum or the 



38 


D. Porret and C. F. Goodcvo 


“long wave abHorption limit” (Scheibe 1925, Irodalo and Wallace 1929, 
Iredalc and Mills 1930, 1931, Emsehwdler 1930, Hukumoto 1932; Scheibe, 
Povenz and Lmdatrdm 1933) According to Irodalo and Mills (1930) and to 
Hukumoto (1932) tho limit corresponds to a dissociation into a —C a H 5 
radical and a iodine atom. It is now well known that such a conclusion 
cannot be drawn, as tho limit of the absorption shifts towards the red when 
the pressure or the length of the absorbing column is increased 

Pure ethyl iodide supplied by the Bntish Drug Houses, Ltd , w r as used 
after being fractionated three times and dried with P 2 0 6 . The measurements 
were carried out exactly as for methyl iodide (Porret and (loodovo 1937) 
The measurements ol the molar and absolute extinction coefficients, 
defined by the equations 

,nd c ‘~'" lt ’T, V7r (4) 

respectively (l being the length in cm and c and n being tho concentration 
expressed in g mol. per litre and in molecules per 0 c respectively), are 
plotted as their logarithms in fig. 4 The curve for methyl iodide is showm 
lor comparison. 

3 Tub extinction coefficients of ethyl and butyl bromides 

Irodalo and Mills (1931) have measured qualitatively tho absorption of 
ethyl bromide, but no measurements of tho absorption of the butyl com¬ 
pound have been recorded 

Pure bromides supplied by the British Drug Houses, Ltd., were used 
and measurements made as for methyl iodide 
The results lor ethyl bromide are indicated in fig t by the open circles 
and the broken line and those for butyl bromido by the black circles and the 
dotted line The curve obtained by Fink and Goode vc (1937) for methyl 
bromide is shown tor comparison 

4 The influence of the carbon chain 

It will lie seen from fig 4 that the extinction coefficient curves are prac¬ 
tically unaltered by an increase in the length of tho carbon chain This, at 
firet. sight, is surprising, as tho increased mass of the alkyl group might be 
exacted to influence the shape of the band The coincidence between the 
curves, however, can be explained by a consideration of the structure of 
the molecules and of tho fundamental vibrational frequencies. 
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At room temperature the methyl group can be treated as a unit of mass 
15 because the vibrations involving movement of the hydrogen atoms with 
respect to the carbon are relatively unexcited. For ethyl and higher halides 
the alkyl group does not, however, behave as a unit This is indicated by the 
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Fig. 4 Observed extinction coefficients Ethyl iodide, continuous curve I, 
Methyl iodide; O Kthyl bromide, • Hutyl bromide, continuous cur\o II, 
Methyl bromide. 


presence of low fundamental frequencies corresponding to vibrations in 
which the separate carbon atoms move individually towards the halogen 
atom (Kohlrausch 1931). Owing to the 7.igzag struct tiro of the carbon chain 
and the low angular restoring forces the second and subsequent carbon atoms 
exert little restriction on the movement of the first. This is seen by an 
inspection of the carbon-halogen frequencies m a homologous senes as sot 
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out in the table, column 2. This frequency changes only slightly on passing 
from methyl to ethyl halides and remains practically constant for the higher 
members oi the series. If the alkyl group vibrated as a whole the variation 
would be much larger. Assuming that the force constant, F, of the carbon- 
halogen bond is the same for all the members of an homologous series, an 
“effective ” reduced mass can lie calculated from the fundamental frequency 
from the equation 

< 5 > 


The values given in the table, column 3, are obtained in this way and are 
the better ones to use in applying the above method of analysis to the ethyl 
and higher conijKmnds as they take account of the slight restriction in the 
movement of the carbon atom of the carbon-halogen bond From the small 
variation in the valuos of fi u one would not expect much difference between 
the absorption curves of the various members of each Beries. 
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♦ Barker and Plyler (1935) 
t Cross and Daniels (1933). 
t Kohlrauscb (1931) 

§ Calculated directly, assuming CH,—- acts as a unit. 
|| Calculated from U, (see Jevons 1932). 


On the assumption that the upjier and lower potential energy curves are 
unaffected, the influence of an increaso of reduced mass on an absorption 
spectrum may ho deduced. Such an increase or, in fact any restriction to 
motion, causes a “narrowing” of the eigenfunction curves, leading to a 
narrowing oi the absorption band. At the same time, as a consequence of 
normalization, the height of the maximum is increased. For ethyl iodide 
the increase in a mtx should lie about 3 %. On the other hand the fundamental 
frequency u> is reduced, resulting in a lower value of the partition fraction, 
and a lower value of a mtx . For ethyl iodide this lowering iB about 1 %. 
These effects are smaller than the experimental error For the bromides 
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the maxima occur in a region of high exjienmcntal error and the email 
difference show n in fig. 4 may not lie a real one 
The effect of an increase of the reduced mass on the lower part of the curve 
is more complex. The narrowing of the eigenfunction curves produces a 
narrowing of the absorption curve, but the increase in the partition fractions 
of the first and higher levels produces a broadening A small additional 
narrow']ng results from the correction given in equation (16) in the pajier by 
Fink and Coodeve (1937) All these corrections arc small. Tho small differ¬ 
ences shown may be due to any one of these causes or to impurities. 


6 Conclusions 

The C-I and U-Br absorption bands differ in that the former is much 
narrower than the latter The upper potential energy curve associated with 
the C-I band is much less steep than that with the C-Br band, tho values 
at x' = 0 being — 4 3 and — 7' I x 10 4 wave-numbers [ter A respectively. 
This is the major cause of the difference in the shapes of tho curves—the 
differences in the reduced masses and in the lower |>otentiaI energy curves 
being small 

The slope of tho upjier potential onergy curve is equal to the force of 
repulsion The lower value for tho C-I link is to be expected from the greater 
polarizability of the iodine atom and from the fact that the iodine atom is 
further from the carbon than is the bromino atom, tho distances, r t , being 
2-12 and l 88 A resfieotively (Sutherland 1937) The lower force of repulsion 
for the C-I link in the upper state ib to be compared with the lower force 
constant of tho link in tho ground state 

In the two homologous series of compounds discussed above, it is seen 
that the individuality of tho chromophoric (light absorbing) grouping iH 
retained in each scries over a very wide range of extinction coefficients. It 
follows that the absorption process with these molecules is localized in one 
part. This is in contrast with what occurs 111 dyes or other mesomenc systems 
where the absorption process is bound up with the molecule as a whole. Tn 
the absence of mesomensm, localization of the absorption is to be exjrectod, 
but the position of a band may be affected by the prescnco of groups which 
disturb the electronic levels of the chromophoric grouping 

One of us (I). P.) wishes to express his thanks to the Swiss Ramsay Com¬ 
mittee and the Ramsay Memorial Fellowship Trustees for the award of a 
Fellowship. 
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Summary 

The extinction coefficient curve for methyl iodide has boen analysed 
according to the method used by Fink and (Joodove, and the existence of 
two bands has been deduced The upper potential energy curves corre¬ 
sponding to these bands have been determined. 

The extinction coefficients of ethyl iodide and of ethyl and butyl bromides 
have been determined over a wide range. Influence of the carbon chain has 
been found to be small The conditions under w hich chromophonc groupings 
retain their individuality have been discussed. 
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The infra-red absorption spectrum of 
methylene chloride 

By C Corin'* and G. B B. M Sitthkrland 
(Communicated by R ( 1 . IF. Xornsh, FR S Received 29 October 1937 ) 

The absorption spectrum of methylene chloride has been studied over 
limited regions m the infra-red by several workers (Kills 1926, Leconite 
1933, Cor in 1936, Emsclivuller and Lecomte 1937) So far as we are aware 
it has never been investigated between 2*5 ami 7 //, although this is a very 
important region The present paper describes a study of the absorption 
of this sutistance in the liquid state between 2 and 12 /i, which was under¬ 
taken with the following objects in view First, it was hojied that it might 
lie possible to resolve certain difliculties in the correlation of the infra-red 
with the Raman spectrum of tins molecule Thus Trurnpy (1934) fiom a 
very careful examination of the Raman 8|>cctrum had made an assignment 
of the nine fundamental frequencies which did not admit of a reasonable 
explanation of a very strong absorption observed in the infra-red by 
Jxicomte (1933) near H/i Before any reinterpretation of existing data 
could be attempted it w as obviously necessary to complete the map of the 
sjjcetruin between 2*i> and 7 // and to confirm Lecomte’a work at H/t. It 
was also important to observe as many overtone and combination bands 
as possible to provide data for verifying and testing any new assignment 
of the fundamental frequencies Secondly, it was chosen as a suitable 
molecule for the further study of the assumption of independent groups 
(Sutherland and Dennison 1935, Aleeko 1932) in computing the frequencies 
of a polyatomic molecule from a simplified but still vety general potential 
function. Thus it is well known that certain groups (such as CH a or CH S ) 
in a molecule give rise to certain characteristic frequencies in the infra-red 
and Raman sjicctra of theso molecules, being apparently practically in¬ 
dependent of the rest of the molecule Such frequencies are easy to identify 
in analysing the vibration sjiectrum of a polyatomic molecule but the 
frequencies which arise from the vibrations of thoso semi-independent 
groups as wholes are not at all easy to assign and it is just those “inter¬ 
group” frequencies as opposed to the “intra-group” frequencies for which 
we have found a new method of treatment in this ease Yet the method, 
* Aspirant du Fonds National do la Rechcrclio Saentifique. 

[ 43 J 



44 G. Corin and G. B. B. M. Sutherland 

which depends on an application of the isotope effect, is a very general one 
and should be applicable to many classes of polyatomic molecules. 

Experimental 

The s|>ectrometer used was the well-known Hilgcr instrument D 83 . 
The source of radiation was a Nernat glower, while the currents from the 
thermopile were measured directly on a very sensitive Paschen type 
galvanometer The spectrometer was carefully enclosed m a wooden box 
to minimize thermal disturbances The dispersing prism was of fluorite 
between 2 and 1)//, and of rock salt between 8 and 12//. The wave-length 
readings on the drums were checked with reference to the well-known 
atmospheric bands due to water vapour and carbon dioxide, the prisms 
being set in position initially by using the sodium D lines No special 
precautions were taken to prevent variations in the current through the 
Nernst filament since the latter was operated from a battery supply w hich 
was very constant. For the majority of measurements the Paschen 
galvanometer mentioned above w as employed, occasionally, however, the 
thermo-electric current was taken to a Kipp and Zonen Zc moving coil 
galvanometer the deflexions of which were amplified by a photo-electric 
relay of the type descnl>e/l by Moss (1935) This made it possible to work 
with very fine slits in the examination of the contours of certain bands. 

The absorption cell employed is shown diagrammatically in fig 1. It 
enable /1 one to vary the thickness of the layer of CHgOl, from 0-007 to 
1 mm The liquid is contained in the space A between the rock salt windows 
B and V , which were 5 mm. thick and 20 mm. in diameter * These windows 
are surrounded by two rings, D and E, the latter being separated by a 
third ring, F, the thickness of which determines that of the layer of liquid 
to be examined. The nng D is provided with two tubes G and // which 
allow the liquid to flow into tho cell through the openings / and J. The 
ring F (tho internal diameter of which is a shade less than that of D or E) 
is placed against the ring D so that the openings V and J' of the former 
correspond to I and J of the latter The nng E is identical w r ith D except 
that it has 110 tubes. These three rings aro held together by screws through 
K v K 2 , K 3 and K t . The ruck salt plates are next place /1 on either side of F 
and the whole pressed together tightly by means of two larger metal rings 
L and M, lead washers being put between D and L on one side and E an /1 
M on the other The thickness of D (and of E) was just a little less than 

* Wo aro much mdebtod to Professor Errors of tho University of Brussels for the 
loan of these rock salt plates. 
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that of the rock salt plate. The cell was filled through either G or II, one 
being the entrance tube, the other the exit for the air. This method proved 
very satisfactory even for the smallest thicknesses. The whole was made 
of brass, except for the washer F which was made from brass, aluminium 
or copper according to the thickness required 


G H 



In making the observations a preliminary run was done with the empty 
cell to ensure that the windows were jierfectly clean and to get an estimate 
of the percentage loss due solely to them. This was of the order of 15 %. 
Readings were then taken of the energy falling on the thermopile with, 
and without, the cell in the path of the beam to give the percentage absorp¬ 
tion at any particular wave-length Beyond 4 // a glass shutter was always 
used for cutting oil the radiation from the thermopile to ensure that only 
the long wave-length radiation was being measured. The thickness of the 
cell varied from place to place in t he spectrum depending on the intensity 
of the absorption at the particular region It was chosen to yield a maxi¬ 
mum absorption at the centre of the band of from 60 to 90 %. All the 
important bands were plotted on at least two independent occasions and 
indications of weak bands were confirmed or disproved by using thicker 
layers of liquid. The width of the entrance and exit slits were always the 
same and were always as narrow as would still yield reasonable deflexions 
They are indicated to scale for each region on its appropriate diagram. 
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Results 

Between 2 and 12 /i we have observed altogether twenty-six absorption 
bands of which sixteen (occurring between 2-9 and 7 /i) are now, the re¬ 
maining ten having been already reported by earlier workers The appear- 
inee of these bands is illustrated in figs 2 and 3. For convenience of 
reference the various bands have been numbered beginning from those of 
highest frequency The thickness of the layer used is indicated on each 
curve m mm together with the slit width. The percentage absorptions 
plotted are actually those observed and have not been corrected tor 
absorption and scattering due to the cell alone. 




It will be observed that the most intense absorption bands occur at 
3-3, 7, 7-9 and 11 • 1 /(, bands of medium intensity were found at 4-3, 6-3, 
(1-5 and 9*4//, while seventeen very much weaker bands were observed at 
the |Kisitions given in Table I The band at 3-3/t was found on using a 
smaller thickness of liquid and very narrow' slits to consists of two bands 
having their maxima at 3043 and 2985 cm ~ l . Those observations are 
compared with the existing data on the infra-red and Raman spectrum of 
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this molecule in Table T. It will be noticed that in cases where the obser¬ 
vations overlap the agreement between the positions of the centres of the 
bands as reported by the different authors is quite satisfactory, with the 
exception of the weak bands near 8-6 and 9-5// Even in these two eases it 
probably does not exceed the experimental error, since the bands in 
question are rather broad and do not have a well-defined maximum The 
coincidence between the two strong Raman lines lying at 3043 and 2985 
cm -1 and the strong absorptions at 3049 and 2985 cm -1 is especially 
satisfactory. The most remarkable fact is that the strongest absorption 
band of all, viz that at 7-9 ft, has no counterpart in the Raman spectrum. 
It is this which makes necessary the detailed discussion of the fundamental 
frequencies of the CHjOlj molecule in the section which follows. 

Table I. The vibration spectrum ok methylene chloride 


Present investigation 



Position 


Lccomto 

Ellis 

Conn 

Raman 


— 

-, 





spectrum 


In ft 

In cm. 1 

Intensity 

in ft 

m /* 

in fi 

in cm. -1 

1 

2-24 

4464 

Weak 

- 

2 27 

2 24 

_ 

2 

2 36 

4237 

Weak 


2 42 

2 33 

— 

3 

2 54 

3937 

Weak 


2 57 

2 57 

— 

4 

2-70 

3704 

Weak 

-- 

2 76 

— 


4' 

2 92 

3425 

Very weak 

— 

2 HO 

— 


5 

3 28 

3049 

Strong 

— 


— 

3043 

5' 

3 35 

2985 

Strong 


— 


2985 

ft 

3 74 

2674 

Weak 




— 

7 

3 96 

2525 

Weak 



— 


8 

4 14 

2415 

Weak 

— 




9 

4 32 

2315 

Medium 




— 

10 

4 68 

2137 

Weak 



- 

— 

11 

4-86 

2058 

Weak 

— 

- 

— 

- 

12 

5 04 

1984 

\ cry weak 


— 


— 

13 

5 58 

1792 

Very weak 




— 

14 

6 20 

1613 

Weak 

-- 


— 

- 

14' 

6 32 

1582 

Very weak 


— 


— 

15 

6 46 

1548 

Weak 




— 

16 

7 00 

1429 

Strong 

7 00 



1419 

17 

7 90 

1266 

Verj strong 

8 02 




17' 

8 18 

1222 

Weak 





17" 

8 39 

1192 

Weak 

- 




18 

8 66 

1155 

Weak 

8 83 



1140 

10 

9 43 

1060 

Weak 

9 59 



1060 

20 

10 14 

985 

Weak 

10 28 


— 


21 

11 12 

899 

Medium 

11-20 

- 


808 

22 

— 

737 

Very strung 

13 60 


- 

735 

23 

— 

704 

Very strong 

14 20 



700 

24 


Not observed i 

in mfra-ml up to tho present 


284 
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Discussion 

The molecule 011,0, has nine fundamental frequencies. These may be 
separated into three groups of three in a rough physical way by con¬ 
sidering the molecule to be built up from a CH, group and a CC1, group. 
If we look at the molecule in this way then it is clear that the CH, group 
and the CC1, group will have each three fundamental frequencies, while 
the vibrations of the CH, group as a whole with respect to the CC1, group 
as a whole form the third group of three (Group 3) This method of splitting 
the molecule into semi-independent vibrating groups has been shown to bo 
justified by Sutherland and Dennison ( 1935 ) and by other authors (Mecke 
1932 , Kohlrausch 1935 ) Its great value is that it enables some of the 
fundamental frequencies to be immediately identified. Thus the CH, 
group is well known to possess three fundamental frequencies, two of 
which fall near 3000 cm and the other near 1450 cm. -1 . We are therefore 
fairly sure that the bands at 3049, 2985 and 1430 cm. 1 are the first group 
of throe fundamentals In a similar way one may pick out the threo 
frequencies at 700, 735 and 284 cm 1 as the second group of three, con¬ 
sisting essentially of the vibrations of the CC1, group. The real difficulty 
comes when we try to say which are the other three fundamentals When 
the Raman spectrum of CH,C1, was examined in great detail by Trumpy 
( 1934 ) he found, in addition to the above six fundamentals (which he 
assigned in the same way as wo have done), three other Raman lines at 
898, 1000 and 1149 cm -l Since all of the nine fundamental frequencies 
of this molecule are permitted in the Raman effect, Trumpy concluded 
very naturally that these frequencies represented the other three funda¬ 
mentals. The objection to this assignment is that it leaves quite unexplamed 
the most intense infra-red absorption at 1200 cm. -1 . This absorption is so 
strong that it can scarcely be considered to be other than a fundamental 
frequency. Even if one attempts to interpret it as a combination band of 
Trumpy’s fundamentals one meets with very serious difficulties since the 
only combination which it might be is 2^.* That such a combination 
band should have powerful absorption is extremely unlikely and we 
propose to accept the strong infra-red frequency at 1200 cm -1 as one of 
the three frequencies of Group 3. The problem is now to decide the other 
two. 

We first notice that of the three Raman frequencies of Trumpy at 898, 
1000 and 1149 cm . -1 only one appears with any marked intensity in the 
infra-red this is the one at 898 cm. - b If we accept thiH as the Becond of 
* Soo Table 111 for explanation of tins notation. 
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the missing fundamentals then it remains to decide between 1000 and 
1149 cm. 1 as the last. One must not neglect tho jwssibility that both of 
those frequencies (being relatively weak in absorption and in scattering) 
may bo overtone or combination frequencies due to a low fundamental m 
tho neighbourhood of 500 000 cm 1 and timsch wilier and Lecomte ( 1937 ) 
have in fact made a suggestion of this kind. Since this region ol the 
spectrum has not been investigated in the infra-red and was beyond the 
range of our spectrometer w’e have tackled the problem from the theoretical 
side and have been able to show that tho possibility ol such a low funda¬ 
mental is most unlikely (see next section). If we rule out Lccomte’s sug¬ 
gestion, we consider that the frequency at 1000 cm 1 is the correct one 
to choose as tho remaining fundamental for the following reasons First 
of all, it is quite iin]>ossible to interpret it in terms of any simple com¬ 
bination of the other eight frequencies, secondly, it is jmssible to interpret 
the frequency at 1149 cm 1 in terniN of the other eight frequencies in at 
least two simple and reasonable ways, finally, we have lieen able to 
estimate the approximate value of this frequency as somewhere between 
910 ami 1110 cm 1 by a calculation which we shall now describe. 

This isotopic method 

The mathematical treatment, of tho normal vibrations of a system of tho 
type YX 2 Z a has not yet been given, and although it would lie possible to 
extend tho treatments given of simpler molecules to this type, the process 
would be extremely laborious and of no small difficulty since it would 
involve the solving ol a ninth order detcinnnantal equation The results 
obtained would also Ik* dejiemlcnt on the t.y|ie of [Mitential function as¬ 
sumed so that at liest one might only obtain a somewhat fortsed agreement 
between calculated and observed frequencies It occurred to us that a 
relatively simple approximate treatment might be made to yield rough 
values for the frequencies by regarding the (’I atoms as heavy “isotopes” 
of hydrogen of mass 35 and then employ the equations for the isotope 
effect in (JII 4 which have been derived by Rosenthal ( 1934 ) Of course 
the values one obtains for the three frequencies will be too high since the 
('-Cl force constant is appreciably smaller than the C-H force constant 
which has been taken m its place To get over this difficulty we have also 
calculated the same three frequencies looking on tho hydrogen atoms as 
light “isotopes” of the ('1 atoms and using the potential constants of the 
CC1 4 molecule given by Vogo and Rosenthal ( 1936 ) This will give too low 
a value for tho frequencies since tho ('-Cl force constant has been used 
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for two bonds in which the real force constant is somewhat higher We 
hoped that the difference between the upper and lower limits thus obtained 
would not l>e too great so that a correlation might bo made with the 
observational data Table II shows that the experiment has been more 
successful than one might have imagined Thus, using Rosenthal’s nota¬ 
tion, we find that the highest of the three (w 4o ) should he between 1205 
and 1081 cm. 1 This we identify with the strong mfra-red band at 1206 
cm The lowest (w^) is to be expected lietween 720 and 843 cm _1 , thiH 
we associate with the frequency at 898 cm The middle one (oj^) should 
appear between 910 and 1108 cm 1 and would therefore correspond more 
closely to the frequency at 1060 cm 1 than to that at 1150 cm. 1 While 
this evidence for the assignment of the three group frequencies could not 
lie regarded as conclusive in itself, when taken into consideration with the 
remarks above concerning intensities, it would appear to be the most con¬ 
sistent correlation of the spectrum yet offered. 

Table II The methylene chloride frequencies of group 3 


Designation 

Calculated values 


KuscnthaTs 

Present 

Upper 

Lower 

Experimental 

notation 

notation 

limit 

limit 

values 

(d u 

w. 

1295 

1081 

1266 



1108 

910 

1060 

<J «o 

to, 

843 

720 

896 


It remains to show that the other bands can lie interpreted in terms ot 
the nine fundamentals we have now chosen That this can readily be done 
is shown m Table III. The main difficulty is to account for the frequency 
at 1150 cm *. This would appear to be either the addition band w, + d, or 
the difference band 8 t — cm or possibly a super{Kisition of both of them, 
since the band appears to have two maxima in the infra-red and m the 
Raman spectrum there seems to be more uncertainty about its exact 
magnitude than is the ease w ith the other frequencies Why this should lie 
the only combination band to up[iear iri the Raman siieetrum is not at all 
clear. All that we can say here is that a similar phenomenon has been 
observed for other polyatomic molecules (e.g ethylene), and that the 
conditions determining the apiiearnncc of overtone and combination 
frequencies m Raman spectra arc not yet understood As regards the other 
assignments in Table III we might remark that all of the bands with the 
exception of 4' and 8 have been accounted for as simple combinations of 
not more than two fundamentals Since such simple addition bands are 
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those which are most likely to apjiear, our assignment of the fundamentals 
appears to gain additional evidence. Our attempts to account for all of 
our observed bands in terms of Trumpy’s fundamentals had not an equal 
measure of success Tn several cases wo have given only one assignment 
where alternative interpretations were possible For instance, band 11 
might equally well be interpreted as 2w, and we have no reason for pre¬ 
ferring the assignment given in Table III unless that it gives a slightly 


Table III. Overtone and combination bands ok methylene 

CHLORIDE 


Fundamentals ( v i — 700 
arming from v t = 730 
tho CC1, group ^3, = 284 

Observed 
frequency 
20 98.5 

18 1155 

17" 1192 
17' 1222 

15 1548 

It' 1582 
14 1013 

13 1702 

12 1984 

11 2058 

10 2137 

9 2315 

8 2415 

7 2525 

0 2074 

i' 3425 
4 3704 

3 3937 

2 1237 

1 4404 


Fundamentals fe, = 2985 
arising from j i> 4 = 3040 
the CH, group 13, = 1425 


Assignment 

K» + <h 

v t -8 l 
«*i+3i 
r, + 23 1 
to, +3 X 

Vl + t‘1, 
•'»+"! 

>'» + "»> 
2w l +3j 

Mt + Mx 

2to 3 
3i+w, 
r s + c,-3, 
*'*+*'» 
*'«+ w i 

r t +3, 


All frequencies are given in cm. 


Fundamentals 
of Group 3 


fwj = 890 
-] to, - 1000 

U,= 1200 


Predicted 

frequency 

084 

1141 

1180 

1208 

1550 

1590 

1032 

1790 

2002 

2070 

2102 

2321 

2421 

2532 

2091 

3420 

3721 

3942 

4251 

4471 


better numerical agreement with tho observed frequency. This is not a 
sufficiently good reason, however, for excluding one assignment m favour 
of another, since exact numerical agreement is not to be expected because 
of anharmomcity and interactions. We have not given all tho possible ways 
of interpreting each band because we were only interested in showing that 
all the observed bands could bo accounted for very easily in terms of our 
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fundamentals In actual fact there arc only another two simple alternative 
assignments m addition to the one just quoted, they are. 

Band 13 as 2 <o v 
Band 10 as n 2 + i a . 

It ivill lie noticed that the numerical agreement between an observed and 
a predicted frequency ih within l or 2 %, except the band 17' the exact 
position of which is impossible to determine since it appears as a shoulder 
on the very intense band 17. 
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Summary 

The infra-red absorption spectrum of methylene chloride has been 
investigated in the liquid state between 2 and 12/t with a prism spectro¬ 
meter Twenty-six bands have been observed of which sixteen have not 
boon recorded before, the positions and intensities of the remaining ton 
agree well with the works of other observers The most important fact 
which emerges is that one of the very intense absorption bands has no 
counterpart in the Raman s[iectruni of this molecule. This has necessitated 
a new r assignment of the fundamental frequencies, which has been done 
partly by the method of indcjiendent groups and partly by applying the 
theory of the isotope effect in a molecule of the type Y.Y* The latter ih a 
new and surprisingly successful method of forming a rough numerical 
estimate of the magnitude of certain of the frequencies of the YXjZ t 
molecule from a knowledge of the potential constants of the YX 4 and YZ t 
molecules The twenty-six observed bands are accounted for very simply 
m terms of the new set of fundamental frequencies. 
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On the velocity and temperature distributions 
in the turbulent wake behind a heated 
body of revolution 

By S Tomotika, D Sc 

Professor of Mechanics, Osaka Imperial University, Osaka, Japan 
(Communicated hy G. I. Taylor, FRS—Received 3 November 1937) 
Introduction 

1 The calculation of the distribution of moan velocity in the turbulent 
wake behind a body of revolution in a uniform stream of an incompressible 
fluid was first carried out by Swain ( 1929 ) by using Prandtl’s momentum 
transport theory of turbulent motion The uniform stream was considered 
to be parallel to the axis of revolution of the body and the moan motion was 
assumed to be symmetrical about the same axis Swain further adopted 
Prandtl’s assumptions that for sufficiently high Reynolds numbers and 
at a sufficient distance downstream, there is geometrical and mechanical 
similarity in different sections of the wake, and that the values of the mixing 
length, l, at corresponding points in different sections are proportional to 
the breadths of the sections. Nhoalso assumed, as done hy Schlicliting ( 1930 ) 
in hiB discussion of the two-dimensional wind-shadow problem, that the 
mixing length l is constant over any one section of the wake. 

Now, taking the r-axis along the axis of revolution of the body and the 
r-axis perpendicular to it, let the undisturbed velocity be denoted by U. 
Then, the ^-component of velocity, n, m the wake may lie written oh 


u = U — it*. 


(1) 
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Swain's analysis shows that the distribution of u* for the first approximation 
may bo expressed in the form 

= -£•)*. ( 2 ) 

U Q 

where v* is the value of u* at the centre of the wake in any given section and 
£ = r/r 0 , r 0 being the value of r at the edge of the wake. 

The distribution of temperature in the wake behind a body of revolution 
when the obstacle had been heated was not discussed by Swain, but 
according to the momentum transport theory of turbulence the distribution 
of temperature across the wake is identical with that of velocity Thus, if 
0 denotes the difference in temperature between any point in the wake and 
that in the mam stream and also if 0 0 denotes the value of 0 at the centre of 
the wake, wo have 

(3) 

2. In a recent pajierf, Goldstein ( 1935 ) has made an application of 
Taylor’s vorticity transport theory of turbulence to the calculation of the 
velocity and temperature distributions in the turbulent wake behind a 
heated body of revolution which is placed, as in Swain’H case, in a uniform 
stream in such a way that the axis of the body is parallel to the undisturbed 
velocity. 

Goldstein has obtained tho equations of motion in cylindrical co-ordinates 
according to tho vorticity transport theory on the assumption that not only 
the mean motion, but also the turbulent motion, is symmetrical about tho 
axis of revolution of the body, so that the vortex lines are circles about the 
axis 

Then, it has been Rhown that if, as in Swain’s case, the states of affairs 111 
different sections at a sufficient distance downstream behind the body are 
assumed to be geometrically and mechanically similar, and also if the values 
of the mixing length l at corresponding points in different sections are 
supposed proportional to the radii of the sections, there is no real solution 
at all when the value of l is constant over any one section of the wake. 

Further, it has been shown by Goldstein that if oc r p , there are real 
solutions provided p is greater than unity. However, the assumption 
l 2 oc r 1 ) makes l infinite at r = 0,1 e on the axis of symmetry, so that 

it is open to criticism. Moreover, the results of Page’s and Townend’s observa¬ 
tions (1932 a, ft; 1936 ) on the turbulent motion in rectangular pipes as well 

t “On the velocity and tomjicrrtturw distributions in the turbulent wako behind a 
heated body of revolution” (unpublished). 
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aa iu circular pipes show that the tyjie of turbulent motion ossutnod by 
Goldstein is unlikely to occur in reality. Thus, Goldstein’s results are of 
rather small interest from the practical point of view 

In the present pajier an attempt is made to apply Taylor’s modified 
vorticity transport theory of turbulence to the calculation of both the 
velocity distribution and tho temperature distribution in the turbulent 
wako behind a heated body of revolution which is placed in a uniform stream 
such that its axiH of revolution is parallel to the direction of the undisturbed 
velocity. Tho geometrical and mechanical similarity is assumed, with 
Prandtl and Goldstein, for the states of affairs in different sections at a 
sufficient distance downstream behind tho body and also the isotropy in 
turbulence is assumed in accordance with the results of observations The 
theoretical curve of velocity distribution is compared with the observations 
of Schliehting and of Simmons. 

The writer wishes to express his cordial thanks to Professor G. I Taylor, 
F.R S , for suggesting the present problem The calculations were mostly 
carried out in 1935 when tho writer was working ill (’arnbndge, England. 


Modified vorticity transport theory 

3, The modified vorticity transport-thoory of turbulence put forward by 
Taylor ( 1935 , 1937 ) is based on the assumption that the components of 
vorticity are transferred unchanged by turbulence in the same way that 
momentum is transferred according to Prandtl’s momentum transport 
theory. A portion of the fluid is conceived to leave a certain position with 
the vorticity components of the mean motion and to retain those components 
till it mixes with its surroundings after traversing the mixing length. 

Taylor has shown that, according to this modified vorticity transport 
theory, tho equations of motion 111 rectangular co-ordinates are 


1 dp du dii du 1 d - 

p du: dx dy dz Idx 




together with the equations formed by cyclic permutation. 

In (4) (X, Y, Z) are the components of body force, p is tho density 
of the fluid concerned which is assumed to be incompressible and p is 
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the average valuo of the difference of the pressure from the hydrostatic 
pressure. (u,v,v>) are the velocity components of the mean motion, while 
(w', v', w') are those of turbulence and y' a = u' 2 + v' 2 +■ w' 2 . Also, (£, y, £) are 
vorticity components of tho mean motion, so that 


c _ dw dv _ du dw _ dv du 
• ~ dp ?z’ ^ ~~ 0z ?•*•’ * 0i/’ 

and (£', ?/, £') are tho components of tho turbulent vorticity. 
Further, the oquation of continuity is 


du dv dw _ 
dx dy + 3z 


(«) 


4 When the mean motion is symmetrical about an axis, as in the case of 
tho moan motion in tho turbulent wake behind a body of revolution which is 
going to be discussed in the present paper, it will bo convenient to transform 
tho equations of motion into cylindrical co-ordmatcs. 

Let (x, r, 0) be cylindrical co-ordinates Assuming the mean motion to bo 
symmetrical about the r-axis, tho x- and r-compononts oi velocity of the 
mean motion will now bo denoted by u and v respectively without causmg 
any confusion. Also we denote by (?*', v', w') respectively the x-, r- and 
^-components of velocity of the turbulent motion which is not assumed to 
he symmetrical about the x-axis, but is rather assumed to bo isotropic at a 
sufficient distance downstream so that «' 2 = t>' 2 - w' 2 
Then, tho equations of motion in cylindrical co-ordinates of tho modified 
vorticity transport theory for the mean motion symmetrical about the 
x-axis are obtained by direct transformations from (4), together with (6), and 
other similar equations When tho fluid is free from body force, wo have 


0 m du 

U-.-+V 

dx dr 


? (P 

dx\p 


+ W t )-h 




dy 

M 

dr 2 


0*v_\ 

dxdrf 


d\ 

dxdr) 




1 du 
r dr 


1 0*A 

r dxf’ 


(7) 


together with one similar equation for the y-diroction, where l r , l r , l g are 
the components of tho mixing length l in the directions of the x-, r- and fl¬ 
axes resjiectively. Also, p has tho same meaning as before and 


q’* = «'* + v' 2 +w' 2 . 


Tho equation of continuity in cylindrical co-ordinates is 

L {ru)+ i (n) ~ °- 


(8) 
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Calculation of velocity distribution in the wake behind 

A BODY OF REVOLUTION 

5 We consider a body of revolution in a stream whose undisturbed 
uniform velocity is IJ parallel to the axis of revolution. If we assume that 
the mean motion m the turbulent wake behind the body is symmetrical 
about the axis, the equations ot motion according to the modified vorticity 
transport theory are given by (7), together with one similar equation. The 
turbulent motion, however, is not assumed to be symmetncal about the 
axis, but is rather assumed to be isotropic at a sufficient distance downstream. 

For a first approximation, at a large distance downstream in the w r ako w’c 
put 

u = U — u*. (9) 


Wo assume that u*/U is small, and we also make the usual assumptions of 
the boundary layer theory that v and its derivatives are small in com panson 
with u and its corresponding derivatives, and that derivatives with respect 
to a; are small compared with tho corresponding derivatives with respect to 
r. Further, we assume that tho derivatives of (p/p + \q" 1 ) may lie neglocted 
for a first approximation. 

Then, under these simplifying assumptions tho equation of motion (7) now 
gives the following equation for u* for a first approximation. 


U 


du* 

dx 


, , d 2 u* . , 


1 du* 
r dr ‘ 


( 10 ) 


If the mixing length is small and tho turbulence is isotropic, as assumed in 

the present paper, we liavo _ _ 

l r v' = l 0 w'. (11) 

Following Prandtl, we put 


l r v‘ = l g w' = V 


| du* 

|s, ■ 


( 12 ) 


where l is tho mixing length 

Then, remembering that u* decreases outwards from the axis, we get 
ultimately 


V -* 


du* / d 2 u* 1 du*\ 

‘ ?,U + r a,)- 


(13) 


6 Now, if D denotes the total drag on the body under discussion, it can 
be shown without difficulty that 

D = 2npU (u*rdr. (14) 
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If we assume that at corresponding points of different sections r vanes as 
x m and u* varies as x~ a , it follows from (14) that n = 2m. If then we put 

u x^'yx”)’ 

(15) 

then in order that both sides of (13) should bo of tho same order of magnitude, 
Z 2 must vary as x 5m ~ 1 for a given valuo of rjx m . Further, if the value of l for a 
given value of rjx m varies as the breadth of the wake, wo must have 5m — 1 
equal to 2m, so that m = 

Thus, if now wo put tj = t 

(10) 

u* 1 

v-i «** 

(17) 

and l* =» 0(ij) * l , 

equation (13) becomes 

(18) 


(19) 


On the axis, u* is jiositivo and du*/dr is zero. Therefore 

</u>0 ' (Sir* (M) 

If wo make the assumption that tho value of the mixing length l is constant 
over any one sortion, we may write = r, where c is a certain constant, 
and equation (19) then becoraos 



To solve this equation we first change the independent variablo from 
t/ to z by the relation 

z - |l. (22) 

Then, equation (21) becomes 



where C = 81c/4. 

Assuming the solution of this equation in the form of a power series of z, as 
/= a 0 + o l z+o a z* + o s z 3 +o 4 z 4 +... ) (24) 
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whore the a’s are constants, and inserting this in (23), the constants have 
been determined, in the usual way, up to o 8 . Thus, writing J(a 0 C) = a for 
simplicity wo have 


7 / z \ 8 

7 , 

h 3 77 ^ 

* 1183 /z\ 5 

«w 

216 

U/ 4320 \aj 

1 103880 \a/ 

617 i 


3029911 /z 

V 20547017 / z \ 8 

777601 

,<x) 

522547200\a/ 4702924800\a/ 


(25) 


Since, however, z = we have 


/ 

«o 




V\~ 


77 8 

4320 V 


118 3 

103080 


017 0 _ 3029911 t 20547017 u 

777(10 522547200 V 4702924800^ + 


( 20 ) 


where 


, _ V __ V 
1 <*» (a 0 C)i 


(27) 


With this expression for tho function/, (17) gives the expression for w*/t/. 

If tho value of u* at tho centre of tho wake be denoted by u*, wo readily 
have, sinco (/),_<, = a 0 , 


u* 


7 7 77 ii qq 

1 " 2rf \ + 6 *i “ 210 “ 4320 ~ 103080 V ' 


017 

77760 


3029911 ,, 20547017 ia 

522547200 4702924800 + 


(28) 


With the aid of this formula, tho values of u*/u* have been calculated. The 
results are shown in Table I. The values corresponding to larger values of 

Table I 

Vi «*/«? 0/0„ 

0 1 1 

0 l 0 938 0 953 

0 2 0 830 0 868 

0 3 0 703 0 761 

0 4 0 568 0 630 

0 5 0 437 0 508 

0 0 0 318 0 370 

0 7 0 219 0 257 

0 8 0 146 0 117 

0 9 0 099 0 031 

1 0 0 075 0 002 
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?/,, however, have been determined by the method of numerical integration. 
The eurve for u*/u* plotted against i] 1 is shown in fig 1 


u* _9 
ft" 



Kin 1. Velocity (liNlribulion (u*/«J) unit temperature distribution (0/0 a ) according 
1 o the modified truns|>ort. theory — velocity distribution aoeorthng to the momen¬ 
tum transport theory (Swam), + Schlichtmg's experimental points for the larger 
plate, O Schliehting’s experimental points for the smaller plate, • Simmon’s experi¬ 
mental points 


7. It will be of interest to show hero that m*/«? does not vanish at any 
finite value of i) v 
We have, from (21) 


vtion 


( 20 ) 

(30) 


Taking account of the boundary conditions ( 20 ), i e (/),^ 0 > °, (d//d»/),. 0 = 0 , 
the partial integration gives 




and therefore inserting this in (30) 


"--w+jot*-* 


(31) 
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The constant of integration can readily be determined by the conditions 
just referred to, and we find that it is equal to zero. Thus, 

*-OT + £(*)‘4 (32) 

Since c is evidently positive, the right-hand side of this equation is always 
positive for any finite (positive) value of >), and it follows therefore that/does 
not vanish at any finite value of q. Thus, we find that u*ju* does not vanish 
at any finite value of 9 ,. 

Further it can be shown without difficulty that the asymptotic expansion 
for u*lu* is of the form 



where b is a constant. 


Calculation of temperature distribution in the wake behind 
a heated body of revolution 

8 Let 6 be the difference of the temperature in the turbulent wake 
behind a heated body of involution from the temperature of the fluid outside, 
the body being assumed, as before, to be placed in a uniform stream of 
velocity U parallel to the axis of the body. Then, as has been shown by 
Goldstein, at a largo distance downstream, 0 satisfies, for a first approxima¬ 
tion, the equation 



(34) 

With the assumption (12), this becomes 


TT SO 1 3 f „ du* d0\ 


"to—rlrrvs)- 

(35) 

If we put 0 = ^F(if), 

(36) 


and make the substitutions (16), (17) and (18), wo find that the function F 
satisfies the equation 


1 d 

3 drj 


( V *F) 




dfdF | 
drj drf)' 


so that on integration 


W F = + *“*• 


(37) 


(38) 
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But, it munt be that dF/dy = 0 when ij = 0, and therefore const = 0. Thus, 
we have 


\r)*F = rffo) 


dfdF 
d?/ d?i' 


(39) 


If, as before, the mixing length is assumod to be constant over any one 
section of the wake, so that = c, we have 



1 dF = i) /dfy 1 

F dij 3 c\dr/} ’ 

(40) 

and integrating this we 

get 


'H' 

(41) 

where A is a constant. 



Further if we put/* - 

= //«„ and introduce the variable by (27), we have 

F 

-H7JT(SW 

(42) 

/* being equivalent to u 

*/«*, so that its series expression is givon 

by (28). 

Thus, denoting by 

the value of 0 at the centre of the wake, w 

•o have by 

(30) 



0 

o. 

-[OTW 

(43) 

Remembering that/* - 

m*/w* and using the series (28) we got 



fo'('/?,) = + + + •)• (44) 


This has been conveniently used for finding the values of the integral on the 
right-hand side of (43) for small values of r/ t 

For larger values of tj v however, the values of the integral have been 
obtained by numerical integration by using the values of rf/*/rfi/ 1 which 
have been calculated by its series formula obtained from (28) by simple 
differentiation 

Then, the values of 0/0 o have been obtained by (43) Tho results are 
shown in the preceding Table I and the curve for 0/() 0 plotted against i) x is 
also shown m Fig. 1. 


Comparison with experiments 

9 Tn his paper referred to, Goldstein has compared his theoretical curves 
for velocity distribution with the results of H. Sohliehting’s measurements 
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made at the Gottingen Laboratory, as well as with those of L F. G. Simmons’s 
measurements made at the National Physical Laboratory 

We shall now compare the results of the present paper with those 
experiments 

Schlichting measured two velocity distributions in the turbulent wake 
behind a solid of revolution, one 100 cm. behind a circular plate of diameter 
d equal to 8 cm., at a Reynolds number, Ud/v, of about 17-4 x 10 4 ; and the 
other 150 cm. behind a circular plato of diameter d equal to 4 cm., with 
Ud/v about 8 7 x 10*. The plates were at right angles to the stream 
The results of Schlichting’s measurements are shown in fig. 1 for com¬ 
parison with the theoretical curve obtained in the present paper. In this 
figure the theoretical curve is made to lit Schhchting’s observations at 
u*/u* = 0 .». The experimental pomts for the larger plato are shown by +, 
w'hile those for the smaller plate by o. The measurements were taken along 
a diameter and were not quito symmetrical, and therefore the experimental 
points for a complete diameter havo been shown. The maximum value of 
u*/U was 0-071*7 for the larger plate and 0-030 for the smaller one 
Simmons has measured, in the N.P L. Duplex wind tunnel, the velocity 
distribution in the wake behind a model of the airship R 101 , without fins, 
etc., the maximum diameter, d, of the model being 14 54 in., its overall length 
80in , and its volume 4-5cu It. The measurements wore made in air at a 
wind speed of 60 ft./sec across a section of the w r akc 8 ft 7 in dowmstream 
of the tad of the model Simmons’s measurements wore along a radius, and 
the maximum value of «*/ V was 0 1 25 The experimental points are hIiowii 
by • in fig. I on the right-hand side, where, as before, the theoretical and 
exjiciimentftl curves arc made to coincide at «*/uJ = 05 
In fig. 1 Swain’s theoretical curve for the velocity distribution is also 
shown for comparison by a dotted lino, ivhieh is made coincide at u*ju* = 0-5 
with the velocity distribution curve of the present paper. 

It w ill lie seen that the agreement botween the theoretical result obtained 
in this paper oil the basis of the modified vortioity transport theory and the 
results of observations is not quite satisfactory, and further that there is also 
no satisfactory agreement with observations for Swain’s result winch has 
been obtained on the basis of the momentum transport theory 
No measurements of the distribution of temporature in the turbulent 
w r ake behind a heated body of revolution are known, so that tho comparison 
of the theoretical curve for the temperature distribution obtained in tho 
present paper with observations must lie postponed 
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Summary 

10 In the present paper, Taylor’s modified vorticity transport theory of 
turbulence is applied to the calculation of the velocity and temperature 
distributions in the turbulent wake behind a solid of revolution which is 
placed m a uniform stream such that its axis of revolution is parallel to the 
direction of the undisturbed velocity 

In order to carry out tho calculation, it is assumed, with Prandtl, that for 
sufficiently high Reynolds numbers and at a sufficient distance downstream, 
there is geometrical and mechanical similarity m different sections of the 
wake and that tho values of the mixing length at corrcH|ionding points in 
different sections aic proportional to the breadths of the sections. Also, tho 
isotropy in turbulence is assumed 

Assuming the mixing length to be constant over any one section, the 
distribution ol mean velocity is first calculated and the result is compared 
with the results of Schliehting’s and Simmons’s observations The agree¬ 
ment between theory and observations is not quite satisfactory. 

Next, the distribution of temperature is calculated However, the com¬ 
parison of the theoretical result with observations is not made, because no 
measurements of the distribution of temperature in tho wake behind a heated 
body of revolution have yet been made 
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Application of the modified vorticity transport theory 
to the turbulent spreading of a jet of air 

By S. Tomotika, 1).Su. 

Professor of Mechanics , Osaka Imperial University, Osaka, Japan 
(Communicated by 0. J. Taylor, FR S.—Received 3 November 1937) 
Introduction 

l. The turbulent spreading of a jet of air emerging from a small circular 
aperture has been discussed by Tollmien ( 1926 ) on the basis of Prandtl’s 
momentum transport theory of turbulence, by making some appropriate 
assumptions. He lias calculated the distribution of mean velocity in the 
jet at distances which are sufficiently great compared with the diameter of 
the aperture and it has been found that the calculated distribution of moan 
axial velocity is in satisfactorily good agreement with observations made 
at Gottingen. 

The same problem seems to have been discussed also by L. Howarth in 
an unpublished paper on the basis of Taylor’s vorticity trans}K>rt theory of 
turbulence, by assuming that not only the mean motion, but also the 
turbulent motion, is symmetrical about the axis of a jet. It apjioars, how¬ 
ever, that the agreement between Howarfh’s results of calculations and the 
Gottingen measurements is not so good as in the case of Tollmien’s results of 
calculations on the momentum transport theory. 

In the present paper an attempt is made to apply Taylor’s modified 
vorticity transport theory of tut Indent motion (Taylor 1935 , 1937 ) to the 
discussion of the turbulent spreading into the surrounding still air of a jot 
of air emerging from a small circular ajierture. By making some simplifying 
assumptions, the distribution of mean velocity is calculated for any one 
section of the jot whoso distance from the aperture is very great in com¬ 
parison with the diameter of the aperture The isotropy in turbulence is also 
assumed It is found that the calculated distribution of mean axial velocity 
is in fairly good agreement with the Gottingen measurements 


Equations of motion in cylindrical co-ordinates of 
TUB MODIFTKI) VORTICITY TRANSPORT THEORY 

2. Let (x, r, 6) be cylindrical co-ordinates. Then, when the mean motion 
iB symmetrical about the ar-axis so that it is independent of 0, and the fluid 
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is free from body force, the equations of motion in cylindrical co-ordinates 
according to Taylor’s modified vortioity transjiort theory are, as shown in a 
previous paper (Tomotika 1937 ), 



together with a similar equation for the r-direction. 

In these equations, p is the average value of the difference of the pressure 
from the hydrostatic pressure and p is the density of the fluid concerned 
(it, v) are the x- and r-components of velocity of the mean motion respectively, 
while (m\ v\ w') are the velocity components of the turbulent motion in the 
x-, r- and ^-directions and q' 2 = u' 2 + v' 2 + w' 2 Also, l x , I r , l„ are the com¬ 
ponents of the mixing length l in the directions of the x-, r- and 0 -axes 
respectively 

The equation of continuity 111 the present case is 

5<n.)+s(«>-0. m 


TuRBULKNT SPRKAOINll OF A JUT OF AIK INTO 
THE SI IRRO U N DIN (1 ST1IJ, AIR 

3 We now proceed to the discussion of the turbulent spreading into the 
still air of a jet of air emerging from a small circular a|ierturo It is assumed 
that the axis of the jot is perjicndicular to the piano of the aperture and the 
mean motion m the jet is symmetrical about its axis. We consider the 
sections of the jet at distances which are great compared with the diameter of 
the aperture and w e assume that the turbulence there is fully developed and 
isotropic so that u' 2 = v' 2 = w' 2 . 

Then, takmg the x- anti /•-axes along and peqiendicular to the axis of the 
jet respectively and the origin at a certain point, the equations of motion 
according to the modified vortioity transi»ort theory are given by ( 1 ), 
together with one similar equation. 

These equations of motion are however greatly simplified if wo make the 
usual assumptions of the boundary layer theory, namely that v and its 
derivatives are small in comparison with u and its corresponding derivatives; 
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and that derivatives with respect to x are small compared with the corre¬ 
sponding derivatives with resect to r Further, in accordance with the 
results of the Gottingen measurements, tho pressure in the jot is assumed to 
be constant, so that the derivatives of (p/p + \q' 1 ) in the equations of motion 
may be neglected 

Then, for a first approximation, we have, from (1), the following equation: 


du dti ,?-u —; I dll 

u _ +w „ = l,v „ ,+loW . . 
ex nr rr* r cr 

If the mixing length l is small and the turbulonce is isotropic, we have 


l r i>' — l 0 w'. 

(4) 

With Prandtl, we put l r v' ■- /#«>' - p\ . 

(5) 


Then, remembering that u decreases outwards from the axis, we get 


cm _ du/dhi 1 

’ dr dr\d~i* + r dr) m 


(«) 


For tho mixing length l we assume, with Tollmiou, that 


whore c is a constant. 


I = cx, 


(7) 


4 Now, tho assumed constancy of the pressure in tho jet requires that 
the momentum m the ^-direction should be constant. Thus, 



2wpj* n 2 rdr = const 

(«) 

We put 

r 

(») 

and 

M - </>(x)f(lj). 

(10) 

Inserting thoso in (8), 

we readily find that 



-©■ 

II 

— 

<H) 

Therefore 


(12) 
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Next, the equation of continuity 


where is Stokes’s current function. 

The expression for \jr can easily bo obtained by combining (12) with the 
first equation in (14). We have 

( 15 ) 

Thus, writing - F(7), (18) 

wohavo = — xF(i}). (17) 

Putting this m (14) and taking (9) into account, wo readily have 


The substitution of these in (0) gives immediately a differential equation 
for the function With the assumption (7) for the mixing length we 

have 

<PF (dry_l dF_ Jd*F_ldF\(d?F_ld*F 1 dF\ 

dti i + \d)jj i) di) C \dr/* iydi//\di; a tj 2 dij] 

Now, t) s= 0 corresponds evidently with r = 0, and the conditions for 
u and »> at 7] = 0 aro evidently 

H~o * 0, (*),„„ = 0. (20) 

Hence, for small values of ij, the function F must bo such that 

Focf, (21) 

as can easily be seen from the formulae (18) for {u, v) 

ThuH, we may wnto F = ifF *, (22) 

the condition at ij = 0 for the function F* being now 


( 23 ) 
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We put (22) in (19). Then, the equation for F+ becomes 

A little calculation shows that tho function may ho expanded m a power 
series of t/*. Thus, putting 

z - 9 1 , (25) 

and using this relation, we first change the independent variable from ij to z 
in the differential equation (24). We then have 

<*> 

5 Next, assuming tho solution of this equation in the form of a power 
series of z, as 

F t = fl 0 + «i2+<V 2 \-n 3 s i +a t z*+a 6 z ,i + .., (27) 

where the a ’s are constants, and inserting this in (26), the constants have 
been determined, in tho usual manner, up to a b . 

Thus, wo have 

t\ , _ 8 v/2z _22/z\*_ 1363 j2/zV 
o 0 - '21 v'3 c + 405 W ma 17 v /'3 \c/ 

592lll_/z\ 4 _ 10780921 V 2 / 2 )' 

1432922400\r) 1420340094000^/3 \cj + ' ' ' 

Since, however, z = 7/3, we get 


F m 8 y/2 /J7\3 22 / V V _ 1363 

a 0 2lp\aj f 405\a/ 1006l7^3\a/ 

592111 (A* 40780921 V 2 /^' 5 ' 

+ 1432922400 U/ 1429340094000 % /3\a/ + ” ( 9) 

with a = cl. 

Using this, together with (18) and (22), the velocity components u and v 
can be calculated Since, however, we are mainly interested in the distribu¬ 
tion of the axial component of velocity, u, measurements of which have 
been made at Gottingen, only the expression for u will be obtained here. 
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Uy (18) and (22), we have 


vx __ b\ 7j dF+ 
2a a ~ « 0 2a o ’ 


( 30 ) 


and substituting (20) in tins, we get 


ux _ 2^/2 

2a u — "3 V 3 


11 1363 V2 „ 

+ 8l V i 61236^3 

J«2[H 8 _ 4078092^ \/2 ,, f3]) 

+ 358230000^ 300013704000^/3 ' 


where wo have put for simplicity 


(32) 


Tf the value of w on the axis of the jet be denoted by m 0 , wo readily have, 
since u 0 x ~ («.r) f „ 0 - 2a 0 , 

«-.l_ 2 V 2 s + “ 3 _ '303 , 

u„ 3^3 'i 8161236 V 3 ’ 1 


_592 111 „_40780921 V 2 

+ 368230600 300913704000 ^/3 ^ 


.. (33) 


This scries lias boon conveniently used for the calculation of the valueB of 
ujv a for small values of ij t , and t he calculation has been continued, for larger 
values of j/d by numerical solution of the differential equation. The curve 
for uju 0 plotted against q x is shown in fig 1. 



Flu. 1. Velocity distribution according to the modified 
vorticity transport theory. 
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6. It will be of interest to show here that u/u 0 does not vanish at any finite 
value of y v 

Now, the equation (1!)) can be expressed in the form 


J*/I p dF\ c* d \/d z F_ldFy\ 
dy\V dy) 2ydy{\dy* y dy) j 
Integrating this once, wo readily get 


(34) 


1 F d - = C -(H d —- ldF \ 9 f ’ 1 ( d * F _ ldF Y \ 

y dy 2|}/\«4 2 y dy) + 0 y\dy* ydy) (t, j‘ 


(35) 


Evidently the nght-hand side of thiH equal ion does not vanish at any finite 
(positive) value of y, and therefore dFjdy does not vanish at any finite value 
of y, except at y = 0. Thus, with the aid of (18), we find that «/« 0 does not 
vanish at any finite value of y v 

Further it can bo shown without difficulty that the asymptotic expansion 
for ulu 0 is of the form 



(36) 


Comparison with observation 

7. The distribution of mean axial velocity in a jet of air emerging from a 
small circular aperture has been measured at the Gottingon Laboratory, at 
distances which are great compared with the diameter of the aperture. In 
his paper already referred to. Tollnnen has compared the result of his 
calculation on the basis of the momentum transport theory with the results 
of the Gottingen measurements and it has been found that the agreement 
between theory and observations is fairly satisfactory 



Flo 2 Comparison with l ho (lottingon measurements - -modified vorticity 
transport theory, - -- momentum transport theory. 


We now compare the theoretical curvo for the distribution of mean axial 
velocity, which has been obtained in the present paper on tho basis of the 
mollified vorticity transport thoory, with the same Gottingen measure¬ 
ments. Fig. 2 shows the result ot comparison. In this figure the theoretical 
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curve is made to coincide with the experimental curve at uju 0 = 0-5. It will 
be seen that the agreement between theory and observations is fairly satis¬ 
factory, as in Tollmien’s case. 

In conclusion the wnter wishes to express hiH thanks to Mr I Imai for his 
assistance in the calculations of the present paper. 


Summary 

8 The turbulent spreading of a jet of air emerging from a small circular 
ajierture is discussed on the basis of Taylor’s modified vorticity transport 
theory of turbulent motion Assuming the isotropy in turbulence, the 
distribution of mean axial velocity is calculated for any one section of 
the jet whose distance from the aperture is great in comparison with 
the diameter of the aperture. The calculated curve is compared with the 
Gottingen measurements and the fairly satisfactory agreement between 
theory and observations is found, as in the case of Tollmion’s calculation on 
the basis of Prandtl’s momentum transport theory. 
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An experimental determination of the spectrum 
of turbulence 

By L. F. G. Simmons, M.A. and C. Saltkr, M.A. 

With an Appendix. Method of Deducing F(n) from the Measurements 
By G I. Tayt-or, F R S 

The experimental investigation of isotropic turbulent motion is most 
conveniently conducted m the air stream of a wind tunnel in which the 
turbulence is augmented by the addition of a grid of uniform meBli placed 
across it. At any point downstream, beyond the wind shadow of the grid, 
the velocity fluctuations are small compared with the mean speed of the 
stream, but vary irregularly with tune. Records takon of u, the instan¬ 
taneous value of the turbulent component in the direction of motion, show 
that the time variations follow the random law of errors (Simmons and 
Salter 1934 , Townend 1934 ), but no successful attempts appear to have 
been made to analyse such a record into its harmonic components.* On 
the other hand, by utilizing a hot-wire anemometer to produce a current 
proportional to u, and employing electrical filters to measure the contribu¬ 
tions to u 2 which arise from frequencies within the range 0 to n whore n is 
varied, data may lie obtained from which a spectrum curve of the variation 
in velocity «, at a fixed point can be plotted The ordinate of this curve at 
frequency n represents F(n), the function denoting the probability of the 
existence of velocities between wand n + dn, whose significance is discussed 
by Professor G I. Taylor in the paper which follows. 

In some experiments undertaken at Professor Taylor’s suggestion for the 
purpose of determining the values of F(n) for turbulence created by a grid 
of square mesh, tho hot-wire technique was employed to measure « a from 
the readings of a thermal millinmnictcr, placed m the output circuit of a 
valve amplifier. In order to effect the analysis different electrical filters 
were successively put in tho measuring circuit Two types of filter were 
used. one, a low-pass, allowed the passage only of currents below a cortain 
frequency, the other, a high-pass, only those above a certain critical 
frequency, the limit in each case being settled by the electrical constants of 

* While this work was in progress an attempt m this direction was made jointly 
by Dryden. Schaubauor, Mock and Skramstad, see Nat Adv. Cttee. Aero , Report No. 
681 (1937)- 
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tho filter. The former type served to explore the range 0-325 c./sec.; the 
latter was used for frequencies above this figure From the ratios of read¬ 
ings of the milliammeter taken, in each case with and without the filter, it 
was jKissible to obtain, at any given wind speed, a dose approximation to 
the spectrum curve required. 

, Experimental details 
The Wind Tunnel 

The 4 ft. N P.L wind tunnel used for the present work has a bell- 
mouthed inlet fitted with a honeycomb for the purpose of guiding tho air 
and at the same time preventing any axial rotation of the stream Over the 
greater part of the working section the velocity distribution is fairly 
uniform to within 3 or 4 in from tho walls, the general steadiness is good, 
but influenced by draughts in the room Experience shows that the most 
favourable conditions for studying turbulent motion are provided when a 
grid of uniform mesh, opposing a high resistance to the flow, is placed across 
the tunnel, tor the turbulence downstream is then less susceptible to the 
influence of outside disturbances and at the same time is more uniformly 
distributed across a transverso section. An examination of the flow 
immediately behind a square-mesh grid of thin slats reveals a regular 
system of eddies rotating about horizontal and vertical axes. During the 
course of their passage downstream the eddies mix with the high velocity 
jets issuing through the mesh There is some evidence to show that the mixing 
process continues for a distance of about 15 times tho space length lictween 
the centres of the slats, after which the stream is statistically uniform, the 
individual wakes having disappeared, ami the mean velocity at all points 
in a cross-secl iou becomes sensibly constant Moreover, the turbulence is 
isotropic, and has a scale, as Professor Taylor* has shown, determined by 
the mesh-length of the grid 

In earlier experiments undertaken to verify some of the predicted pro- 
[lortios of this particular typo of turbulence, measurements were made in 
the wake of a grid composed of thin, metal slats 1 in. wide attached to the 
upstream side of a honeycomb of square cells of 3 in. mesh, similar in all 
respects to that fixed in the inlet of the tunnel. With tho same grid used for 
creating turbulence, the present enquiry was confined to a study of the 
velocity variations at a jioint on tho axis of the tunnel 6*83 ft. from the 
grid, where the intensity of turbulence, expressed as the ratio Ju*/U , was 
0-0296 


* J. Aero. Set. No. 8, 4 (1937). 
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The Electrical Circuits 

Since the principal features of the electrical circuits have been previously 
described in a paper on the measurements of w* for air-flow through a pipe,* 
it will suffice here to give a short outline of the general arrangement. 

First, mention should bo made of the Wheatstone bridge in which the 
wire is heated and maintained on the average about 200 ° above the tem¬ 
perature of the stream After the current is adjusted to bring the bridge 
into balance, as indicated by a long-jieriod galvanometer, turbulence 
changes the temperature, ami hence the resistance, of the wire The ac¬ 
companying potential variations across the wire produce fluctuating out- 
of-balance jxitcntials, which at any instant would lie projiortional to the 
turbulent velocity component in the direction of motion were it not for a 
lag in the temperature rcs|>onse of the wire at high frequencies For the 
small wires of 0 - 000 ] in diameter used in the e\|>eriments, the effect of the 
lag is negligible up to a frequency of 100 per sec Within this range there is 
therefore an almost oxact correspond cnee between the potential variations 
and the fluctuations of speeds But w ith rise of frequency the lag produces 
a loss of amplitude and change of phase, both of which increase progres¬ 
sively in magnitude. A close approach to the ideal condition of uniform 
response can, however, be obtained over a fairly w'ide range of frequencies, 
by a method described by Dryden and Kuethe ( 1929 ), in which the out-of¬ 
balance potential is applied to a valve amplifier having a compensating 
circuit in one of tho stages. The circuit consists of a resistance with an 
inductance in scries, the potential across it is passed on to tho next stage, 
so that the change of impedanoo gives increased amplification and change m 
phase with frequency which serve to neutralize the losses incurred through 
thermal lag. Thus, provided all the component frequencies arc within the 
effective range of the compensation applied, the output current from the 
amplifier will indicate in detail tho time variation of the turbulent velocity 

An indication of tho effectiveness of tho compensation applied to one of 
the wires used at a mean wind speed of 20 ft./sec , is afforded by a com¬ 
parison of the curves of fig 1 These show tho relative amplitude of response 
at different frequencies due to a given sinusoidal variation of velocity, tho 
lower curve refers to the uncompensated wire, tho upper curve to the wire 
with compensation introduced, and thus includes the losses due to the 
distortion of the amplifier. 

The audio-frequency amplifier used for the present work was the one 
described in the paper already referred to. Tt consists of three stages, with 
* Rep. Mentor, aero. Re*. Comm., Lond , No. 1051 (1934). 



e amplitude response 


76 L. F. G. Simmons and ('. Salter 

resistanco-cttpacity coupling Of these the first and third are amplifying 
stages, the second being reserved for tho com|**nsating circuit, connected 
Jiotween tho plate of tho second valve and the H.T supply. In its earlier 
form, with coupling condensers of 0-1/tF and 1 Mfl gnd leaks, the overall 
amplification -determined from measurements of tho mean-square output 
current produced by a known voltage applied to tho input—-was uniform 
from about 20 to 1000 c /sec. The lack of response at the lower end acts ad¬ 
vantageously in discriminating between the slow variations of mean speed 
arismg from the irregular running of the fan, and the faster variations 
associated with turbulence generated by the grid, and also present m the 
disturbances entering the tunnel and passing freely through the mesh. 



Sinco preliminary measurements made with different coupling condensers 
showed that an appreciable amount of turbulent energy existed in the low 
frequency end of the spectrum, in order to increase the amplification in this 
region tho amplifier hwl the same coupling condensers as before, but larger 
grid leaks of 2 By such means errors arising from the non-uniform 
response of the wire and amplifier combination, which lead to an under¬ 
estimation of a s , wore, under tho conditions prevailing at the lowest wind 
Hj>eed, reducod from 5 to 1-fi %. 

To eliminate the risk of back coupling which sometimes occurred when a 
singlo battery was used as the common source of H T. supply, the plate 
circuits of the first three stages wore separated from the last and connected 
to another H.T battery An additional change involved the re-arrangement 
of the output circuit, to allow of the inclusion of the electrical filters used 
in the course of tho analysis. 
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The Electrical Filters 

These were of two kinds one a low-pass, capable of transmitting currents 
of all frequencies below a given maximum; the other a high-pass, which 
allows the passage of frequencies only above a certain minimum value 
Each filter was mado up of two sections of similar T-shaped networks 
connected in cascade. Fig 2 illustrates the arrangement of the sections, 



Two ataga high-pass Filter 

Km. 3 

and the constituent elements, comprising two inductances, L, and a con¬ 
denser, U, of a typical low-pass filter Such a filter when terminated at each 
end by an impedance, z, may bo considered as part of an infinite chain of 
T sections. If no energy were dissipated m any section, on an alternating 
voltage being applied to tho input side, currents below the cut-off fre¬ 
quency, where o> c -^2/LC, are transmitted without attenuation. In 

practice, however, it is found that this ideal condition cannot be realized 
owing to the losses arising from the resistances of the various components. 

As a first stage in the design of a filter to cut off at a given frequency, L 
and C were chosen to satisfy the equation above. After the characteristic 

..impedance z had been calculated from the formula z = — ^ 2 j the 
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networks were assembled and terminated at each end by a resistance 
equal to s The response curve of the filter was then determined from 
measurements of the mean-square output current corresponding to a 
known voltage input, applied at different frequencies * Although the 
curve usually indicated an approximately constant response over a reason¬ 
able frequency range, for some of tho filters (by means of a smaller resistance 
across the output end) an increased range followed by a steeper fall of the 
curve in the neighbourhood of the cut-off frequency could bo obtained. the 
most suitable resistance for every filter was found by trial. 



Kio. 4 Characteristic turves of low-pass filters. 


Characteristic curves for most of the low-pass filters are plotted in Fig. 4, 
the ordinate 0 at any frequency « being proportional to tho mean-square 
values of the output currents for a given input voltage In its application 
to the present problem tho filter is assumed to have the same performance 
aa an ideal filter cutting oft at a frequency where <f> = 0-5, it is therefore 
assumed to transmit uniformly currents of lower frequeney while stopping 
all alKive On interpreting the results obtained with such a filter, due 
allowance can be made, if necessary, for the true shajie of the characteristic 

* Tlio boat-tone oscillator used to provide the small alternating voltage, consisted 
of two oscillatory circuits, one having a fixed frequency of 100,000 e /sec. and a 
second whose frequency could be varied, at will, between 100,000 and 110.000 c /see 
By adjusting the constants of tho second circuit, it was possible to obtain any beat 
frequency between 0 and 10,000 c/see. Tho voltago actually applied across tho 
input impedance z of tho filter was obtained by amplifying (lie change of potential 
generated across a fixed resistance in tho output circuit of the oscillator, and was 
therefore pnqxirtional to the current passing through it. 
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curve, but as will be shown later, the corrections involved are small, and 
he well within the limits of observational error. 

High-pass filters employed in the analysis of the upper part of the 
spectrum each consisted of two sections (see fig. 3) closed by terminal 
resistances. The cut-off frequency for noil-dissipative networks of this 
type is given by the relation w e , whilst the theoretical value of the 

impedance for currents of frequency ^ is z = jl - j j Here again 

the formulae wore useful as a guide, although, as in the case of the low-pass 
lilters, the most suitable values for the output impedances had to lie found 
experimentally Fig 5 shows Ihe measured resjionsc curves for the high- 
pass filters each of w hich was assumed to be equivalent 1o an ideal filter 
having a cut-off frequency at </> — 0 5. 



Measurements of the Spectrum of Turbulence 

(a) Meihotl The method of using a filter to determine the proportion of 
m 2 contributed by the band of frequencies dealt with must now lie described. 
Suppose the wire hold in the stream and the heating current adjusted to 
bring the Wheatstono bridge into balance at the mean speed of flow. 
Speed variations due to turbulence produce out-of-balanco potentials; on 
being amplified these give rise to the fluctuating currents in the anode 
circuit of the last valve The filter is connected across a resistance in the 
anode circuit and the mean-square value of the output current *J is 
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measured. Writing u\ for the mean of the square of the turbulent com¬ 
ponents contained within the range from 0 to N x , the cut-off frequence of 
the filter,* wo have 

tf =*!«*, 

where A'j iH the product of the amplification factor and the calibration 
constant of the wire Next, suppose the filter replaced by a non-inductive 
resistance Let i| be the observed mean-square value of the current, 
then, since the resistance possesses no selective properties and passes all 
frequencies uniformly, 

where K a is defined as above Provided the two sets of measurements are 
taken within a short time of each other, that is, while the amplification is 
constant and before the calibration of the wire is changed by dust acci¬ 
dentally adhering to it, - ) - with the resistance suitably chosen K l may bo 
made equal to K r Hence, from the equations above 

u\ _ *i 
it* i\ 

It will be apparent therefore that, since the ratio of two current readings 
provide a measure of the fractional part, of turbulent energy distributed 
within a given band of frequencies, namely from 0 to N v simdar observa¬ 
tions taken with a number of filters, each having a different cut-off 
frequency, will furnish the information needed for constructing a spectrum 
curve. 

The arrangement of the output circuit of the amplifier, including for 
purjwiscs of illustration a low-pass filter, is Hhown in tig. 0 Other details 
represented include the input resistance R a> equal to the calculated value 
of z for the filter, the output terminal resistance R 3 , and a resistance 
provided as a substitute for the filter during the measurements of u i . The 
method of connecting, alternatively, the filter and the circuit i? x R 3 across 
R a , will be clear from an lnsjiection of tho diagram, as w ill also the method 
of balancmg the steady drop of potential across iZ, by moans of a circuit 
comprising a battery E and galvanometer G t . Both and tj were 

* In accordance with the assumption previously made, § = 1 from n = 0 to N lt 
and /.ero from n = to go. 

t Professor Taylor has pointed out that tho conditions in tho return flow tunnel at 
Cambridge are more favourable in thw respect and do not lead to a continuous 
change m the calibration, such as we found to occur with every wiro used in the 
present experiments. 
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indicated by the deflection of the mirror galvanometer connected to tho 
thermo-j unction element, T J , of an A C milliammeter. Except when high- 
pass filters were employed, the current generally varied slowly hut ir¬ 
regularly within limits of + 4 %, in unison with the casual disturbances 
present in tho stream. Therefore, in order that the results should afford a 
measure of the average turbulence, the mean deflection in each case was 
estimated from observations extending over a period from 3 to 5 nnn. Tho 
current through R^R 9 resulting from the application of a known sinusoidal 
voltage to the input side, served to check the performance of the amplifier. 



Tho spectrum measurements were made at mean wind sjieeds of 15, 2(1, 
25, 30 and 35 ft /sec , low-pass filters being used to explore the range 
below 325 c /sec. Apart from effects due to accidental changes in the 
calibration of the wire, the results obtained were gencially in error by 
less than + 4 % But at higher frequencies, because of improved accuracy, 
high-pass filters w r ere used to measure 1 - itf/it*, the errors thereby being 
reduced to within the limits of ± 1 % 

(b) Results. The values of wf/a 2 measured in the exjienments at the 
various wind speeds together with smooth curves drawn to lie evenly 
between the observations are shown in figH. 7 and 8. In view of the 
assumptions mode in deducing the results, it will be necessary first to con¬ 
sider the corrections required when account is taken of the true form of the 
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characteristic function for each filter, and for tho loss of response of the 
wire-amplifier combination, especially noticeable in the neighbourhood 
n=l. A method of estimating the correction e, is described in the 
Appendix where it is shown that 

fc, = U \ - I F t (n)fi t (n)rln 

u* J I) 

The function F^n) is tho first approximation to tho spectrum function 
F(n) and is obtained by graphical differentiation of the sloiie of the smooth 
curve, representing the observations at any given wind speed Although 
F^n) can readily be found where the curve is well defined, owing to the 
absence of observations below n = 26, its value in this region is subject to 
some uncertainty 

In the application of the method to tho results at U — 20 ft /sec the 
form of the correction was slightly modified to allow for the fact that all 
measurements of uf and a* were virtually made with low-pass filters 
cutting off at the lower end at n — 0*8 Since such filters are unable to 
detect turbulence for which a <0-8, the formula must only bo applied 
from 7i = 0-8 to oo Instead of e x Professor Taylor proposed a new correction 



This was calculated at a number of points from the values of Fj(n) taken 
from tho curve extended below n = 26 to cut the axis at 0-8 The results 
are tabulated below together with the observed and smoothed values of 


ui/u*. 





Cut-off 



Values of mJ/m* 


frequency 

Typo of filter 




c./soc. 


Oliscrvud 

Smoothed 

fj 

26 

Low pans 

0 40 

0 40 

0 005 

34-6 


0 46 

0 46 

0 007 

43 


0 55 

0 51 

0 009 

87 


0 60 

0 68 

0 002 

122 


0 77 

0 78 

-0 003 

151 


0 80 

0 82 

— 0 002 

275 


0 03 

0 03 

0 001 

325 


0 04 

0 95 

- 0 003 

365 

High pass 

0 055 

0 054 

0 

630 


0 087 

0 986 

0-001 

760 


0 993 

() 993 

0 001 

080 


0 997 

0 097 

0 

1100 


0 999 

0 999 

0 001 
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Excej)t at the lowest frequencies the corrections are seen to be negligible 
in magnitude and variable in Bign. Mainly for these reasons and because of 
the uncertainty arising from the unavoidable lack of observations below 
ft = 2(5, the corrections are not included in the results appended. 

The curves in figs. (J and 7 and the figures in Table 1 arc therefore taken 
to represent the statistical distribution of the intensity of isotropic 
turbulence created by the grid One feature disclosed by the measurements 
is the high proportion of energy existing ui the lower frequencies, for 
example, the contribution due to components in the range 0-100 e./soc. 
amounts to 0-8 at TJ = 15, and to 0 53 at IJ = 35 ft /sec. Another feature 
relates to the frequencies present, for, whereas at the lowest Sliced the 
highest recorded frequency was in tho neighliourhood of 600, at the highest 
sfieed it exceeded 2500 c /sec Chief interest, how ever, centres in the stat¬ 
istical frequency function F(n) derived from the curves. This function is 
tabulated for the different sficeds in Table 11, and also exhibited graphic¬ 
ally by the curves in fig. 9 

In conclusion, the writers desire to express their mdebtness to Professor 
Taylor for his helpful suggestions and advice, and to acknowledge Mr 
W. tJ. Raymcr's assistance m making some of the observations 

Summary 

The time variation of velocity at a fixed point in a turbulent air stream is 
analysed into a spectrum The method adopted involves the use of tho 
ordinary hot-wire technique to produce changes of potential in a Wheat¬ 
stone bndgo circuit, which are magnified by a valve amplifier The fluctuat¬ 
ing voltage drop generated across a resistance in the output, circuit of 
the amplifier in then applied, in turn, to electrical filters having different 
cut-off frequencies In each case the output current is measured, with and 
without each filter in circuit, by means of a thermal milliammeter which 
indicates the mean value of tho square of the current supplied to it From 
the ratios of tho readings taken with and without each filter, the spectrum 
curve is calculated by a method described in the Appeudix. 

All measurements were made in a wind tunnel, at a point in the air 
stream where tho turbulence created by a grid of regular mosh was know'll 
to be isotropic the wind speeds used were 15, 20, 25, 30 and 35 ft./sec 
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5 

25 

45 

65 

H5 

105 

125 

145 

165 

185 

205 

225 

245 

265 

285 

310 

330 

350 

370 

390 

425 

475 

575 

075 

775 

875 

976 

1075 

1275 

1475 

1675 

1875 

2075 

2475 


Table IT 


17= 15 ft /sec. U = 20 ft /me 1 . 


0 0226 
0 0101 
0 0047 
0 0037 
0 0028 
0 0023 
0 0020 
0 0017 
0 0013 
0 0009 
0 0008 
0 0006 
0 0004 
0 0003 
0 0002 
0 (M )01 
0 000075 
0 000066 
0 000035 
0 000020 
0 00001 
0 00001 
0 00001 


0 0173 
o 0093 
0 0051 
0 0039 
0 0030 
0 0024 
0 0020 
0 0016 
0 0013 
0 (MM I 
0 0009 
0 0007 
0 0007 
0 0006 
0 0004 
0 0004 
0 0002 
0 00025 
0 00020 
0 00017 
0 00016 
0 00012 
0 0(M)082 

0 000048 
0 000030 
0000018 
0 000014 
0 000010 
0 000004 
0 0000011 
0 0000002 


F(n) 

V = 25 ft /sec. U = 30 ft /hbo 


0 0135 
0 0083 
0 0056 
0 0037 
0 0030 
0 0024 
0 (M )20 
0 (Mil7 
0 0014 
0 (MM3 
0 (MM2 
0 (MM I 
0 0009 
0 0008 
0 (MM)7 
0 0005 
0 00045 
0 00035 
0 00030 
0 00025 
0 00020 
0 00015 
0 OOOJ 2 
0 OO0088 
0 0(8)080 
0 (M10030 
0 (MX)026 
0 00(8)18 
0 (MMMMO 
0 (HM)OOH 
0 000004 
0 000004 
0 (MMHM12 


0 0103 
0 0091 
0 0052 
0 (M)34 
0 0030 
0 0024 
0 0020 
0 (MM 8 
0 0016 
0 0014 
0 0013 
0 0010 
0 0011 
0 0009 
0 0007 
0 0007 

o oood 

0 00055 
0 (MM)40 
0 00035 
0 0003 
0 0002 
0 00016 
0 (MM) 14 
0 000080 
0 000060 
0 000044 
0 000028 
0(KM)018 
0 000012 
0 000010 
0 01)0006 
0 000006 


U = 35 ft /ace. 
0 010 
0 0076 
0 0052 
0 (M)38 
0 0031 
0 0025 
0 0021 
0 0020 
0 0014 
0 0014 
0 0012 
0 0013 
0 0012 
O00I1 
0 0010 
0 00085 
0 00075 
0 00055 
000040 
0 00035 
0 000275 
0 (M)024 
0 (MM) 18 
0 (MMM4 
0 <M)(M)9 
0 (MKXI74 
0 IM10058 
0 000048 
0 (M10034 
0 000022 
0 000014 
0 (M)OOIO 
0 000006 
0 000004 


APPENDIX 

Method of Debiting F(n) from the Measurements 
In the measurements described by Mr Simmons a fluctuating current 
which is proportional to the fluctuations of velocity at a fixed point in an 
air stream is modified by the action of a filter which passes only cortain 
ranges of frequency 

If an alternating current of constant amplitude but variable frequency is 
passed through the filter the amplitude of the output will vary with the 
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frequency. If <f>(n) represents the ratio of the square of the amplitude of 
the output current to that of the input when the frequency is n c./sec., 
then <f>(n) is a characteristic function for the filter. <j>{n) is determined by 
measuring the output when an alternating current of known amplitude and 
frequency is applied to it. 

When fluctuating currents are applied the output can only ho calculated 
if both and the spectrum function F(n) is known If is the mean 
value of m* then u* can lie regarded as being made up of the sum of the 
squares of the harmonic components. Thus if m 3 F(n)dn is the fraction of u 1 

which is due to frequencies between w and n + dn, J* F(n)dn = 1 

Since each frequency is modified by the filter so that the square of the 
amplitude is reduced in the ratio <j>{n) 1 it will bo seen that Mr Simmons's 

instrument will record u\ instead of a 3 , where «{= F(n)<f>(n)dn 

Mr Simmons has devised a series of filters some of which (high pass) cut 
out all frequencies Ijelow a certain value, and others (low' pass) cut out all 
above this value Considering first the low-pass filters, if are 

their characteristics and if wf. u(, are fhe values of ?< 3 measured with the 
filters in circuit, then 

« 3 = 

- a = I F(n,)6 2 (n)dn cte. 
k 3 Jo 

The problem is to determine F(/i) as a function of n. 

Mr Simmons's low'-pass filters were so designed that they let nearly the 
full current through when n was less than some value of N but cut it off 
entirely when n > N , the characteristic function $J(m) fell rapidly from 
nearly 1-0 to zero when n passed through a short range in the neighbour¬ 
hood of N. 

As a first approximation therefore we may take A’, os the value of N at 
which and we may assume in the first place 

^i(a) = 1 for n — 0 to n = A T , 
and 0 ,( 7 !) = 0 for n = JVj to n = co. 

If this were true then the following relationships w'ould lie satisfied: 

U \ = f A V(»)rf», = f A >(*)(h, (2) 

1/ 2 Jo «* Jo 
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and evidently F(n) could lie determined by graphical differentiation 
of the curve whose abscissae aro N x , N 2 , N d and corresponding ordinates 

u\ u\ 
m 2 m 2 a* 

Using the measured <p(n), curves N x , X 2 , A T , may be determined as 
described above and the approximate value of F(n) determined If these 
approximate values are represented by F x {n) then a further approximation 
can be obtained as follows. Taking the approximate value F x (n) determine 
graphically the value of the intcgials 

1/2 -j/2 

If it hap|>ens that those are all equal to the measured values of 1 , 2 then 

a 2 a 2 

F x (n) is identical with F(n). In Mr Simmons’s case the difference between 
them was small. Representing this difference by tj 

tj = !!l- F l (n)4> t (n)dn - {f’(n) - *i(»)} <p x (n)thi (3) 

It is dear that the same process may be repented, the equations (3) 
being treated m the same w ay as (2), so that 

■= jV00-400} dn, 

c . i =^\F(n)-F x (n)}dn. 

Thus an approximation to F(n) — F x (n) may be calculated in the same way 
as F(n), and since F x (n) has already been determined, F(n) can lie found to 
a second approximation. 

This process can be repeated indefinitely but it is found that one 
application is sufficient in the case of Mr Simmons’s measurements 
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1* Introduction 

Before trustworthy predictions can be made concerning the reliability 
of various approximate wave-functions in the ease of complicated molecules, 
it is necessary to study the simplest molecules in as great detail as possible. 
Sucli a study enables one to assess the merits and inaccuracies of the 
different approximations in a way that is impossible with the more complex 
systems The simplest ot all molecular problems is H a ', and this ion has been 
studied thoroughly by several writers (eg Dickinson 1933 , Sandemann 
1935 ; Steensholt 1936 a, b) The simplest two-election problem is that of H a , 
and a very complete knowledge of the wave-functions for this molecule has 
been obtained (0 g Weinbaum 1933 , Coohdge and James 1933 ; Coulson 
1937 a) In order of increasing complexity the next molecule is the two- 
electron ion Hj , which has been discussed by Coulson ( 1935 ), by Eyrmg, 
ltosen and Hirschfelder ( 1936 ) and H irschlelder, Diamond and Eyring ( 1937 ). 
All these molecules are homonuclear, however, so that the binding is pre¬ 
dominantly covalent, but tho majority of molecules experimentally ob¬ 
served are heteropolar, and then the binding is largely iomc The present 
paper, therefore, extends the calculations already made for H a H , H a and , 
and discusses m detail tho two simplest heteronuclear molecules, viz. the 
ground states of the single-electron ion HoII +l and of the double-electron 
ion HeH 1 . The object ot tho paper is primarily to compare tho different 
types of wave-functions, and for this purposo as many diverse methods as 
possible have been employed, it is not important, from this point of view, 
that the HeH ++ ion is unstable and that tho HeII + ion is stablo This work 
may be regarded as the analogue, in tho molecular sphere, of a recent paper 
by Baber and Hass^ ( 1937 ) on He, m the atomic sphere. 

Some of the methods used for the smgle-electron bond have no im¬ 
mediate counterpart in the discussion of the two-electron bond, and 
accordingly the two problems are treated independently. 

1 »o ] 
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2. Tins singIjK-electron ion HeH++ 

In the case of the ion HeH H 1 the problem is that of finding the energy and 
wave-function of one electron in the presence of two fixed charges + 1 and 
+ 2 atomic units (we shall uso atomic units a u. throughout). There are 
five distinct ways in which this may he done 
A Generalized Morso-Stuoekclberg method. 

B. Generalized Stark-effect method. 

C. lcao approximation of atomic orbitals 

D. Variation expansion in spheroidal co-ordinates. 

E Exact treatment in spheroidal co-ordinates 


A Generalized Morse-Stueckelberg method 

This method is a development of the work of Morse and Stucckellierg 
( 1929 ) on the energies of H 2 ', and the method applies only when the nuclei 
are close together, so that wo may assume that the ion approximates to tho 
“ united-atom ” Li t+ It should ho added that a first approximation to tho 
result of this section has quite recently been obtained by Hass 6 and Baber 
( 1935 ) though these authors only used the perturbation method (see below) 
and did not proceed beyond the first-order correction term. 



If A and B (fig. 1 ) are the fixed charges of 2 and 1 units respectively, then 
the effective potential acting on the electron at P is 

F = - 2 /r 0 -l/r fc 
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If r 0 is the distance OP, where 0 is the centroid of the positive charges, this 
may be written 

K^-S/r. + P^. 

where V^ H = - 2/r„ - l/r b + 3/r„ 

is small if 3x, the length of A ft, is small, and in that case it may bo 
treated as a perturbation. r„ is measured from the centroid of the positive 
charges because in this case is of order 1/r* at infinity The single- 
electron orbital is nearly equivalent to an atomic orbital with nuclear charge 
+ 3 at 0, perturbed by V vert . Thus 



E = E(Li ")+Jlp er t. ^(L i 11 ) 2 di>. 


If we take 

M ) - («'»*p 

(I) 

then 

E = r 2 /2~3r,~cP(l), 

(2) 

w'here P(l) is a known function of tho auxiliary variable t, which it is con¬ 
venient to introduce, and which is defined by 


t = cx. 

(3) 


We may now adopt either the perturbation method or the variation method, 
as discussed by Coulson (1935, 19370) In the perturbation treatment, we 
put c = 3 for all values of x. This is equivalent to assuming that the funda¬ 
mental atomic orbital which is |ierturbed has exactly tho wave-function of 
a Li *- *• ion The energy thus obtained is shown 111 fig 2 as a function of the 
nuclear separation 3.r In tho variation treatment, wc allow lor a stretching 
of the wave-function due to the perturbation by chousing that value of r 
m the wave-function (1) which, for a given x, makes the energy a minimum. 
Tho energy for such a wave-function, calculated from the usual formula 

E = I 

has exactly the same form as that given in equation (2) If we put j = 0, 
we find that r is given by the equation 


c = 3 + P{t) + t dr 
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From this equation a trial value oit is used to calculate the corresponding c, 
and hence the appropriate nuclear separation p which is 3 t/c. The results 



P 

Via. 2. Electron energy curve* of HeH 4 h . Various approximations. 

of thiK calculation are shown in fig. 2, and, for comparison with other 
approximations, in Table 1 
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Sec¬ 

tion 


Table 1. Electronic energy and constants of HoH h 

VARIOUS APPROXIMATIONS 


Method 

Moron - St.unnkel berg • 

(а) Perturbation 

Energy 

(б) Variation 

Energy 


n Stark effect 

(«) Perturbation 
Energy 
(6) Variation 
Energy 

C loao approximation 

(а) Port urlial ion 

Energy 

(б) Variation 

Energy 


Variation m Hpheroidala 
Energies 


l.v 

i- y. y* 
i, y, y\ y* 
i. y, y •- £ 
l. y, y\ £. £’ 
i. y, y\ £. S’, iy 
i, ?- 7*. y'< £ 

i. 7. 7*. 7*. £. £’ 
i, 7. 7’. 7 J > £. £’- ly 


3 0601 1 2036 0 6861 


3 5080 2 #061 2 1204 2 1007 1 8008 — 

2 225 1-708 1 643 1-409 1-211 


3 4587 2 9151 2 7811 2 0001 2 4992 2 3333 2 2l 


3 5244 2 9187 

2 320 2 081 


2 7819 
2 038 


2 1992 2 3333 

2 003 2 000 


2 7875 2 0602 2 5023 


2 8209 2 0817 

2 135 2 073 

0 9085 0 8889 


2-7709 2-4997 2 2712 

2 9580 2 7318 2 5404 

3 0288 
3 0317 
3 0298 
3 0300 
3 0302 
3 0327 
3 0330 
3 0331 


1 9355 

2 2540 

2 8200 2 0780 2-4031 

2 8371 2 0939 2 5039 

2 8297 2 0780 2-4040 

2 8200 2 0794 2-4048 

2 8209 - 2 4055 

- 2 0939 

2 0941 

2 0941 — 


1 2352 
1-0200 

1 9027 

2 1321 
I 9072 
1-9072 
I 9731 


2 0955 


B. Qenerahzed Mark-effect method 


In polar molecules the action of one atom on another to form a molecule 
is primarily a Stark effect. This ts uot true with homopolar binding, as the 
resonance phenomenon shows. At large separations, in the case of HeH + t, 
tho solitary electron will be centred almost exclusively round the He nucleus, 
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and the energy will be that of a He ion perturbed by an isolated proton. 
If the wave-function round the He nucleus is taken to bo 

\jr = (r 3 /n-)*e <T ®, (4) 

then tho first-order perturbation energy, or, which is the same thing in 
this case, the energy calculated from the formula 

E = j^n^dvjj^dv, 

is K = A’(He+) + [~^dv 

J h 

= c 2 l‘2-2c-cQ(it), (5) 

where Q(n) is a known function of tho auxiliary variable n — cp, Tn the 
simple Stark effect which corresponds to a perturbation treatment, we 
assume that ^ is the wave-function of a He ion, so that c = 2 (equation (4)) 
for all p, and then 

E(p) = -2-2Q(2p). (0) 

Tho energy obtained with this typo of wave-function is shown in fig 2 , 
where it may bo compared with the results of other calculations. But there 
is no reason why the generalization used in the Morse-Stueckelberg method 
above should not be appliod here We use a trial wave-function of type (4), 
in which c is regarded as a function of p, and wo minimize the energy, for 

given p, with respect to c This is equivalent to putting j - 0 in equa¬ 
tion (5), and we find 

c~2 + Q(u)+u d ( V (7) 

These functions, as in section A, can all be tabulated easily, and the resulting 
energy curve is shown in fig. 2. Some of tho values are also given for com¬ 
parison in Table 1 

C LOAO approximation of atomic orbitals 
In this approximation, which is applicable at all nuclear distances, and 
which has been called by Mulliken ( 1935 ) the loao approximation (linear 
combination of atomic orbitals) wo write for the single-electron molecular 
orbital: 




(8) 
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where j !r a and ijt b are atomic orbitals round A and B. We shall expect A to 
be considerably greater than fi, corresponding to the fact that the electron 
ih mostly round the He nucleus The energy is obtained as a function of A 

and ft by the usual formula E - j'W/'Pdv J j'P*V / dv. A general discussion 

of the energy values with this type of wave-function has l>cen given by 
Coulson (19376), there are tw o values of the ratio A //t which mako the energy 
a minimum, the upper of these two energies corresponds to an excited state 
ami iH to be neglected in favour of the lower one 

In the case ol IIcH 1 we write 

i'a = ( r ''W‘ c fti, = (a 3 r 3 /7r)‘c a ' T ''. ( 9 ) 

It is convenient to use etc instead of an entirely new' parameter in the ex¬ 
ponent ol \if h since now r may be regarded as a scale factor, and the analysis 
is considerably simplified. The minimum energy is found by variation of 
both c and a The details of the calculation need not be written down, there 
is no simple way of minimizing with respect to the parameters, and it is 
necessary to calculate the energy for values of r and a near to the minimum 
Whenever ft ( , and j !t b are used in the rest of this paper, it may be assumed 
that they have the form given in equation ( 9 ). The suffix a will refer to the 
He nucleus and b to tho H nucleus, and the exponents c and a will always 
lio used 111 the same sense 

It is interesting to compare the results of these calculations first w lien tho 
best possible values of c and a are used, and then when the atomic values 
c — 2 and a = 1/2 are used Tho energies ami other constants are shown 111 
Table I where they may be directly compared. It appears, firstly, that the 
value of a is by no means critical, this is as we should have expected, since 
a governs the nature of the wave-function near tho H nucleus and in this 
region its amplitude (shown by the ratio ///A) is small. Then, secondly, it 
appears that the value of c mln is slightly greater than the atomic value 2-0, 
this is an example of the nuclear screening discussed by Coulson (1937 a) 
The excess, however, is small, eoiresponding to the fact that this orbital is 
only slightly bonding Thirdly, as p get s larger, so also tho ratio A[/i increases, 
corresponding to <ho fact that as the two positive charges are separated, 
the solitary electron tends more and more to Bottle 011 the He nucleus. Tho 
electronic energy curve is shown in fig. 2. 

Calculations similar to these have been mafic by Beach (1936), who, 
in addition to tho above, introduced |>olarization terms, but his choice of 
exponents, winch restricted a to have the value a — I, is evidently not the 
best possible, even though it simplifies the calculations. Beach does not 
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give numerical results, and exact comparison therefore is impossible. It 
will, however, be shown later that tho variation of a is much more lmjiortant 
in the two-electron problem than in the ono-eleetron problem. 


D Variation exjsinsion in spheroidal co-ordinates 


It is well known that if wc use spheroidal co-ordinates £, if, <f>, defined by 
; = r "----, >l = r " r - and 0 = azimuth, then the wave-equation retains a 


simple and separable form following the method used by Coolidge and 
.Tames (1933) for H 2 , we use a trial wave-function 


'I' - 1 'e M „Z»‘e-K, ( 10 ) 

where (and 8 are constants chosen so as to minimize the energy. The 
case of a highly polar orbital such as Hel 1 1 1 is a very unfavourable one for 
this ty|Ki of expansion, sines* it is nearly equivalent to expanding an ex¬ 
ponential round one ts*nlic m terms of exponentials round another centre, 
an expansion that converges very slowly 

The first stage is 1 o find 1 he best value for S fig 3 shows how this de|>cnds 
upon p in the ease ot (a) a single-term expansion e~‘l, and ( 6 ) a double-term 
expansion e *f (1 + ay) It ih unlikely that the addition of more terms would 
materially alter the best value of S, and in any ease, with more terms, the 
value of 8 is less critical from these curves, the following table of values 
was selected for further nuinencal work 


p 1*0 1 25 lull 2(1 3 0 4 0 

8 MM I-37.1 1625 20 2*75 3-25 

That these chosen values of 8 were satisfactory is shown by tho regular 
convergence ot the variational solutions, according to the rules formulated 
by Coolidge, James and Present (1936) Table T show's the energy values 
obtained with particular combinations of terms, thus, for example, the 
description 1. //, if 2 , £, opposite a wave-function implies that the wave- 
function was of type 

iji = e -4£ { I tffi'if+ «i'/ j + « 3 £} 

The wave-functions marked with an asterisk * all contained a term m if 2 , 
it is evident that without this term only a poor accuracy is attainable, 
despite the presence of more terms in £ An accuracy of I 1000 requires 
terms up to if 111 >/, but does not even need a teim £, this is the result of the 
concentration of charge round one nucleus, a concent ration that is governed 
by the distribution in if If a further term in if were taken tho resulting 


voi a \v x 
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energy would barely differ from the true one, but, without terms 17 s and 17 4 , 
it is not jnissible to make adequate allowance for the polarity of the orbitals. 
In the two-electron problem HeH+, the orbitals are slightly less polar, and 
we conclude that terms up to and including if are necessary in hoteropolar 
binding. Thus these calculations for heteropolar orbitals are considerably 
more tedious than for homopolar orbitals, it required, for example, seven 
terms (l,£, £ s , £1/, if, if, rf) in the wave-function for HeH' * to give as good 
accuracy as was given by the two-term function jr = e ** (1 +atf) in the 
caso of H a " The situation grows worse as p increases, and for values of p 
greater than about 3 0 a.u , we should require a much more complex wave- 
function, with perhaps as many as twelve terms jier electron 


3-0 


2-0 

S 


1-0 


0 

P 

Fit.. 3. Best values of It. 

Curve A , # = r Curve H, tjr = f-*£(l + utf) 

E Exact treatment in upheioufal ca-orduiaten 
When there is only one electron present, the wave-equation is separable 
in £ and if, the spheroidal co-ordinates of the last section, and it ih possible, 
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as a check of the accuracy of the various approximations A-D, to evaluate 
the energy to any desired degree of approximation, using the method of 
Hass£ and Baber (1935) This separation of co-ordinates is no longer jsissiblo 
when more than one electron is present, but the other methods A-D can 
still bo employed. It is interesting to compare the exact, instead of the 
relative, accuracies of the various approximations in that one case where it 
is possible to do so 

If wo use equation ( 18 ) of the paper by Haase and Baber, modified by put¬ 
ting to = 0, since wo are dealing with a <r state, a very rapid approximation 
is obtained for the £ equation This corresponds to the analysis of section D 
above, where only a few powers of £ were required 111 the variational equa¬ 
tion The T) equation was more troublesome, and it was found best to re¬ 
arrange their equation ( 32 ) to a simpler form involving only even powers 
of H v and write 

A' u l u 2 « 3 

2 »’i+ r 2 + v 3 + 

where u n = » 2 (b 4 /? 8 — Jtf), 

2tt + 1 . . 

V„ = .> -(»»* + » +A )• 

Taking first the case of p - I 3 a u , it w as found necessary to use eight 
convergents to get an accuracy ot six figures This indicates that in section 
D, powers of if up to >y 8 are needed to ensure an energy value which is correct 
to six decimal places So far as the w riters know, this is the only exact dis¬ 
cussion of the number of terms needed 111 a Coolidge-James function for 
a given accuracy 111 a particular problem, the usual method is to consider 
the gam m energy by successive approximations and then estimate (see 
Coolidge, James and Present 1936) the probable extrapolated limit It may 
be mentioned that from Nandemann’s discussion of H*" (1935) it is possible 
to deduce how' many terms were needed in that homonuclear ease. 

The calculation was also made with p = 0*5 a.u., since this provides sonic 
exact comparison with the electronic energies calculated by the approximate 
methods when the nuclei are close together This tune, however, the number 
of terms required is less; for the w r ave-function is more nearly spherical and 
the dependence upon jy less important Instead of eight convergents needed 
when p = 1*5 a.u to ensure an energy value correct to six figures, only four 
are required when p = 0-5 a u Again, as when p = 1*5 a u., only three or 
four terms of the £ equation are required. 
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The results of these calculations are shown in Table I, where they may be 
cornjiared with the approximate energies of other methods. An exact value 
for the energy of HeH+ 4 is now known for /> = 0, 0-5 and 1-5 a u. By extra¬ 
polating from the results of section D, the energy tor p = 1*0 and 1-25 can 
safely bo deduced correct at least to 0 002 a u. For p greater than 1-5 a u. 
the energy curve differs insignificantly from E — — 2 — 1 jp It is therefore 
possible to draw the curve of exact energies, as shown in fig. 2. 


3. Dtsci'sston of results for HoH + ^ 

(Several conclusions may be drawn from the numerical results in A-E. 
Considering first the Morse-Stuockelbcrg treatment, we notice that in its 
simplest (jierturbation) form, this is only valid over a small range of p, 
even in the more complicated (variational) form, the range of validity, 
though increased, is still very inadequate, and this method may accordingly 
ho abandoned for more complicated molecules, except in its pictorial and 
descriptive aspect Thus the general results quoted by Hasstf and Baber 
(1935) or by Bethe (1933) must only be used over a small range of p Especi¬ 
ally since they use the jierturbatiori rather than the variation method, this 
range will probably only bo from p — 0 to p — 0-25 a u Nevertheless it is 
probable that the order of the various levels is correctly given by their 
formulae, molecular levels such as 2 pa which have their greatest density 
around the nuclei are likely to be more correct than levels such as 2 pn 
where the charge cloud lies away from any nucleus, though this last con¬ 
clusion might not be true if the variation method were used instead of the 
jierturbation method 

Considering next the Stark-effect treatment, this is seen to give a very 
good energy for values of p greater than 2, and this is the case whether or 
not we use the variational method. At close distances the simple Stark effect 
is seriously m error, hut the variational treatment is remarkably good, 
considering the crudity of the allowed wave-functions It is probable that 
this accuracy would be somewhat reduced with less polar orbitals, or where 
more than one electron participates in tho binding, but the inclusion of a 
term representing the jiolamation of the larger nucleus would still give a 
fairly good result. Since methods C and l) are much more cumbersome, we 
conclude that the variational Stark-effect treatment, with allowance for 
[►olarization, is tho simplest treatment that gives fairly reliable results, 
though it is least effective in the range 0-5 <p< 12^ a.u. Fortunately this 
range of values is seldom required in practice. 
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It seems quite possible, from this work, that the Stark-effect treatment 
might profitably be used to investigate highly polar molecules, such as 
HC1, for which, at the moment, no suitable tyi>e of approximation has been 
developed. It may be that the best treatment for such problems would be 
a combination of this method and that used by Buckingham (1937) in 
calculating Van der Waals’ forces between atoms, the method would, of 
course, be uselessin any problems where the binding was nearly, or exactly, 
homopolar, becauso it makes no allowance for the resonance effect 

The lcao approximation V, is much more cumbersome, due to the presence 
of quite complicated integrals Variation of the exponent representing the 
wave-function around the smaller nucleus ij/ h is not very critical, but it is 
essential to vary the exponent in i/r„ This is unfortunate because it entails 
considerable labour, especially in the case of more complicated molecules, 
on the other hand, the result, when the variations have been made, is quite 
good. The addition of a term representing polarization of the He ion (as e g 
Dickinson in H a f (1933) or Beach (1936)) w ould probably give a very accurate 
energy There is a sense, however, as Dr (1. W Whetand |>ointed out to the 
authors privately, in which the simple u-ao approximation may be said to 
allow for the jiolarization, not just of the molecule as a whole, but also of 
tho larger atom. For if V - is expanded in terms of atomic- 

orbitals round A, the major contribution is X\}r a , but there will be a first- 
order torn Pj(cos0) whose amplitude is projortional to//, arising from rfr h , 
and this term does correspond directly to jiolanzation of the Ho ion by a 
uniform field. 

Finally, the expansion D 111 terms of f, i], <f> is able to give any desired 
accuracy if sufficient terms are taken, but although this is a good approxi¬ 
mation for hoinonuclear |>roblcnis, it apjiears to be a bad one for hetero- 
nuclear ones, since too many terms in ij have to lie taken, and the addition 
of higher powers of tj adds much more to the labour, esjiecially when elec¬ 
tron-interactions have to bo considered. The exact solution E, on the other 
hand, is impossible except for the one-electron problem, but it does furnish, 
in that ease, a precise standard of accuracy 


4 Tina two-blkctbov croblkm HeH 1 ' 

The difficulties that hinder an easy solution of the one-electron problem 
are much enhanced when we proceed to the two-electron problem HoH+, 
even with the simplest of all molecules H, this problem is a serious one. As 
with the single-electron problem, we shall use as many different methods 
as jiossible (F L) and then compare the various results. The methods are: 
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F. Coohdge-James variation in spheroidals. 

(». Tonic wave-function. He atom + proton. 

H. lcao approximation of molecular orbitals 

I Electron-pair method. Honiopolar bond 

J. Electron i>air f ionic 

K. Ionic+ jK)lar 

L Ionic + electron pair +■ polar. 

Since we are only considering the ground state, the singlet level (l«r)*, 
the spin part ol the wave-function will separate out and may be omitted, 
the only restriction upon the space part of the wave-function is that it shall 
bo symmetrical in the co-ordinates of the two electrons 

F. Coolidije-James intuition %n spherou/als 

This is a development of tho method used for H 2 by C'oolidge and James 
(1933). Unfortunately, owing to the lack of symmetry in HeH + , terms which 
do not occur in the wave-function of H a do occur here, and thus both the 
labour and the number of terms are increased. There is a stablo minimum 
of the molecule at about p = 1 5 a u , and in view of tho labour necessary in 
this treatment, calculations were only made for p = 1-5 a u The details of 
these calculations are so similar to those of Coohdge and James that it is 
not necessary to reproduce them here A typical term in the wave-function is 

£1 £2 7 * 

in which r ja is the distance betw'een the electrons, and the (' mn )kp aro con¬ 
stants to bo determined by the variation method The value of J was taken 
to be 1-375, rather than 1-025, w r hich was tho value used in the one-electron 
problem, so that the ratio 1-375/1 025 should be nearly the same as the 
corresponding ratio for H a and H./. The results for the various approxima¬ 
tions, as the wave-functions grow successively more complex, are shown in 
Table II. It is clear from this table that higher powers of £ add very little 
to the energy, whereas the addition of terms (i^f A- ^|) and + 1 }\) would 
almost certainly yield considerable improvement The improvement in¬ 
cident upon tho inclusion of the r ]2 term, which Coolidge and James found 
very considerable, is important here, though only about half as important 
as with H 8 . Another four or five terms would be necessary to make the most 
of this tyjie of wave-function, but in this comparative study the labour for 
such a calculation did not seem worth while. 

If we subtract from the lowest energy value obtained by these calculations 
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the energy of the ground state of the He atom + isolated proton, into which 
the ion will dissociate at infinite separation, there remains a dissociation 
energy of 0-012 a.u. = 0-32 volt This figure needs to be corrected for the 
zero-point energy (about 0 OOK a u ) but it will still be positive, showing 
that the ion ih stable, and thuH confirming the results of Beach (1936). In 
this approximation there is no difficulty in deciding what is the appropriate 
energy to subtract when the nuclei arc infinitely separated, for when a wave- 
function of the same type and complexity is used to determine the energy of 
the ground state of atomic He (Hylleraaa 1929) the calculated energy agrees 
with the observed energy of -2-904 a u The effect of using more flexible 
wave-functions for the molecule w-ould be to increase the value 0-32 volt, 
and the increase would probably be of the order of a volt The normalized 
wave-function for this approximation, applicable only when p — 1-fi a u., is 
iff = e -i aw,+(J 

x {1-744 + 3-0«8( fll + y t ) + 2-r.«3(»/f + */*) + l 482 ^ + 0-7040 r ls }. 

(I. lome wave-function. He atom + proton 
Since the molecule is very ionic in character, the simplest wave-function 
(one that will be the basis of the remaining wave-functions, being succes¬ 
sively modified to allow- for polarization and partial formation of a covalent 
bond, etc ) would be 

y'-iu i)^„(2), (id 

w-hcre, os usual, i/f„( I) = (r 3 /jr)* e~ e, «. 

This wave-function is the molecular analogue of the Stark-effect treatment 
given in section B for the onc-electron problem The energy can be com¬ 
puted from this wave-function by the usual formula and it appears that the 
moloculc, if governed entirely by this wave-function, should be unstable 
The energy curve, which has no minimum, is shown in fig. 4, and may be 
compared with the other curves there. 

This wave-function is evidently too simple to describe the complicated 
electron distribution in the molecule, and m the following sections various 
modifications will be made, which eorresjiond to different chemical assump¬ 
tions about the nature of the bond. 

H. u-AO approximation of molecular orbitals 
If the molecular orbital for one electron alone (equation (8)) is written 
0 = A ijr„+fiijr h , then the wave-function for the two electrons is 

H* = 0 ( 1 ) 0 ( 2 ). 


( 12 ) 
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The energy is now obtained by the usual formula as a function of Aj/i, r 
and a. Some of the integrals that occur in this formula are very troublesome, 
with one exception, however, they may all he expressed in closed form by 
the usual methods. The exception is 

Q- (V«( 1 ) lU 2 ) 1M 1 ) tM 2 ) d ' y rft ’ a . 

J r !2 



P 

Fm. 4 Energy curves of H»*II + . Varioiw approximation* 

the full calculation of which is given in the appendix It may be worth 
noting that an attempt to replace this integral by a simpler one that should 
have approximately the same value was made; by this means an estimate 
oould be obtained of the values of c and a which gave a minimum energy, 
and it was possible to decide with certainty for which values it was necessary 
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to calculate Q exactly. The integral chosen to replace Q in these preliminary 
calculations was • This l ft tter integral can be 

calculated in closed form and it appears that, although for large p it is con¬ 
siderably too great, yet over a fair range its value lies within IS % of the 
true value of Q. In the final variation, however, the values of Q calculated 
from the formula in the apjiendiv were the only ones used. 

The variation with respect to the three parameters A//i, c and a, is some¬ 
what laborious and was performed for// = 1*2/5,1 •5 and 2-0a.u. Thenumerical 
results, after allowing for the Coulomb repulsions of the nuclei, are shown 
in Table II. Two series of results are shown, first the perturbation method 
where y 'r„ and i/r b are comjiclled to have the atomic values (c*2,a- J/2), 
and second, the variation method, m which all the parameters were varied. 


Tabt.e II- Exeroif.s ok HeH f calovi.atkii 

BY VAKIOI’S APPROXIMATIONS 


lion Method // = 1 111 

K t'oolidiB'-t) nines 
1 

M? i + V») 

J.(¥i +*,).(*? + *!> 

Mtfi +7,). (?'+>/!). VxVt 
M?i + 7»M7! + 7»)*7i7»-(£i+£a) 

M7i + 7i).(7?+7»>.7i7i*»-|. 

(J Ho atom + proton 
H hr a o approximation. 

(«) Perturbation 
(b) Variation 

I Electron-pair appmxiinntion* 

(а) Perturbation 

(б) Variation 2 8784 

J Wang-ionic 

K lonic-polur 
I. Ionic-polar-Wang 


2 7795 

2 8579 

2 mils 

2 8202 
2 9790 
2 9201 
2 8582 
2-9241 


1-5 


2 3239 
2 71911 
2 9029 
2 9008 
2 9072 
2 91(11 
2 8190 


2 8834 
2 9128 


2 8358 
2 8570 
2 9277 
2 8758 
2-9327 


2-8423 

2 8012 
2-8938 

2 5930 

2-9011 
2 8703 
2 9075 


Two Moreo curves, shown in fig 4, were put through the calculated points 
and the constants of the molecule wore obtained. These are show n in Table 
III, together with the constants obtained by other approximations (I-L). 
The column headed “uncorrected dissociation energy” represents the 
difference between the calculated energy E of the previous column and the 
energy at infinite separation of the nuclei, using a wavo-function “of the 
same type” as that used in calculating E. It appears more reasonable to 
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subtract this value of ^ mfln than to subtract the observed energy of He + H+; 
for we desire that the errors in the calculated energy at the equilibrium dis¬ 
tance and at infinity shall be as nearly equivalent as possible, a situation 
to bo cxjieoted only when wave-1 unctions of the same degree of complexity 
are used in both calculations (and not always even then') The final column 
in Table III shows the dissociation energy corrected for the zero-point 
vibrational energy. 


Table Til — ( 'ai,culatbt> EyriMBRii w constants nor HoH f 


Sec¬ 
tion Method 

H Molecular-orbital 
(«) Perl ui tuition 
(fi) V unation 
I l'!ltx'tron-|>air: 

(ft) Perturbation 
(b) Variation 
.1 Witng-ioiue 

K Ionic-polar 
L Innic-polar-Wang 


Uncor- 

rectixl 

K energy 
/Vqull (» u ) (a u ) 

1 401 2-883H 0 0302 

1 482 2 0128 0 0053 

I 440 2 (1306 0 UbO 

M07 2 0800 0 1800 

1 432 2 0285 0 0808 

1 000 2 8700 0 0203 

1 440 2 0332 0 0855 


Corns! led 

Zero- dissociation 

point energy 

energy-> 

(a u ) Volts a u 

0 0102 0 70 0 0200 

0 0071 157 0 0581 

0 0102 3 41 0-1204 

0 0114 4 57 0 1002 

0 0080 l 07 0 0728 

0 0052 0-05 0 0241 

0 0077 2 10 0 0778 


One result is mccly verified by these calculations, although it lias been 
known in general terms before A/// represents the degree of polarity of the 
individual orbitals, when there are two eloetrons instead of one, the repul¬ 
sion between them will have the effect of throwing more charge on to the 
H nucleus and will thus make the bond more nearly homopolar, with a 
value of A//i more nearly equal to unity The table below illustrates the 
change in A/// between the molecular orbitals of HeH ++ and HeH + . 


A/p for HeH< • 
5 573 
7 41(1 
10-881 


A jfi for HoH+ 
3 099 
3 801 
4(113 


The best normalized wave-function of this type (12) at the equilibrium 
distance p = 1-482 a.u. is 

<f' = 0(l)0(2), 


where 

and 


0(1) = 0-85820jjr„(l) +0-24740^(1), 
c = 1-873, a = 0-722. 
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I— Electron-pair method. Homopolar bond 

Tho wave-function suitable for use in the eleetron-[)air treatment whore 
we suppose the formation of a covalent bond, is 

^=^,(1)^(2) + ^,, (2)^(1). (13) 

Two cases are considered, first, the |>crtiirbation method, which corresponds 
to the Sugiura treatment of H 2 ( 1927 ), and m this the exponents of i]r tl and 
r/r b are compiled to take the atomic values c = 2 and a = 1/2. Second, tho 
variation method, corresponding to the Wang treatment of H a ( 1928 ). 
except that two exponents are varied to obtain the minimum energy instead 
of only one. The calculations m both eases were |>erformed for three values 
of the lnternuclcar distance and the energies are shown in 'Fable 11. With 
this type of wave-function the energy at infinite separation is that corre¬ 
sponding to He - 1 + H, since the electrons are restricted to being on different 
nuclei Morse curves were put through the calculated points and are shown 
in fig. 4. Table III shows the dissociation energy and equilibrium constants 
thus deduced 

It should be noted that this calculation (with c = 2 , a= 1 / 2 ) is the one 
performed by Glockler and Fuller ( 1934 ) Theso authors, however, did not 
evaluate the unsymmetrical Sugiura integral, which has lieen done in the 
present case The result of including it is to reduce their dissociation energy 
from 8*1 to about 3-tS volts The perturbation method is clearly inadequate 
and it is necessary to vary the exponents, in any case, however, it is a poor 
approximation to consider the bond as being homopolar. 

The best normalized wave-function of tins tyfx; (13), at the equilibrium 
distance p = 1-1970 a 11 , is 

V' = 0-6230l#„( I) *57,(2) + j5r„(2) ^(1)}, 
where c = 2-1604, a = 0-50214 

Similar calculations have been made by Beach ( 1936 , p. 355 ), but here, 
although c was varied, a was restricted to have the value unity. This lack 
of flexibility m the wave-function appears to have quite a serious effect 
upon the energy. Beach’s value (estimated from his curve on p 355 ) at the 
equilibrium positiorqis -2-48a.u , whereas the present writers’ is -2-68a.u. 
The difference between the two values is nearly 0 volts. This is not entirely 
unexpected, since in the electron-pair treatment one electron may be thought 
of as centred round the one nucleus and the other round the other nucleus. 
In this situation their wave-functions should be nearly the appropriate 
wave-functions for the atoms, and it is unfair to both electrons to make the 
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two exponents the same, with a value 1 - 72 , which is intermediate between 
tiie atomic values of 2-0 and 1 -0. The error introduced by this approximation 
would become less if more terms wore added to the wave-function (as in 
Beach 1936) though it would still be appreciable. It is interesting to note 
that the error is greater in this case than when postulating that the three 
electrons of a “three-electron bond” have equal exponents in their wave- 
functions, as in the case of He.j treatod by Pauling (1933) and Woinbaum 
(1935) o r ,n the case of H 2 “ treated by Eyring, Hirschfelder and Taylor (1936) 
A comparison of sections H and I shows that the straightforward molecular- 
orbital treatment is considerably better than the straightforward electron- 
pair treatment, a result which has been known m general terms for some time, 
but not hitherto demonstrated, for a |>olar molecule. 

J Electron jtnir + tonic 

The next approximation —one which, as Mulhken (1932) has shown, 
effectively unites the electron pair and molecular-orbital treatments—is to 
add ionic terms to the eloctron pair wave-function. Such a wave-function 
would be 

V> = A{^„(1) iff,,( 2 ) + ^,,( 2 ) I)}+/ / i 5 r ll ( 1 ) lM 2 ) + v]/r b (l) ^( 2 ) ( 14 ) 
The ionic terms ^,,(2) correspond to both electrons being on the Ho 
nucleus, and ^,,(1) ^ b (2) to both being on the H nucleus, and the variation is 
to be performed with respect to c, a and A fi v. No appreciable error is 
introduced if, in the ionic terms, the same exponents are used for t{r a and \Jr b 
as in the homopolar terms This approximation corresponds to the treatment 
of the H s molecule by Woinbaum (1933) though, 111 the H 2 problom, equal 
weight must lie given to both ionic terms. I11 tho case of HoII+ w r e may 
expect the coefficient v to be very small, and tho variation was therefore 
first performed with v — 0 , so that the problem was that of a normal He 
atom [Wirtly forming a covalent bond with a proton Later, the effect of 
adding the term xj/ b ^\)t(r b ( 2 ) was considered. 

In the case of v - 0, wo have to minimize with respect to c, a and A.//; 
the calculations were made for/i = i 25 , 1-5 and 2-0 a.u , and the numerical 
results, show n 111 Table II, were used to obtain a Morse curve (fig 4 ) from 
which tho equilibrium distance and dissociation energy could be computed. 
These quantities are shown m Table III. It appears, as we should have 
expected, that the ionic terms are more important than the homopolar 
terms. The low ering of the energy due to inclusion of the ionic terms is about 
0-24 a u. = 6£ volts below the energy of the Wang treatment, and only 
0 015 a.u = 0-4 volt below the energy of the molecular-orbital treatment. 
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This particular approximation lias been worked through by Beach with 
the limiting condition that a = 1*0. This lack of flexibility gives an energy 
which is 0-023 a.u. = 0-62 volt, too high. In both cases the value of the 
energy at infinity, obtained by use of an atomic wave-function of the Bame 
type, is -2-847 a.u., and this has to be subtracted from the calculated 
minimum energies to obtain the dissociation energy 

It will be noted that the value of Xjp becomes less as p increases, i.e. the 
strength of the covalent bond decreases as the nuclei are separated, and 
both electrons tend to settle on the He nucleus. 

The best normalized wave-function of typo (14), but with v = 0, obtained 
at the equilibrium distanco p — 1 -432 a u , is 

0-65496^(1 )^,(i) + 0 20284{y/„(l)v^2) + vU2)^(l)} t 
where c = 1 0252, a = 0-7567 

The wave-function was next considered, in which v is allowed to vary to 
give the lowest energy Since the energy corresponding to j^ h (l)^ 6 (2) is 
very high relative to the other components of the wave-function (14), we 
shall not expect a large contribution from this function Two particular 
cases were worked out m full, minimizing with respect to A ./t v for fixed 
values of c and a The results were 

p <x e AV-o £,+o 

1-25 0 75 102 -211168 -2 0I0.1 

2 00 0-76 1 75 -2 8080 -2 8007 

Thus the gain in energy is only 0 0005 a u or 0-013 volt in the one case, and 
0-0008 a.u., or 0 022 volt, in the other This additional stability is very small 
and, in view of its smallness, it was not considered worth while to carry the 
calculations further by varying the ex{K>nents It appears that, at the 
equilibrium distance, the lowering of the energy value due to the inclusion 
of this term may be taken to be about 0-018 volt = 0-0007 a u Even if we 
omit the term completely, the error will be less than that which is inherent 
in any wave-function that lacks an r lg term in its expansion. 

K Ionic+polar 

In this treatment we suppose that the effect of the H nucleus on the He 
atom is to jiolanze it; this polarization may be described by saying that there 
is a finite probability that one of the electrons shall be in a polar orbital, 
defined by 


<j> n — (d*/ff)‘ r u c,an0 a e~ dr '‘. 


( 15 ) 
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Tlio appropriate wave-function to take for the molecule is, therefore, 

V* = /»*.( 1)^ u ( 2)4 ^ n (l)f„(2) + 9i a (2)^„(l)}. (10) 

There is no need to consider the possibility that both electrons are in polar 
orbitals 0 , since the energy corresfionding to such a wave-function is too 
great, and the matrix components with the other component wave-functions 
would be negligibly small. The inclusion of this polar term in molecular 
problems is due to Rosen (1931 a) who used wave-functions of type( 15) in his 
study ol H 2 . The energy resulting from wave-function (10) was minimized 
with respect to c, d and vjfi and the results are shown in Table II. A Morse 
curve (iig 4) was put through the calculated points, and the equilibrium 
constants determined by this means are given in Table III. It is seen that 
stability for the molecule is achieved, and here there is no reference to a 
homopolar bond At the equilibrium distance p — 1 0035 a u., and the best 
normalized wave-function of this ty|ie is 

V = 0-98207 lUl)vU2H O-l3lO7{0„(l)0 a (2) + yU2)0„(l)}, 
with c = I 7120 and d = 1-5580 

L Innic + electrim pair+polat 

The final approximation that wo discuss is one in which allowance is 
made both tor covalency and for polarization, this corresponds to the 
treatment of H 2 given by Weinbaum ( 1933 ) Using the polar orbital (15), 
the wave-function is 

V' = l) U*) + iM2) H *)) + M,( ‘) 2) 

+ »#,(l)iU2) + lU2)<Ml)}. (17) 

There was some difficulty in deciding whether it would be easier to give the 
exponent d in 0 the value c or ca The value roc waH chosen because that 
simplified the calculations of some of the exchange integrals. Those calcula¬ 
tions were made for p = 1-25, 1 5 and 2 0 a.u , and the energy was minimized 
with respect to c, a and A /i • v Table 11 shows the results, and in fig. 4 the 
Morse curve is drawn through the calculated points The resulting equi¬ 
librium constants are given in Table III. It is interesting to note that vjfi, 
which shows the importance of the polarization terms, has a maximum 
value when the molecule is in the equilibrium configuration, showing that 
the polanzation forces are, in proportion, most important just when they 
are most useful in stabilizing the molecule. 

This wave-function has been used by Beach w'ith the usual limitation 
a = 1, the energy thus obtained lies 0-011 a.u = 0-30 volt above the energy 
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without this limitation. The gain of energy due to inclusion of the polar 
terms is only 0 127 volt in the writers’ wave-function, but it is 1-05 volts in 
Beach’s case. The large gam obtained by Beach is due to a bad choice of 
exponents in the homopolar wave-function, and the fact that inclusion of 
polar terms gives greater flexibility and allows the wave-function to adapt 
itself better to the limitation of bad ox|K>nents 

The energy of dissociation given by the wave-function of this section is 
2-10 volts, if the energy at infinite separation is taken to lie that of a He atom 
(-2-847) calculated from a similar tyjie of wave-function. Unfortunately 
this atomic w-ave-function has not so much flexibility as the molecular wave- 
function, and its energy'will probably lie more m error than the molecular 
energy, so that it is probable that the true dissociation energy is rather Iohs 
than 2-10 volts. A lower limit can be obtained it wo subtract from the 
calculated value (- 2-0332 a u ) the observed energy of a normal He atom 
(- 2-0035 a u ) The dissociation energy then ticcomes 0 0207 a u , or with 
allowance for zero-point energy, 0 0220 a u , or 0 504 volt. To this w e should 
add about 0-018 volt, representing the contribution of the ionic term with 
both electrons on the H nucleus (section .T) and this gives a lower limit for 
the dissociation energy of 0-012 volt The true value is probably between 
1 and 1-5 volts 

Tho value of the fundamental vibration frequency obtained from the 
Morse curve, is v = 3380 cm 1 It may bo compan-d with the value given by 
Beach, which is 2800 cm -1 Beach’s value was obtained by putting a para¬ 
bola through three f ami In near the minimum, whereas the present writers 
used a Morse curve. If the three points were not very close together anti near 
the minimum, the difference in the two estimates would easily lie attribut¬ 
able to this difference in technique and, in fact, the direction of the difference 
supports this conclusion 

The best normalized wave-function of this tyjie, at the equilibrium dis¬ 
tance p = 1-446 a.u , is 

W = 0-71730^„(l)^ l (2) + 0-24843{^ o (l)^(2) + ^,(2) ^(1)} 

+ 0-02»79f^( 1) *U2) + *>„( 2) </>„( 1)}, 
where c = 1-8000 and a - 0-80560 

5 DiscrssioN 

The work recorded in sections F-L provides an interesting comparison 
of the various methods. Taking first the simple moleeular-orbital ami 
electron-pair treatments, it is obvious from Table 111 that from every point 
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of view the molecular-orbital treatment is better than the electron-pair 
treatment. The iutemuclear distance and zero-point energy are sub¬ 
stantially correct and the total energy appears to be only about 0-5-1-0 volt 
too high Taken in conjunction with the work of Coulson ( 19370)00 the homo- 
polar molecule H,, where it was found that the orbital treatment was only 
slightly inferior to the pair treatment, this means that the molecular-orbital 
approximation is established as, on the whole, a more accurate quantitative 
approximation than the other The electron-pair wave-function relies for 
its binding mainly ujion the exchange term, and this, even in homopolar 
bonds, has a rapid decrease with increase of lntemuclear distance, in hetero- 
polar bonds the decrease is still more rapid. The molecular-orbital wave- 
function, on the other hand, takes polarization and lomcity into account 
(generally allowing them too large ail emphasis) and these forces are 
ojierative over greater distances Thus it comes about that in the case of 
HeH + where the bond is polar, the pure electron-pair wave-function yields 
far too low an interiiuolear distance, and tho pure molecular orbital-wave- 
funetion a value slightly too high. It is interesting to note that precisely 
the opposite effect is noticed (see Coulson 1937 a) in the homopolar bond H 2 

Another conclusion from this work is that there is no hope of obtaining 
a good value for tho energy unless a great deal of flexibility is allowed in the 
vv ave-funetion, and this is as important in the case of polar binding as in the 
case of a covalent link In homopolar molecules there are considerable 
computational difficulties, in hcteropolar molecules the jiosition is worse. 
It is, of course, essential to use a variational method, and if atomic orbitals 
arc used as components in the final wave-function (as in G-L), then all the 
ex ponents should be varied Tho effect of not varying them all, as comparison 
with the results of Beach shows, is to introduce errors that may vary from 
i to (I volts It is interesting to exhibit the errors that accrue, in this case, 
through making the limitation that a = 1 , and Table IV reveals the fact 
that as greater flexibility is allowed in the wave-function, tho particular 
values that are chosen for the various parameters become loss and less 
critical. ThiH result had already been noticed by C'oolidge and JameH ( 1933 ) 
in their discussion of H a . 

One other interesting deduction can be made from this work. It has 
become customary to refer to the strength of a particular bond as being 
partly homopolar, and partly fiolarization Thus Beach ( 1936 , p. 357 ) refers 
to the HcH+ bond “ It is qualitatively correct to say that two-thirds of the 
stability is due to the formation of a covalent bond, and one-third is due to 
polarization of the He atom.” It is possible to make this a little clearer 
from our results. Thus, measuring all energies at tho internuclear distance 
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1-446 obtained in the last section L, we find that the energy of the purely 
ionic wave-function 0 is -2-816 a.u. The energy of a wave-function J 
which is ionic + homopolar bond, is — 2-927 a.u., and that of a wave-function 
K which is ionic + polarization, is -2-872 a.u. It follows that the gain in 
energy beyond that of a normal He atom, due to inclusion of homopolar 
binding, is 0-111 a.u., and due to polarization of the He atom, is 0 056 a.u. 
We may therefore say that tho bond, at the equilibrium distance, is almost 
exactly one-third polarization and two-thirds homo^iolar. It is interesting 
that our results agree so closely with Beach’s, in view of the large difference 
in the energy of the homopolar part of tho wave-function. 

Table IV—Error in energy due to lack op variation 
OF EXPONENT a 

Min. energy Mui. energy Difference 

with ImutA- without lnnita- - -, 

Section Method tion«= 1 tion a = 1 a.u. Volts 

I. Wang -2-4811* -2 6800 0-20 5-4 

J. Wang-iome -2 9025 -2 0285 0-0260 0-70 

K. Ionic-polar -2-8750 -2 8760 0 0019 0 06 

L. Ionic-polar-Wang -2 0220 - 2 0332 0 0112 0-30 

. * Estimated from Beach’s curve. 

In conclusion, the writers would like to thank Professor Andrade for put¬ 
ting at their disposal, from time to tune, a calculating machine which was 
originally purchased by a Government grant from the Royal Society. 

Summary 

As many different approximations as possible have been used in a com¬ 
parative study of the wave-functions of HeH ++ and HeH+. In the latter 
ion, the molecular-orbital approximation is found to bo much better than 
tho electron-pair approximation. Ionic terms and polar terms are included 
in the final wave-function, and an expansion is given in terms of spheroidal 
oo-ordinatos The lowest value obtained for the energy of HeH + is — 2-936 
a.u., with an intemuclear distance of 1-446 a.u. = 0-764 A°. The dissociation 
energy certainly lies within 0-61 and 2-10 volts, probably about 1-6 volts. 
The fundamental vibration frequency is 3380 cm. -1 . 
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Appendix 

The only integral used in this work that cannot be evaluated in closed 
form by conversion to spheroidal oo-ordinates £, ij, $ or whose value has not 
been given m the literature, is the integral 

Q = [—-e~ er n- er <‘t~ ear i>i-<^rt l tdv 1 dv v 

J r n 

This integral must be evaluated in the form of an infinite series. Using the 
well-known Neumann expansion of l/r u in terms of §, i}, $ (see, e.g., Rosen 
19316 ), and writing 

7i = <*>(1+ <*)/ 2 , y, = cp(l- a) 12, 
the integral becomes 
Q = Mp/2) # 1^(27+ 1) 

x {t^r(7i)l*• 2• 7i) — 2 < 7 J( 7 i) 0?(y,) t ( 2.0.y 1 ) + [G?(y s )]* H r (0 O.yJ}, 
// and 0 are the functions defined by Rosen ( 19316 ) and Coolidge and James 
(* 933 ). and they may be written: 

U r (m.n.y) = <2 T (^i) ^(C.) 

«?(7) = 

Recurrence relations are available (Coolidge and James 1933 ) for the H 
functions; the 0 functions were evaluated by moans of the two equations: 

(2t +1) CJ?(y) = y{G? +1 - 
(2t—1)(2t+ 1) ( 2 r + S) O* - t(t-1)<??_, 

+ (4T 3 + 6r a -1) <3? + (t ■+1) (r + 2) Gf“ +1 . 

It should be noted that although Q is given as an infinite series, the succes¬ 
sive terms rapidly become small. Thus, for the values used in the calculations 
of this paper, it is sufficient to take terms up to 7 = 3 to get an accuracy of 
at least 1 in 10 ®, which is equivalent to obtaining the energy represented by 
this integral with an error not greater than 0*0003 e-volt. This is quite 
sufficient for our purposes, though the addition of one more term would 
inorease the accuraoy about twenty times. 
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The production of gamma-rays by neutrons 

By E. H S. Buehop, B.A., M.Sc., R. D. Hill, M Sc. and 
A. A. Townsend, M.Sc. 

Natural Philosophy Ixiboratory, University of Melbourne 
(Communicated by Professor T. H. luaby, F.R8 ) 
Introduction 

The production of y-radiation duo to the passage of neutrons through 
matter was discovered by Lea ( 1935 ) and lias been subsequently investi¬ 
gated by a number of workers The exj)oriments of Lea with fast neutrons 
appeared to indicate that the y-radiation ansos from a process of inelastic 
scattering of neutrons. Evidence for the occurrence of inelastic scattering 
of fast neutrons has been obtained by Hanysz and othere ( 1934 ) and Ehren- 
berg ( 1935 ) and it has been pointed out by Bohr that on current theories of 
the interaction between faat neutrons and atomic nuclei moBt of the scat¬ 
tering would be exacted to be inelastic. On the other hand, measurements 
of the absorption of slow neutrons in elements which emit y-rays (o.g. 
Cd, Hg) show that the absorption is a sharp resonance process, and it is 
assumed that the y-radiation in these cases arises from neutron capture. 
The present work was undertaken with a view to determining the energies 
of the neutrons which give rise to the y-radiation, in an attempt to throw 
some light on the mechanism of its production. 

Method of estimating the energy of the neutrons 

The onergy of homogeneous neutron groups can be estimated by measuring 
their absorption coefficient in boron. This method has been applied to 
estimate the energy of the neutrons which give rise to artificial ^-radio¬ 
activity in the case of a number of nuclei, but has not been applied pre¬ 
viously to the estimation of the energy of neutron groups responsible for the 
production of y-radiation. 


Validity of tiie 1/v law for boron absorption 

The boron absorption method of determining neutron energies rests on 
the assumption that the absorption coefficient of slow neutrons in boron is 
[ 119 ] 
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inversely proportional to the neutron velocity. This law, which follows 
from very general theoretical considerations, has been experimentally 
verified in the region of thermal energies by Rasetti and co-workers (1936)^ 
using a mechanical method to vary the relative velocity of the neutrons and 
the absorbing material. 

In energy regions higher than the thermal the evidence for the law is 
mainly indirect. Thus Goldsmith and Rasetti (1936) have measured the 
energies of those neutrons which excite ft-ray activities in various elements 
by carrying out absorption measurements in both lithium and boron. 
Assuming the l/v law to hold for both lithium and boron absorption, the 
values of these energies come out to be the same in either case. It follows 
from this that either the l/v law is valid for both boron and lithium absorp¬ 
tion or else both of these absorbers depart from the law in the same manner. 

Further, Preiswerk and von Halban (1936) (and independently Amaldi 
and Fermi (1936)) have described another method for the determination of 
the energies of neutron resonance absorption groups quite indefiondent of 
the l/i> absorption law. The measurements of the energies of the groups 
obtained by this method show approximate agreement with those made 
assuming the validity of the 1 jv law 

The l/v method of investigating the energies of neutrons responsible for 
the production of y-radiation involves 

(1) The determination of the absorption coefficient in boron for thermal 
neutrons. The mean energy of these neutrons can bo calculated on the 
assumption of thermal equilibrium between the neutrons of this group and 
the paraffin molecules used to reduce their velocity. 

(2) The determination of boron absorption curves for the neutrons which 
excite y-radiation in the different materials being investigated. 

From the former determination the boron absorption coefficient for 
neutrons of a certain energy can bo obtained' and assuming the 1 /v law the 
energy of the nbutron groups responsible for the different activities can be 
obtained from the latter. 

Experimental abranoemknt 

Fig. 1 shows the arrangement of apparatus used. The y-radiation was 
detected by means of a Geiger-Miiller counter 6 cm. long, 3 cm. diameter, 
enclosed in a cylinder of lead with a wall sufficiently thick (2 mm.) to prevent 
any / 7 -particles arising in the specimen from reaching the counter. The 
specimens in which the y-radiation was induced were in two forms, viz. 

( 1 ) In the case of Ag, Cd, I, Hg hollow cylinders surrounding the counter. 
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(2) In the case of Sb and Ab rectangular boxes 9 x 7 cm., of appropriate 
thickness to produce a measurable effect and placed directly beneath the 
counter. 

In either case screens of B 4 C were placed above and around the sides of 
the specimen to absorb slow neutrons scattered from neighbouring objects. 
This precaution was found to be necessary since the effect with silver was 
reduced by about 20 % when the screens were employed. 



Fiu. 1 Experimental arrangement. 


Magnitude of observed effects 

With the counter used the normal cosmio ray count was approximately 
60 per min. The introduction of a 350 millicurie Rn + Be neutron source 
increased the count to 220 per min. When a cylinder 7 cm. long, 4 mm. thick 
of silver was placed round the lead cylinder containing the counter the 
counting rate was increased further to 300 per min. 
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Determination of ttie absorption coefficient 

OF THERMAL NEUTRONS IN BORON 

In general the measured value of the absorption coefficient of thermal 
neutrons will depend upon the particular type of neutron detector used. 
Previous workers have used a detector for which the sensitivity is inversely 
proportional to the neutron velocity. Under these conditions Bethe and 
Placzek (1937) have shown that the measured absorption coefficient in 
boron corresponds to that for neutrons having a mean energy of mfcT/4, 
T being the temperature of the paraffin in which the neutrons have been 
reduced to thermal energies. 

In our experiments the arrangement of fig. 1 was used. A cylinder of 
cadmium 0-5 mm. thick and 7 cm. long fitting tightly round the lead 
cylinder in which the counter was placed was used as a neutron detector. 
The boron in the form of boron carbide was contained in thin soda-glass 
containers 9x7 cm. placed directly beneath the specimen in which the 
y-radiation was being produced. Each container had the same thickness, 
the boron content being varied by mixing the B 4 C with powdered carbon 
in different proportions in the various containers Appropriate corrections 
were made for the absorption of y-radiation arising from the radon source 
in the specimen and absorbers. 

In this method of experiment the neutron detector registers all thermal 
neutrons independently of their velocity. In these circumstances it oan be 
shown that the measured boron absorption coefficient corresponds to that 
for neutrons of energy 4 IcT/tt. On account of this it is to be expected that 
the absorption coefficient obtained from this measurement should be lower 
than that obtained by other workers in the ratio v\\ (assuming the l/v law 
to bo valid). 

Fig. 2 shows the boron absorption curve obtained by this method. The 
valuo of the mass absorption coefficient deduced from the early part of this 
curve is p/p = 30 + 2 cm. 2 gm. -1 . The curve iB not a true exponential owing 
to the gradual hardening of tho neutron beam in passing through the boron. 
The form of the curve agrees well with that to bo expected assuming a 1/v 
law for neutron absorption in boron 

The absorption coefficient of thermal neutrons in boron has also been 
determined using as detector the y-rays induced in a silver cylinder of the 
same dimensions as the cadmium and correcting for the production of 
y-radiation in the specimen by neutrons of non-thermal energies. In the 
case of silver the absorption coefficient for thermal neutrons is much smaller 
than in the case of cadmium and only a small fraction of incident thermal 
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neutrons will be absorbed in a silver specimen of this thickness, so that the 
sensitivity of detection is approximately proportional to \jv. The mean 
energy of thermal neutrons absorbed by a thin layer of boron is then vkT)4. 
Assuming the l/t> law for boron absorption one would then expect a value of 
the mass absorption coefficient in this case of flip = 4/n x 30 cm.* gm.~ l = 
38 cm.* gm. -1 . The value actually obtained was 3/5 + 5 cm * gm . -1 



Thickness of boron absorber (gm. cm -*) 

Fig. 2 Absorption in boron of neutrons which excite y-rays in cadmium. 

Table I shows the values of p\p so far obtained by different methods of 
detection. 

Table I. Boron absorption coefficients for thermal neutrons 

pip for neutrons 
of energy nkT/4 

Observer Method of detection used (r = 2DO° K.) 

Mitchell (1936) Boron ionization chamber 27-7 gin.-* 1 cm.* 

Goldsmith and Rasetti (1936) Rhodium //-radioactivity 28-0 „ 

Ainaldi and Fermi (1936) Rhodium/^-radioactivity 38-0 

Livingston and Hoffman (1937) Boron ionization ohamber 30-0 „ 

Authors Cadmium y-radiation *38-0 ±20 

Authors Silver y-radmtion *3fl 0 ± 6 0 „ 

* Calculated from measured absorption coefficient for neutrons of onergy 4/fcT/ff. 

It is seen that there is considerable divergence between the values 
obtained by different observers. Our measurements are in good agreement 
with those of Amaldi and Fermi and of Livingston and Hoffman. 

In this paper the value pfp = 30 cm.* gm. -1 has been taken for the boron 
absorption coefficient for neutrons of energy 0-033 V (= 4kTj n if T *» 290° K.), 
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Determination of the boron absorption curve for 

NON-THERMAL NEUTRONS WHICH EXCITE y-RADIATION 

In a manner exactly similar to that described in the last section boron 
absorption curves have been obtained for the non-thermal neutrons which 
excite y-radiation in the specimens tabulated below. 

Table II. Thickness of specimens used 

Specimen Mass/unit area 

Silver 4 2 gm cm 

Silver 0 525 „ 

Arsenic 3 61 „ 

Antimony 5 88 „ 

Iodine 5*5 „ 

Mercury 11*0 „ 

With the exception of one of the silver sjiecimens the above are considerably 
thicker than detectors used in the case of /?-ray measurements. Specimens 
of this thickness were necessary in order to get effects of a convenient 
magnitude with the sources available to us. Further, they yield information 
about neutrons which are captured into a considerable number of resonance 
levels in contrast with curves obtained with thin indicators which give 
information about the resonance level of lowest energy only. 

Figs. 3 and 4 show the curves obtained for the y-ray activity of the speci¬ 
mens as a function of the thickness of the boron absorber. All the curves 
exhibit the same general features, viz a rapid initial decrease of intensity 
with boron thickness followed by a region in which the intensity decreases 
very slowly.* 

Theoretical form of the absorption curves 

Bethe and Placzek (1937) have shown how the boron absorption curves 
can be analysed along the linos of the theory of neutron capture of Bohr 
(1936) and of Breit and Wigner (1936) when thin specimens are used as 
neutron detectors. The theory is here extended to the case of detectors of 
finite thickness. We calculate first the activity produced in a specimen of 
thickness l duo to the absorption of neutrons into a singlo resonance let el. 

Bethe and Placzek deduce for the activity of a thin specimen due to 

* The thick-silver curve of fig 3 is slightly different from that previously reported 
by the authors (1936) Previously, insufficient correction was made for the absorption 
of y-rays from the radon source in the boron containers. 
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Boron absorber thickness (grn. era. - *) 

Flu. 3. Absorption m boron of neutrons which oxoite y-rays m two specimens of 
silver. The thicknesses are given in the toxt The ordinates for zero boron absorber 
thickness represent approximately the relative activity. 
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Fio. 4. Absorption in boron of neutrons which excite y-rays m mercury, iodme, 
antimony and arsenic. The ordinates for zero boron absorber thickness represent 
approximately the relative intensity of the activities for detectors of thickness given 
in the text. 
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capture into a level g of the intermediate state (produced by neutrons which 
have reached thermal equilibrium with the paraffin used to slow them down) 

A„ = CSr^-i, ( 1 ) 

where E g is the energy of the level g, 8 the thickness of the specimen, C a 
constant defending on the rate of emission of neutrons from tho source and 
their mean free path in the paraffin used to slow them down. 

i”, the so-called “reduced neutron width”, is given by = r n E~l, 
F n being the width of tho resonance level into which the capture occurs 
arising from the possibility of tho omission of a neutron from that levol 
We shall assume, with Bethe and Placzek, that there is little vanation m 
F' n between the different levels for the same nucleus. We assume further 
that the neutrons are absorbed exponentially with absorption coefficient 
OLE"* in tho material of the detector The assumption of exponential absorp¬ 
tion is not strictly correct on account of the finite width of the level. From 
equation (60) of Bethe and Placzek’s paper it is seen that the assumption of 
an absorption coefficient projiortional to E' x is equivalent to assuming V 
the total width of tho lovels of the same nucleus to be almost oonstant. 
Fortunately it is found that the particular value chosen for the neutron 
absorption coefficient in the specimen does not greatly affect the conclusions 
to be drawn, so that these assumptions are not critical. 

The activity produced in a detector of thickness l is 

A g = cr; * J ‘ dx 

_ cr&t-r**'-*) 

- ' Eg(a- K E}) ’ w 


where k is tho absoqition coefficient of the y-radiation in the specimen itself. 

If before reaching the detector the neutrons are filtered through a layer 
of boron of thickness t the activity produced bocomes approximately 


A a [t) = 


CT;r*vV rf -*~ - v l ) 

Eg(X~KFAg) 


(3) 


where fiEg* is the absorption coefficient, of neutrons of kinetic energy E g in 
boron 

We suppose now that the levels are uniformly spaced, D volts being the 
spacing between consecutive energy levels and E t the energy of the lowest 
level. 

Then 


E g ^E 1 + (ff-l)D. 


( 4 ) 



124 E. H. S. Burhop, R. D. Hill and A. A. Townsend 


The total activity A (<) ia then given by the summation £ A g (t ). Transforming 

ff-i 

the sum into an integral, 


A(t)~^fhcr; 


C 




\(OL-kEI) 

CVL 2E, k\\ 


where Ei[x) = f ( 5 ) 

u 

Expression (5) gives the activity in a convenient form for comparison 
with the experimental results, and shows particularly well the variation of 
the form of A(<) with the ratio DjE x . For D/E 1 = oo, the first term alone gives 
the shape of the boron absorption curve, whilst for D/E l = 0 the second 
term gives the shape of the curve For finite values of DjE t the appropriate 
curve lies between these two extremes. 


Application op the theory to the experimental curves 

The above theory has heen applied to the analysis of the experimental 
boron absorption curves for neutrons which excite y-rayB in silver. In order 
to apply equation (5) it is necessary to know the values of certain constants 
concerning the absorption of neutrons in boron and silver and of y-rays in 
silver. 

The absorption coefficient k of silver y-rays in silver is calculated as 
0-035 cm.* gm. *, assuming the quantum energy of these radiations to be 
4 million electron volts The constant determining the absorption of neu¬ 
trons in boron is obtained from the measurements of the absorption of ther¬ 
mal neutrons described in an earlier section. 

The constant a determining the absorption of neutrons in silver is not so 
easy to obtain. Amaldi and Fermi ( 1936 ) have found the value fijp =■ 20 
cm.* gm. 1 for the absorption of A group neutrons in silver. The energy of 
these neutrons (which excite the 22 sec. period radioactivity of silver) is 
found by absorption measurements to be 2-8 V. Measurements carried out 
by us seem to indicate a very much smaller absorption coefficient in silver 
for these neutrons, but this work is probably not entirely oomparable with 
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that of Amaldi and Fermi, since in these experiments we used detectors 
having a mass per unit area of 0-525 gm. The sjieciraen used by Amaldi and 
Fermi had a mass per unit area of 0-057 gm. 

We have made calculations of (5) assuming values of 20 cm * gm and 
also of 3 cm * gm.- 1 . The actual values of these constants do not modify the 
general conclusions to be drawn from this analysis. In the calculated curves 
shown in this paper the value /«/p = 20 cm 8 gm.- 1 given by Amaldi and 
Fermi has been used. 



Fio. 6 Comparison of experimental boron alworption curve (using thick silver 
detector) with theoretical eurv«n calculated for a largo number of values of E x 
and D/E 


Expression (5) for A(t) has boon calculated under these assumptions for a 
large variety of values of E\ and D/E 1 for the y-rays excited in the thick 
Bilver detector, and the resulting curves are shown in comparison with the 
experimental curve in fig. 5. It is evident that under no circumstances can 
a curve represented by (5) fit the actual experimental curve. 

A good fit could Vie obtained, however, if the magnitude of the slowly 
varying portion of the curve were not so largo in comparison with the 
activity for zero boron thickness. 

It is difficult to see how the assumptions underlying the theory could be 
modified to provide a reasonable fit to the experimental curve. If, however, 
the reduoed neutron width of the levels r' n were to increase sufficiently with 
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E gi a reasonable agreement between the calculated and experimental curves 
could no doubt be obtained. 

It may be, however, that some other process is occurring which gives rise 
to y-radiation in the case of collision between fast neutrons and silver 
atoms. Possibly the most reasonable hypothesis to make is that some of the 
y-radiation arises from a type of inelastic scattering of fast neutrons which 
is not represented in expression (5).* To allow for this it would be necessary 
to raise the base-line of the ex pen mental curve by an amount corresponding 



Fig. 6 . Comparison of experimental and theoretical curves 
for y-rays excited in a thick silver specimen 
-Theoretical curve (iff, = 0 <5 V, /1/A' X = 11). 

-Experimental curve for y-ruys produced by resonance capture assuming 36 % 

of total observe! intensity due to somo process other than resonance capture 

to the intensity of the y-radiation produced in this way. Applying this 
hypothesis, a very good fit between the theoretical and experimental curves 
can be obtained by supposing E t = 0-5 volt, D)E X = 11, and that 36 % of 
the total y-ray activity arises from the independent process. Further, this 
fit is unique. Thus fig. 6 shows a comparison between the experimental and 
theoretical curves under these conditions Broadly speaking, the value of 
E x determines the slope of the early part of the theoretical curves, the pro- 

* Expression (6) takes into account one type of inelastic scattering, viz. that 
corresponding to capture of the incident neutron followed shortly afterwards by 
emission of the same or another neutron with lower energy. 
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portion of the fast neutron activity due to the postulated independent 
process determines the slope of the curve for large values of the boron ab¬ 
sorber thiokness and DjE 1 determines the relative importance of the two 
terms of equation (6). 

In the case of the thin silver specimen the resonance activity arises almost 
entirely from capture into the lowost energy level, i.e the boron absorption 
curve due to resonance capture should be almost exponential with a value 
of the absorption coefficient pip = 7-5 cm.® gm.~ 1 corresponding to a neutron 
energy of 0-5 V. Superimposed on this exponential, however, will be a small 
constant component due to y-rays produced in an inelastic scattering 
process if the previous hypothesis is valid Assuming the y-ray intensity 
due to this process to be proportional to the thickness of the specimen, and 
that 36 % of the activity produced in the thick specimen arises from this 
process, the corresponding figure for the thin specimen comes out at 16 % 
of the total activity. Jfig. 7 shows a boron absorption curve calculated on 
these assumptions for the thin silver detector compared with the experi¬ 
mental points. The agreement is seen to be very reasonable. 



Pro. 7. Comparison of experimental points for thin-silver y-radiation and curve 

calculated assuming = 0-5 V and 15% of total y-radialion to fast neutrons. 

No attempt is made in this analysis to distinguish between y-rays pro-, 
duced in the two silver isotopes. If y-rays can be produced in both isotopes, 
the resultant boron absorption curve on the Bethe-Placzek theory would 
be a combination of two curves of the type of fig. 6. It does not seem that 
any possible combination of two such curves could give a curve decreasing 
so slowly for large boron thicknesses as that observed, which indicates the 
necessity for postulating the production of y-radiation by some independent 
process. 
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The analysis was carried out for silver sinoe it was easiest to determine the 
curves accurately in this case. Fig. 4, however, shows also curves for the 
y-rays excited m arsenic and iodine—elements which consist of a single 
isotope. From an inspection of the shapes of these curves it is clear that the 
same difficulties would ariso in attempting to obtain a fit to a theoretical 
curve as arose in the case of silver. 

The curves which have been obtained for other elements are similar in 
form to that for tluck silver and can thus be explained in a similar manner. 
The experimental points are in these cases less accurately determined, 
however, and so no attempts have been made to assign values for E lt DjE v 
etc., for them. 

It should be pointed out that a constant background of the type of that 
ascribed to y-ray production with inelastic neutron scattering could be 
produced by wholly instrumental means. Thus if neutrons are scattered on 
to the specimen from directions other than that of the source such a constant 
background would be produced. On account of the precautions taken to 
prevent these scattered neutrons from reaching the specimen it is highly 
unlikely that any y-ray activity could arise from this cause and certainly 
nothing of the order of magnitude required to explain the observed effect. 

Further, any error in estimating the absorption of y-radiation from the 
source in the specimen would produce an uncertainty in the magnitude of 
the background. It is inconceivable, however, that the uncertainty in this 
measurement could be sufficiently large to account for that portion of the 
activity which we have attributed above to inelastic scattering. 

ARB THB ENERGY LEVELS WHICH GIVE RISE TO y-RADIAT10N identical 
WITH THOSE GIVING /9-RADIATION FROM THE SAME NUCLEUS? 

Fig. 8 shows the boron absorption curve for neutrons which give rise to 
y-radiation in silver together with curves for the absorption of neutrons 
which give rise to the two /1-ray activities (half periods 22 sec. and 138 seo. 
respectively). 

In each case the thickness of the silver detector was 0-5 nun. In the case 
of the latter two curves precautions similar to those described above for the 
y-ray determinations were taken to prevent neutrons scattered from other 
parts of the room influencing the results. The geometry of the arrangement 
was reasonably good, the mean obliquity of neutrons passing through the 
absorber being about 15° to the normal, and only a small correction was 
neoessary to allow for this.* 

* The obliquity correction in tho y-ray case was also small. 
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The curves indicate that the absorption in boron of the neutrons pro¬ 
ducing 7 -radiation is greater than that for the neutrons giving rise to the 
artificial radioactivity, although the measurements do not lie far outside 
the probable error which, on account of the smallness of the effect, is very 
large in the case of the y-ray activity. 



Boron absorber thickness (gm. cm."’) 

Fiu. 8. Comparison of boron absorption curvu for the various 
activities induced in silver by noutrons. 

^-- y-ray activity (thin detector) 

+. 22 sec. ^-radioactivity. 

<{>— - 138 sec. ^-radioactivity. 

Further light on the question of the identity of the resonance levels which 
give rise to y-radiation and those which give rise to the /Eradiation has been 
obtained by measuring the relative activities produced by thermal and non- 
thormal neutrons in the different cases. Tho same disposition of paraffin 
and detector was used in each case, so that the quality of tho neutron beam 
reaching the specimen was the same. The experimental arrangement was 
similar to that of fig. 1 , except that a great deal more paraffin was used round 
the source to increase the percentage of slow neutrons. 

Table III shows the results obtained for this measurement. 

Table III 


Ratio of activity 
produced by thermal 
noutrons to that produced 
Activity by non-thermal neutrons 

22 sec. /^-radioactivity 3-8 ± 0-7 

y-ray emission 5-1 ± 0-9 


Vd CLXV. A 
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The relative activity produced by thermal to that produced by non- 
thermal neutrons appears to be greater in the case of the y-ray activity than 
in the 22 seo. /7-ray case, although the two measurements lie just within the 
limits of probable error. The 138 sec /9-activity has not been investigated 
in this way. 

Information on the above question is also obtained from the measurements 
described in the last paragraph by comparing the number of /9-ray electrons 
and y-ray quanta produced. For a neutron source consisting of 350 milli- 
curie of Rn -f Bo a sheet of silver of 0 5 mm thick, 9x7 cm. placed close to 
the counter (enclosed in 2 mm. of lead) produces about 50 impulses per min. 
The 22 sec /9-ray activity measured by bringing the silver specimens after 
neutron irradiation in approximately the same positions relative to the 
counter as is the silver during the y-ray measurements, and extrapolating 
to zero time after removal from the neutron source is about 80 per min. 
Allowing for absorption of the /7-radiation in the silver and the A1 wall of 
the counter (0-3 mm. of Al), the corrected activity at the counter would 
come out at about 200 impulses per min. for the particular arrangement of 
lead and paraffin used. 

For y-ray detection the efficiency of the systom (counter + cylindrical 
lead shield) is estimated at approximately 1 %, based on the approximate 
relative absorption coefficient of the Ag y-radiation and its secondaries m 
Pb. This implies that the number of impulses that would be produced at 
the counter if the y-radiation were totally absorbed is 5000 per min , i.e. 
larger than the number of 22 sec. /7-ray electrons by the factor 25. 

When equilibrium has been reached the number of 138 sec. /9-rays per 
min. is somewhat less than the number of 22 sec. /9-rays. The number of 
y-ray quanta produced on neutron capture therefore exceeds the total 
number of /7-rays of both periods by a factor of at least 15, i.e. either fifteen 
y-ray quanta are produced per absorbed neutron in addition to a /9-ray or 
the y-radiation arises from a process different from that which gives rise to 
the /7-radiation. 

The first hyj>othesis does not appear very attractive. In view of this 
evidence it appears possible that the resonance y-radiation arises from a 
process independent of that which produces either of the /?-radioactivities, 
although a conclusive test of this point is scarcely possible until more intense 
neutron sources are available. Since there are only two known stable iso¬ 
topes of silver, it is difficult to understand where the two /9-radioactivities 
and the y-ray effect could arise. It would appear necessary to postulate 
that the same nucleus may have two sets of energy levels, the capture into 
one of these giving rise to a y-radiation, whilst capture into the other 
produces a ^-radioactive nucleus. 
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A similar phenomenon has been observed by Waring and Chang ( 1936 ) in 
a study of the positron radioactivity induced by the bombardment of 
JJA1 by a-particles. There are two known methods of disintegration of fJAl 
by a-particles, viz. 

( 1 ) fJA1 + |He-> JJSi + iH, 

(2) ?JAl+$He > 8 P+Jn. 

The resonance levels in the case of the first reaction have been known for 
some time. Waring and Chang investigated the resonances in the second 
case and found them different from those for the first. Since in each case the 
intermediate nucleus is the same, they have interpreted this to imply that 
nuclear resonance phenomena depend not only on the energy of the incident 
particle but also on the nature of the final state of the system. Our work 
points to the possibility of a similar conclusion in the case of neutron 
capture. 

We wish to thank Professor T. H. Laby, F.R.S., for his interest and advice 
during the progress of the work. We are also indebted to Dr H. C. Webster 
and Mr F. G. Nicholls of the Radio Research Board for help in connexion 
with the counting circuits. 

The radon was supplied by the Commonwealth Radium Laboratory, 
and our thanks are due to the officers of the laboratory (Messrs T. H. Oddie 
and W. N. Christiansen) for preparing the sources for this work. 

Two of us (R. D. H. and A A. T.) were holders of Dixson Research 
Scholarships during the course of this investigation. 


Summary 

Measurements have been made of theabsorptionin boron of those neutrons 
which excite y-rays in specimens of cadmium, silver (of two thicknesses), 
arsenic, antimony, iodine and mercury. The measurements were carried out 
using thermal neutrons in the case of cadmium and silver (thin s|iecimen) 
and non-thermal neutrons m the case of silver, arsenic, antimony and 
mercury. 

The curves in the latter case wore always of the same general type, con¬ 
sisting of an initial component rapidly decreasing with boron absorber 
thickness superimposed on a component varying very slowly with boron 
thickness. It is shown that the initial component is to be associated with a 
nuclear resonance level corresponding to very small neutron energy, while 
the other component is due to neutrons captured into resonance levels of 
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greater energy. The curves are interpreted m terms of the Bethe-Placzek 
formulation of Bohr’s theory of nuclei. 

In the case of silver, absorption measurements in boron have in addition 
been made of those neutrons which excite the /9-radiations of 22 sec. and 
138 sec. half-period. 

The question of whether a nucleus which on neutron capture can emit 
both ft- and y-radiation will have the same resonance levels corresponding 
to both methods of reorganization is discussed. For silver the evidence 
points to the existence of separate sets of energy levels for y -ray emission and 
^-ray decay, but it is not sufficiently conclusive to settle this point finally. 
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The formation of mercury molecules. II 

By F. L. Arnot, Ph.D., Lecturer in Natural Philosophy and 
Marjorik B. M’Ewen, B.Sc., The University, St Andrews 

(Communicated by H. S. Allen, FR.S.—Received 17 December 1937) 
Introduction 

In the first paper on this subject Amot and Milligan ( 1936 ), using a mass 
spectrograph, showed that diatomic mercury molecules were formed by 
attachment of excited atoms to normal atoms, the products of the collision 
being an ionized molecule and a free electron It was shown that for this 
process to occur the<excited atom must be 111 an energy state about 9-6 V 
above the normal 

The primary object of the work described in this paper was to determine 
this appearance potential moro precisely by using the balanced space 
charge method. The lowest excited state of an atom which, on collision 
with a normal atom, leads to the formation of a molecular ion is shown to 
be the 6 a 8 p 4 state of 0-722 V energy. In addition we have detected 
molecular ions formed by the attachment of two excited atoms, and evidence 
is put forward to show that only atoms m P states form attachments with 
normal atoms which lead to the formation of molecular ions. 


Apparatus 

A scale drawing of two forms of the apparatus, which gave identical 
results, together with a wiring diagram, is shown in fig. 1 . All metal parts, 
including gauzes, filament leads and connecting wires, were made of 
nickel, spot-welded where necessary The cylinders and C t were of 
identical construction except for the gauze w indow in C\. The caps on the 
ends of these cylinders were pressed out of one piece of nickel to give a 
perfect fit, and then were spot-welded on. The cylinder C x was fitted into a 
rectangular box folded from a Hingle sheet of nickel so as to prevent any 
electrons from the filament h\ reaching the outside of C a . This box con¬ 
tained the gauze window (?, between F 1 and the field-free space S where the 
ions were produced. The cylinder C t was supported from C x by quartz 
rods which insulated it from the rest of the apparatus. 'The filament F x 
was a straight tungsten wire 0-15 mm. in diameter and 12 inm. long. The 
[ 133 J 
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filaments F t and F a , which were connected in parallel, were each of tungsten 
0-1 mm. in diameter and 12 mm. in length They wore co-axial with the 
cylinders C t and C v and their leads were insulated from the cylinders by 
short quartz tubes passing through the end-caps. 


o i 2 a 



Flo. 1. Apparatus and wiring diagram. 


The apparatus was contained in a large pyrex tube fitted with a 5 cm. 
ground-glass joint, so that the whole apparatus could be withdrawn for 
adjustment and filament renewal. The joint was water-cooled and a low 
vapour pressure Apiezon grease was used. The tube was connected to a 
mercury diffusion pump backed by a Hyvac pump, and to a McLeod gauge. 

A pool of mercury was kept at the lower end of the tube which could be 
heated by a non-mductively wound electric furnace. To prevent rapid 
diffusion of mercury vapour at high pressures a nickel-plated copper disk, 
just small enough to pass through the ground joint, was fitted between 
the apparatus ami the outlets to the pumps and McLeod gauge. This 
arrangement was found to be quite satisfactory for vapour pressures up to 
about 0-03 mm of Hg at 0° C., but to obtain pressures of the order of 
0-1 mm. the following modification was made. The apparatus shown in 
fig. 1 a was slightly reduced in Bize so that it could be enclosed in a nickel 
oylinder 3 cm, in diameter and 0 cm. long. This cylinder was closed by a 
tight-fitting cap at each end, the only opening being a small aperture for 
the entry of the leads to the filament F v The other leads were taken out 
through quartz tubes fitting tightly into the containing cylinder. When 
mercury was placed inside this cylinder it was found that the heat radiated 
from the filaments was sufficient to produce a high vapour pressure. 



The formation of mercury molecules 136 

The vapour pressure corresponding to different temperatures of the 
furnace was found by using an ionization gauge substituted in place of the 
apparatus in the pyrex tube. The gauge was of the external collector type 
and was calibrated against the McLeod with nitrogen. Fig. 2 shows the 
variation of mercury vapour pressure with furnace temperature. The 
broken curve represents the saturation vajjour pressure corresponding to 
the same furnace temperatures reduced by a factor of one-quarter, these 
values being taken from the “International Critical Tables” and reduced 
to 0° C. The curves show that for high vapour pressures the actual pressure 
in the tube was approximately one-quarter of the saturated value at the 
same furnace temperature. These curves and all values of the vapour 
pressure given in the paper are reduced to 0° C. 



Fig. 2. Pressure in apparatus as a function of furnace temperature. Broken ourve is 
one-quarter of saturation vapour pressure. 

To obtain a vapour pressure of the order of 0-1 mm. the apparatus was 
enclosed in an outer cylinder as described above. The vapour pressure was 
then measured by an ionization gauge enclosed in the cylinder. For all 
runs the pressure of residual gas, as shown on the McLeod gauge, was 
below 2 x 10 -# mm. of Hg. 
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Experimental procedure 

After the usual flashing and running in of all filaments the current 
through the filaments F a and F a was set to give a saturated emission from 
each filament of about 0-1 mA. The potential between F a and F 3 and their 
respective cylinders was then reduced to 2 V, resulting in the emissions from 
F t and F 3 being strongly space-charge limited to a value of about 0-01 mA. 
The emissions from F a and F a were then balanced by the bridge arrange¬ 
ment shown in fig. 1 which incorporated two 10,000 ohm resistance boxes 
and the galvanometer M t having a sensitivity of 7-8 x 10 _n amp./mm. In 
this way any fluctuations in the potential of the cells supplying the heating 
current to F a and F t wore eliminated. The emission from F a alone was 
read on the galvanometer M t having a sensitivity of 9-7 x 10~ 9 amp /mm. 
so that its constancy during a run could bo checked. Both galvanometers 
were provided with universal shunts so that their sensitivities could be 
suitably altered. 

Electrons from F x were accelerated up to the gauze 0 X by a potential 
1 ^, applied to the centre of the filament as shown in fig. 1. F n was read on 
a Weston standard voltmeter. Some of the ions produced in the field-free 
space S diffused through the gauze O a and, by neutralizing the space charge 
around F„ increased its emission which was indicated by the deflexion of 
the galvanometer M v This method is known to be a very sensitive detector 
of positive ions, since it has been shown that a single positive ion neutralizes 
the space charge of as many as 10 4 to 10* electrons, for the ions revolve in 
spiral orbits around the filament, making many loops before finally hitting 
the fine wire 

When V 0 was below the ionization potential the emission from F x was space- 
charge limited and consequently increased as was increased. When the 
emission from F x was kept as constant as possible by readjusting the filament 
current after each change in V 0 , it was found that the number of electrons 
passing through the gauze O x into the field-free space 8 varied in an erratic 
manner. This was determined by insulating the gauze O x from the rest of the 
apparatus, and then measuring the currents to O x and to the box behind O v 

When the emission from F x was allowed to increase as V 0 was increased 
it was found that the number of electrons passing through the gauze 
increased steadily with V 0 . This steady increase was linear up to 10*4 V, 
the ionization potential, after which the rise became progressively less 
steep as the emission reached its saturation value of about 0-10 mA. It was 
thus found to be more satisfactory not to attempt to keep the emission 
from F x constant, but to allow it to increase steadily as V Q was increased. 
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Results 

(1) Measurements tn vacuum 

Measurements in vacuum were mode by immersing the tube containing 
the apparatus in a large Dewar flask containing a mixture of solid carbon 
dioxide and alcohol. V 0 was increased from 0 to 12 V in steps of 0-5 V, and 
the change in the emission from F % was measured by the galvanometer M v 



Fio. 3. Results in vaouum for various values of the saturated emission in milli- 
amperes given by filament t\. 

The results obtained are shown in fig. 3. The number on the right of each 
curve iB the saturated emission of F t in milliamperes, and thus represents 
a measure of the temperature of the filament which must be increased in 
order to increase the saturated emission. The curves have been slightly 
displaced in a vertical direction so as to separate the points at low values 
ofV 0 . 

It is seen from fig. 3 that the emission from F t falls off steadily as is 
increased, and that the rate of decrease increases with the temperature of 
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the filament F a . It was found that the rate of decrease in the emission from 
F t increased also when the emission from F 1 was increased. 

The reason for this behaviour is due to the fact that the emission from 
F t is not space-charge limited over its entire length. The temperature of 
the filament is highest in the centre, and the emission drawn from this 
portion is limited by space charge; but the emission from the ends of the 
filament, which are cooled by the leads, is temperature limited. Electrons 
from F x can have no effect on the space-charge limited emission from the 
centre of F t , but they decrease the temperature-limited emission from the 
ends of F a by virtue of their space charge Now as is increased the 
number of electrons penetrating the gauze G x and so affecting the emission 
from the ends of F t is increased, thereby causing the emission from F a to 
decrease as V Q is increased The same effect is caused by increasing the 
emission from F x 

If the temperature gradient at the two points, on either Bide of the 
central portion of the filament, at which the emission just ceases to be 
space-charge limited is small, then the electrons from F, will produce more 
effect than if the temperature gradient is large, since the length of filament 
giving a temperature-limited emission will bo larger the smaller the 
temperature gradient. The temperature gradient at these two points will be 
smaller the lower the temperature of the centre of the filament, that is the 
smaller the saturated emission from the filament. This is borne out by the 
curves m fig 3 which show that the fall off m the emission from F a is less 
the smaller the saturated emission that could be drawn from the filament. 

To minimize this effect the filament current for F s and F s was kept low 
in future runs, the saturated omission from each of these filaments being 
.0-08 mA and the Hpace-charge limited value being 0*01 mA. It will be seen 
from the uppermost vacuum curve in fig 3 that the fall off in the emission 
of F t beyond V 0 = 3 V is not far from linear for this value of the saturated 
emission. For many of the runs in mercury vapour this fall off in the 
omission from F, as was increased was found to be strictly linear up to 
the point at which ions were formed. This enabled us to determine the 
ionization potential more accurately than would otherwise have been 
possible by extrapolation of the curve as in fig. 6. 

(2) Measurements in mercury vapour 

In fig. 4 are shown three curves obtained at different pressures of 
mercury vapour. The curves represent the change in the emission from the 
filament F t , measured by the galvanometer M v caused by altering the 
energy V 0 of the electrons in the primary beam from F v Curve (a) is for a 
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pressure of 0-001 mm., curve (6) for 0-031 mm., and curve (c) for 0*11 mm. 
of Hg it 0° C. 

Considering the low-pressure curve (a) we see that as the energy of the 
primary electrons V 0 is increased up to 10 V the emission from F t falls off 
steadily as occurred in vacuum. At 10 5V the curve begins to rise sharply, 
showing the presence of positive ions which decrease the space charge 



Pio. 4. Mercury vapour procure for curve (a) wiw 0 001 mm.,forourve (6) 0 031 mm., 
for curve (c) 0 11 mm. of Hg at 0° C. 

around F t . The behaviour of the medium-pressure curve (b) is similar 
except that positive ions now apjiear when V 0 is approximately 9*5 V. 
This movement of the point where the curve begins to rise through about 
1 V when the pressure was raised by a factor of ten from that prevailing 
at room temperature occurred in all pairs of curves taken at the two 
pressures. In addition, a distinct change of slope occurred in the higher- 
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pressure curves at the value of V 0 where the lower-pressure curves begin to 
rise. This change of slope in the higher-pressure ourves at a point about 



Fio. 5. Showing onset of atomic and molecular ionization. Curve (a) obtained with 
apparatus of flg. la, ourvo ( b ) with that of fig. It. 

1 V above the bend in the curves is shown in two typical curves in fig. 5. 
The change of slope in the rising portion of the ourve did not ocour in any 
of the curves taken at room temperature. 

It has been shown by Amot and Milligan ( 1936 ) that mercury mole- 
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cular ions are formed by a collision between a normal atom and an excited 
atom. Since this collision must occur within the lifetime of the excited 
atom, about 10 -8 sec., the probability of molecular ions being formed at 
low pressure is extremely small. We therefore identify the point at which 
the low-pressure curves rise as the ionization potential of the mercury atom. 
Since this point is replaced by a change of slope in the rising portion of the 
high-pressure curves we identify this inflexion as the ionization potential 
of the atom. The point at which the high-pressure curves begin to rise is 
then the appearance potential of the molecular ion, which Amot and 
Milligan showed by magnetic analysis to have a value of approximately 

9- 5 V. 

We can now obtain the appearance potential of the molecular ion from the 
high-pressure curves by subtracting the difference in energy between the 
point at which the curves begin to rise and the point above this where the 
curves change slope from the known ionization potential of the atom, 

10- 39 V. The value obtained in this way is independent of any contact 
potentials existing in the apparatus. Seven values of the apficarance 
potential obtained in this way from different curves by moans of the two 
forms of the apparatus shown in fig 1 are given in Table I together with 
the pressure in mm. of Hg at 0° C. at which the curves were taken 

Table I 


Apparatus of fig. la 

Apparatus of fig. 1 b 

Pressure 

Appearance 

Treasure 

Appearance 

mm. of Hg 

potential 

nun. of Hg 

potential 

at 0° C. 

volte 

at 0° C. 

volte 

0 028 

9 71* 

0-030 

9-70f 

0020 

9 62 

0 027 

9-64 

0017 

9 77 

0 020 

9 65 

0 009 

9-68 



* From curve (a) of fig, 6 

f From curve (6) of fig. 5. 


Three other curves obtained with a slightly modified form of the 
apparatus shown in fig. 1 a gave values of 9-78, 9-82, 9-64. The mean 
of these ten results is 9-70 ± 0-01. 

It has been shown by Arnot and Milligan ( 1936 ) that tho molecular ion 
is formed by the attachment of an excited atom to a normal atom. The 
process may be written symbolically as 


Hg' + Hg ->HgJ +6, 


( 1 ) 
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in which Hg' denotes an excited atom. The appearance potential represents 
the minimum energy that the excited atom must possess for the above 
process to occur. 

It was found by Rouse and Giddings (1926), whose results were checked 
and developed by Houtermans (1927) and by Foote (1927), that ions are 
produced in mercury vapour when irradiated by its resonance radiation 
2537 A, of which the photons have only 4*88 V energy. The ionization was 
found to be proportional to the square of the intensity of the light. To 
explain these results Houtermans suggested that an excited atom in the 
2 3 Pj state of 4*80 V energy may combine with a metastable atom in the 
2 3 P 0 state of 4-68 V energy to form an ionized molecule and a free electron. 
He obtained evidence to show that a collision between two atoms both of 
which are in the metastable state 2 *P 0 does not lead to ionization. The 
effective process may be written as 

Hg' (2 *Pj)+Hg' (2 *P 0 ) -* Hg, f +€. (2) 

Since this process involves the collision of Iwo excitod atoms we should 
expect it to occur at a considerably higher pressure than that necessary for 
the occurrence of process (1) which involves only one excited atom. 

On raising the mercury vapour pressure in our apparatus to 0-11 mm. 
we obtained curves showing that ions were produced by electrons of energy 
between 4 and 5 V. A typical curve obtained at this high pressure is shown 
as curve (c) in fig. 4. By subtracting a vacuum run from this curve we 
obtain the corrected form shown in fig. 0 as curve (a). Since the rise in the 
curve of fig. 4 between 4 and 5 V cannot set in below the resonance 
potential of 4-86 V a correction to the voltage scale of fig 6 of + 0-65 V has 
been made This correction, which can be accounted for by contact 
potentials, makes the steep rise between 9 and 10 V set in at 9-7 V, the 
mean value obtained from the results given in Table I. The broken curve 
in fig. 0 represents the theoretical excitation function of the 2 3 P t state 
obtained by Penney (1932) 

The close agreement between this excitation function and the hump in 
the curve of fig. 0, together with the fact that this hump only appears 
when the pressure is raised to about 0-1 mm., leaves little doubt that the 
molecular ions produced by electrons of energy between 4-80 and 9-70 V are 
formed by collision between a 2 *Pj atom and a metastable 2 3 P 0 atom as 
suggested by Houtermans to account for the ionization produced in 
mercury vapour when irradiated by its resonance radiation. 
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Discussion 

During the progress of the present work a paper appeared by Snavely 
( 1937 ) on the same subject using an apparatus essentially similar to that 
shown in fig. 1 b. His published curve taken at a pressure of 0-09 mm. is 
reproduced as curve (c) in fig. 6 Comparing this with our curve (a) taken 
at approximately the same pressure, (HI mm , we see that the two curves 
are of approximately the same shape, but that Snavely’s curve is moved 
boddy to the right relative to our'eurve 



Electron energy in volts 

Fra. fl (a) Curve (c) of fig. 4 oottocUhI by subtraction of a ourve taken m vacuum. 
(6) Penney’s theoretical excitation function for the 2 *P, stato. (c) Snavely ’h original 
ourve. ( d) Snavely's curve with suggested voltage scalo correction. 

Snavely corrected the voltage scale for contact potentials by moving 
his curve until the second minimum appeared at 10*39 V, for ho inter¬ 
preted the steep upward rise after this minimum to indicate primary 
ionization of the atom. He remarked that an inflexion occurred in this 
steep upward rise at 11*2 V when his curve was so adjusted but offered no 
explanation of this. Our results indicate that this inflexion, which we show 
in fig. 5, represents the onset of direct atomic ionization, and therefore 
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should bo set to appear in Snavely’s curve at 10-39 V. When the voltage 
scale of Snavely’s curve is readjusted to bring this inflexion down from 
11-2 to 10-39 V the beginning of the steep upward rise after the second 
minimum occurs at 9-7 V, which agrees with our value of 9-70 V for the 
onset of molecular ionization by process (1), p. 141. 

Snavely’s curve adjusted in the above way is shown as curve ( d) in fig. 0. 
The maximum of his peak now occurs at precisely the same value of the 
electron energy, 7-65 V, as does the maximum of our peak in curve (a). 
However, this peak in Snavely's curve appears to set in at 6-1 V, whereas 
we find it to begin at 4-9 V. Since Snavely reports no vacuum runs it 
appears likely that the fall* in his curve (d) between 4 -1 and 0-1 V would bo 
steeper in vacuum, so that the peak might really set in at the same value 
as we find Our results indicate that this peak is due to molecular ionization 
by process (2), p 142. 

For the molecular ions formed by process ( 1 ) Amot and Milligan ( 1936 ) 
obtained a curve showing the probability of formation of these ions as a 
function of the electron energy This curve contained two maxima, a sharp 
one at 11-5 V and a broad one at 47 V. Since the appearance potential of 
the molecular ion formed by this process is 9*70 V the excited atom must 
possess 9-70 V energy before it can combine by process ( 1 ) to form an 
ionized molecule. The excited state of the mercury atom having an energy 
nearest to this amount is the frsSp 4 ‘Pi state which has 9-722 V energy. 
JuBt above this singlet state there is the triplet state 0s9p 5 *P 0 .ix which 
the energies are 9*792, 9-790, 9-817 V (Bachor and Goudsmit, 1932 ). 

Schaffemicht ( 1930 ) gives an optical excitation function for the singlet 
4 P state of 9-722 V energy which has a broad maximum at 45 V, which 
would account for the broad maximum at 47 V in Amot and Milligan’s 
curve No excitation functions are given for the tnplet 5 P states, but, since 
these states are excited by electron exchange, the excitation functions will 
rise to a sharp maximum just above their critical potentials, and would 
therefore account for the sharp maximum at 11-5 V in the efficiency of 
molecular ionization curve of Amot and Milligan, and also for the marked 
falling off of our ionization curve ( b ) in fig. 4 at 11*5 V. Above 10*39 V this 
curve represents the efficiency of molecular plus atomic ionization, and 
consequently only an inflexion, not a sharp maximum, is to be expeoted at 
11*5 V. This inflexion does not appear in the curves taken at low pressure 
where the molecular ionization is negligible. 

We thus reach the conclusion that the molecular ions discovered by Amot 

* This fall, which appears also in our curves, has been shown to be due to the 
emission from the ends of the filament not being spaoe-charge limited. 
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and Milligan when mercury vapour is bombarded by electrons of energy 
between 9-70 and 200 V can be entirely accounted for by the two following 
processes: 

Hg' (4iP 1 ) + Hg ->Hg++t, (a) 

Hg'(5»P)+Hg^Hg jt+e. (b) 

Process (a) accounts for the maximum in Arnot and Milligan’s efficiency of 
molecular ionization curve at 47 V and process (b) for the sharp maximum 
at 11*5 V. We cannot say for certain from our experimental results that 
an excited atom in an S, D or P state above tho 5 S P state docs not lead by 
collision with a normal atom to an ionized molecule, but we can say that 
the two processes (a) and ( h ) involving only the 4 *P state and the 5 ®P 
states are sufficient to account fully for the results of Amot and Milligan. 
It will be shown below that there is some evidence that an oxcited atom in 
an S, I) or F state does not form an ionized molecule 

We can now fix the value of the appearance potential, w Inch we have 
found in this paper to be 9-70 ± 0-01 V, accurately from process (a). The 
appearance (ictential is tho energy of the 6sHp 4 1 1 > 1 state, namely 9-722 V, 
since this is the state nearest in energy to tho experimentally determined 
value 

The results given in fig 0 lead to the conclusion that ionization is also 
produced by the process 

Hg' (2 >1\) + Hg' (2 »P 0 ) - Hg+ + e. (c) 

The results of Arnot and Milligan show that tho ions produced by processes 
(a) and (b) are definitely molecular, since they were detected by a mass 
spectrograph, but the ions produced by process (c) have not been analysed 
by this means. It might therefore be suggested that tho collision proi-oss 
represented by the left-hand side of (c) leads to atomic ions. Tho process 

Hg' (2 »P,) + Hg' (2 »P 0 ) -► Hg+ + Hg + e 

is energetically impossible since the combined energy of excitation is only 
(4-86 + 4-66) = 9-62 V, which is 0-87 V short of the ionization potential of 
the atom. However, the process 

Hg' (2 ®P,) + Hg' (2 »P 0 ) -* Hg + + Hg- 

is energetically possible, since the electron affinity of Hg is given by 
Gloekler ( 1934 ) as 1-79 V. The total energy of the right-hand side is now 
(10-39—1-79) = 8-60 V, which is less than the energy of the left-hand side. 
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The excess energy of excitation to be carried away as kinetic energy by the 
products of the process is (9-52 - 8-60) = 0-92 V 

Theoretical investigations of electron transfer such as is involved in this 
process, which have been made by Massey and Smith,* show that electron 
transfer does not become at all probable until the kinetio energy with which 
the particles collide is greater than ten times the excess excitation energy 
which must be carried away by the particles after the collision. Now in the 
above process the kinetic energy with which the particles collide is only their 
thermal energy which is about 01 V, and the excess excitation energy to 
be carried away by the separating particles is 0-92 V, that is ten times as 
great instead of one-tenth as great In view of this we consider that the 
ions are formed in the molecular state by process (c). 

From process (c) we see that the ionization potential of the mercury 
molecule must be equal to, or less than, (4-80 + 4-6(1 + D) = 9*52+ D volts, 
where D is the work of dissociation of the normal molecule. Since Houter- 
mans has shown that the collision of two 2 *P 0 atoms does not lead 
to ionization the ionization potential must be greater than 9-32 + D 
volts 

A single atom excited to a state of 9-52 V has thus sufficient energy to 
form an ionized molecule when it collides with a normal atom. We have 
shown, however, that no ions are formed by collision with normal atoms 
until the oxcited atom has 9-70 V energy. The probable error in our value 
is only 0-01 V. We sec from the values given in Table I that the maximum 
error could not reduce this value to 9-52 V. Now the excited states of a 
mercury atom lying within the energy range from 9*52 to 9*722 V are all 
S, D or F states. The first P state with an energy greater than 9*52 V is the 
6 s8p 4 1 P 1 state of energy 9*722 V. Therefore, although the excited atom in 
one of the S, D or F states between 9*52 and 9*722 V has sufficient energy 
to form an ionized molecule, no ion is formed until the atom reaches a P 
state Since the processes (a), (6) and (c) which all involve P atoms are 
sufficient to account for all the molecular ions observed in mercury vapour 
the conclusion seems inevitable that the excited atom or atoms muBt be 
in a P state for attachment to occur with the production of a molecular 
ion. 

In conclusion we should like to express our thanks to Professor H. S. 
Allen who kindly made the necessary arrangements to enable one of us 
(M. B. M’E.) to work in the Natural Philosophy Department. 


* We are indebted to Dr R. A. Smith for information on this subject. 
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Summary 

An investigation of the formation of ionized mercury molecules has been 
made by the balanced space-charge method. The results obtained m this 
work, together with those previously obtained with a mass spectrograph 
by Amot and Milligan, show that molecular ions are formed by the three 
processes 


Hg' (2 31*,) + Hg' (2 3P„) -> Hg+ +e, 

(1) 

Hg' (4 1 P 1 ) + Hg -vHg^+e, 

(2) 

Hg' (6 3 i*) + Hg -> Hg^ + e. 

(3) 


Ions formed by each of these processes havo boon detected. The appearance 
potentials for these three processes are respectively 4-86 and 9-722 V for 
(1) and (2) and 9-702, 9-796 and 9-817 V' for the triplet process (3) Ions 
formed by process (1) which requires a collision between two excited atoms 
were detected at a vapour pressure of 0-1 mm of Hg at 0° C Ions formed 
by processes (2) and (3) which involve a collision between one excited atom 
and a normal atom were detected at pressures of the order of 0-01 mm. 

The ionization potential of the mercury molecule lies between 9-52 + D 
and 9-32 + D, where D is the work of dissociation of the normal molecule. 
Using Winans’ (1931) value for D the limits are 9-67 and 9-47 V. 

Excited atoms in states other than 1* states do not apparently form 
ionized molecules by attachment oven though they have more than 
sufficient energy to do so. 
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Oscillography of adsorption phenomena 
III. Rates of deposition of oxygen upon tungsten 

By M. C. Johnson and A. F. Hknson 
Physics Department, University of Birmingham 

{Communicated by M. L. E. Oliphant, F.R.8.—Received 18 December 1937) 
1. Introduction 

The only temperature coefficient hitherto measured for the atomic layer 
of oxygen on tungsten is that which demonstrates the 150,000 cal./mol. 
expended in its dosorption. If, however, some energy is required before the 
difference between this heat of adsorption and the heat of dissociation can 
be liberated, a further tomperature coefficient will exist, giving variability 
to the “condensation coefficient ” or fraction of impinging molecules which 
become enabled to contribute to this layer. Any such variability extends 
the notion of “activated adsorption ” from the slow processes with which it 
has become associated to the almost instantaneous reaction of “chemi¬ 
sorption”. Since filling of the atomic layer is generally supposed to precede 
oxidation, and oxidation itself has already been studied through the 
subsequent volatilization of oxide (Langmuir 1915; Rideal and Wans- 
brough-Jones 1929), an experimental determination of whether the initial 
deposition also needs activating would be highly desirable. This would, 
however, be inaccessible to most technique because of the high speed of 
recording needed. The oscillographic study of reaction velocity, developed 
by one of us in collaboration with Dr F. A. Vick, and hitherto applied only 
to evaporation (Johnson and Vick 1935), offers the opportunity by suitable 
modifications. It fulfills the following requirements. (1) Reaction time may 
be kept below 1 sec., avoiding the usual slow contaminations due to gases 
which strike the walls. (2) The surface may be proved to be clean, within 
a second of gas being admitted, by observation of its thermionic emission, 
thus escaping the common ascription of aotivations to impurity. (3) The 
gas-covered fraction may be kept small enough to avoid interaction between 
surface particles. (4) No other substance beside oxygen and tungsten is 
introduced as reagent or as indicator. 


[ ] 



2. ExPKRIMKNTAL 


It will be recalled that thermionic indicators of surface reaction depend 
upon the properties by which an adsorbed gas layer alters the electron 
emission of a metal. Our previous experiments consisted essentially of 
oxygenating a tungsten filament, rigorously evacuating, and then switching 
from a temperature at which the layer is stable to temperatures at which 
evaporation is rapid. The saturated emission current from the surface 
}>assed through high resistances, the changing potential across tho latter 
being roeorded by a cathode ray oscillograph. The oscillograms recording 
the recovery of emission were transformable into curves of isothermal 
evaporation of oxygen at each temperature selected, yielding the heat of 
evaporation as temperature coefficient of tho rate of change of gas-covered 
fraction of the surface. The present experiments invert this procedure, 
photographing depositions instead, so that the high vacuum has to be re¬ 
placed by controlled introductions of oxygen Preliminary experiments on 
the magnetic lifting of a filament in and out of a steady molecular beam were 
carriod out with a spring-mounted electrode system made by Dr F. A. Vick, 
but the other alternative of attempting a repeatable sequence of pressure 
variation at a fixed surface was finally adopted. The molecular ray technique 
was retained only as means of producing suitable fractions of a reservoir 
pressure by evacuating between two slits which admit the gas to the 
reaction chamber. 

The reservoir A (fig. 1), of large capacity, is maintained at various oxygen 
pressures between I0 -1 and 10 2 mm measured on a McLeod gauge. The 
piston valve B was made and ground for us by Mr W. A. Holland, and when 
very lightly lubricated with Apiezon “M” and held down by a 2 lb spring 
it is accurate enough to keep for several days a pressure of 10 -1 mm isolated 
from the highest vacuum on the inner side. When magnetically actuated 
the piston opens the large reservoir very suddenly to the smaller reservoir 
C behind the first slit. Slits M, N, 015 mm. wide, are separated by a large 
central chamber directly evacuated by its own vapour pump. The filament 
of Thoria-freo tungsten with its anode and guard rings m tho reaction 
chamber D, is aligned on its flat joint E by observation through the colli¬ 
mating window F when incandescent. Precautions for purity were taken, 
including pre-treatment of all metals in hydrogen, baking of D and its trap, 
high frequency degassing, freezing of E, etc. 

By this apparatus, since scattering is inevitable in an incompletely con¬ 
densable gas we utilize it in the restricted space between slit and filament to 
build up transient pressures few D. Each of these pressures reaches its 
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maximum in little more than a tenth of a seoond after lift of the piston and 
then remains nearly constant for a short time. This appears in fig. 2 b when 
the logarithm of the “clean” fraction of the surfaoe begins to decrease 
linearly with time. It is seen that linearity lasts less than a second. After 
this time the fall in pressure, and possibly failure of the law by which frac¬ 
tions of a dilute layer are computed, make any extension to dense covering 
impracticable. For a long series of observations it is important that the 
transient nature of these pressures is able to minimize any thinning of the 
filament; evacuation sets in before the layer reaches semi-saturation and 
oxidation only becomes appreciable after some weeks. We gain the addi¬ 
tional advantages (a) that search for laws of deposition is not complicated 
by temperature coefficients of surface migration, as when the front of the 
target only is exposed to a uni-directional beam of rays, (b) that Magnetron 
action and distortion of electric field, discovered in our early experiments 
on moving an emitting filament into a beam, are avoided, so that the 
electrical changes photographed can be safely ascribed to adsorption if 
temperature is known to be constant. 

The transient pressures in D amount to small multiples of 10 4 mm., 
converting the “instantaneous chemi-sorption” into reactions traceable 
with the oscillograph A large number of plates were measured for different 
reservoir pressures and filament temperatures. These yielded curves of 
emission current against time (such as fig. 2 a), drawn out to a common scale, 
a tuning-fork trace being recorded on each plate and checking any changes 
in calibration. Any small initial value of 0, the fraction of surface gaB- 
covered, was found by changing over to a galvanometer circuit and taking 
the data for a “ Richardson plot ” just before each experiment; this was then 
compared with a standard plot obtained after the filament had undergone 
its preliminary “ageing”. 

The curves were found to depend sensitively upon reservoir pressure, 
as was to be expected; but superposed upon this was found a slighter depend¬ 
ence upon temperature, which was important as proving the existence of 
aotivation energy Since changes in pressure affected the rate of adsorption 
more than considerable changes in temperature, the final estimate of 
temperature coefficient was reached by finding the empirical law connecting 
reservoir pressure with deposition rate, and then repeating the whole in¬ 
vestigation at a sensibly different temperature, finally checking the first set. 

We proceed to show how the quantities i, measured as oscillogram or¬ 
dinates proportional to emission, can be transformed into the quantities 0, 
temperature dependence of whose rate of change is a measure of heat of 
activation. 
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3 Method of calculation 


Let 6 bo the fraction of the tungsten surfaoe covered with a layer of 
adsorbed gas Let N be the number of adsorbed particles per cm.* which 
would fill a “complete” layer, defined o.g. by contact packing or by one-to- 
one or other relation to lattice points Then BN is the actual number per cm.* 
and is equivalent to Ojrr, where or is the “occupied” area for one particle. 
The status of thermionic approximations to 0 is reviewed in a reoent paper 
(Johnson and Vick 19376); subject to the limitations there discussed, we 
adopt the “work-function” approximation as suitable for values between 
0-1 and 03, a range which covers our experiments. 

In the paper on evaporations it was shown that, if 0 is not largo, desorption 
into a vacuum can be represented empirically by expressions which may be 
summarized here in the form 
(o) at constant temperature, 

log0 = -t/C; 

(6) at different temperatures, 

log C =» c'/T. 

C is then the average duration of an adsorbed state. 

These empirical relationships are in accord with equations obtained by 
assuming that no secondary reactions occur, so that 




(i) 


dd 

dt 


-B K e -mr 

T o 


iog,| = -((-yVw. 

r o 


( 2 ) 

( 3 ) 


t 0 was obtained experimentally as 8 x 10 -14 sec. and E as 147,000 + 3000 
when k = 2, i e in cal./mol. 

0 was obtained in the usual manner as 


g _ logtfl-logi'o 

log*i~10R*o’ 


W 


depending on its definition, ~^o> and on assumptions as to A in 

the Richardson equation i = AT i e~*i kT . These assumptions are discussed 
in the papers referred to (1937). It happens that a knowledge of i v the 
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emission from a fully covered surface, was not needed in the study of evapora¬ 
tion, as the required data were sequences of 0 at constant temperature and 
different times, in any of which sequences 


= lQ g*fl<i)-log»o 
logt^-logto 

The corresponding equations for deposition can be written by enumer¬ 
ating the appropriate factors, 

N*? = (l-0)i>Ke^ r . (1') 

at 


v is the number of impacts per rm.*/sec from the gas phase. When the 
system reaches equilibrium, the isotherm formed by adding terms oi re¬ 
combination or evaporation or oxidation may involve \ instead of unity aB 
the power of v, according to the nature of such processes which for our small 
values of 6 we neglect. Again, if certain mechanisms aro assumed for the 
dissociation, the power of (1 - 8) might become 2 instead of unity, with the 
effect of multiplying the right-hand side of equation (3') by a factor ranging 
between 0-9 and 0-7. This might extend the range over which our graphs are 
linear, but has no appreciable effect on our results; we prefer to leave the 
equation of deposition in its simpler form as we do not wish at this stage to 
assume any particular mechanism of dissociation. 

E' and K express the possibility that not all molecules striking the bare 
metal may be able to contribute to growth of the layer; they represent the 
temperature dependence and any other factor in a “ condensation coeffi¬ 
cient” about which we sook information. 

Using the equivalence of N and 1 /<r, sinoo the former does not disappear 
from the deposition equations as it did m evaporation, 

(\-0)v<rKe-VW t (2') 


and since 


dO d( 1-0) 
dt dt' ’ 


1 ° g *l-| = " (<_g( ^ e - iC,/fcT) - (3') 

Comparing (1'), (2'), (3'), with (1), (2), (3), it becomes apparent that the 
convenient elimination of is no longer valid, since the ratio of values 
of 6, using (4), (5), does not give a ratio of values of (1-0). Instead of 
obtaining, as in evaporation, a value of r at each T by plotting \og t d l j6 t 
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against time in terms solely of observed currents, our observed data now 
have to be related to an origin only indirectly accessible. The expression 
corresponding to (5) becomes 

l fog *0 

1-tf l = log h-log i 0 , 

l-6 a 1 log log i 0 ' 

log h ~ log *o 

Thus for the experiments on deposition 6 = 0 O at t = 0, where 0 O is zero or 
a small known quantity, instead of 6 tending to zero at t = oo as in evapora¬ 
tion; hence the present work requires to be plotted against t the funotion 


1 “ 


log 10 i —login to \ 

l°gioh-iog,pV 


( 0 ) 


Such a plot will yield as slope the quantity mKe~ E!kT , which formally corre¬ 
sponds to (l/r 0 ) e ' mT in the previous problem. 

It is now known that i v which wo need in the present problem, oannot be 
measured directly. Since any apparent Richardson plot for the composite 
surface is distorted by the continuous transition from one adsorptive 
equilibrium to another, it fails to exhibit the true law of emission for the 
completely covered metal, which must be reformulated to accord with the 
contact potential between 0 W and W. It has been shown however (Johnson 
and Vick 19370) that measurements of the temperature dependence of 
steady omission from W in the presence of oxygen are indeed consistent 
with a work function deduced from Reimann’s contact potentials if a 
reasonable assumption as to the emission coefficients is made. On that 
basis we have shown how the angular and vertical displacement of the 
Richardson plot for 0 W relative to that for W may bo estimated, even though 
the emission currents which it represents cannot actually be observed. 

From such a pair of lines for OW and W we read off the value of 
log 10 h ~ l°Kio *0 at ©acb temperature required for the present work. The 
numerical range is from -3-8 to - 4-2, and admissible variations in the 
quantities from which it is derived, e.g. the constant A, will exert only a 
minor effect upon our results. 


4. Results and Conclusions 

When the experimental data are plotted as described in section 2, the 
passage from a rising to an approximately constant gas pressure is at once 
suggested by the form of inflexion leading into exponential curvature 
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(fig. 2 a). When the logarithm of the decrease of bare surface is computed 
from these curves by means of equation (6) the linearity of its central portion 
confirms this suggestion. On our theory a definite slope is controlled by v in 
equation (3') at any given temperature. Fig 26 illustrates this feature and 
also the subsequent divergence from linearity terminating the exponential 
portion. The divergence is ascribable to the fall of pressure after its maxi¬ 
mum, but at <9 > 0-3 it may also include breakdown in the linear relation 
between 6 and <f>> tho precise limits of which are unknown At large values 
of 0 evaporation and interaction between adsorbed atoms would also cease 
to be negligible. 



Time 

Fto. 3. Variable* controlling rate of deposition. 


The primary dependence of the rate of adsorption upon pressure rather 
than upon temperature is shown in the examples of fig. 3, where only the 
linear portions are reproduced, corresponding each to some constant pres¬ 
sure, to a first approximation each set of such lines at a common pressure 
has a common slope differing only from another set at any other pressure. 
For the second approximation, even with the improved methods of section 2, 
there has to be recognized a slight scattering about any such “common" 
pressure, tending to mask any effect of temperature; but by selecting pairs 
of lines whose gas conditions were known from their place in a sequence of 
admissions to be closely identical, and plotting the logarithm of their rate 
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of deposition on a large scale against I IT (fig. 4o), temperature differences 
all of one sign became evident, two sets for instance yielding heats of 
activation of 18,000 and 22,000 cal./mol. Srnoe the usual method of plotting 


io. 

r 



Fig. 4. Temperature dependence. In fig. 4(6) x indicates !T=2272 0 , + indicates 
T=2122°. 

against reciprocal temperature suffers seriously in this case from small 
fluctuations in the gas conditions, these rough estimates were not regarded 
as more than establishing the existence of an activation, and were supple¬ 
mented by the following. Two temperatures were selected, after preliminary 
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calculations based on desorption rates, to be widely separated without 
allowing evaporation or other secondary effect to become appreciably 
disturbing, and new sets of oscillograms were taken at a number of suitable 
pressures for each temperature. The rates per second of log(l —6), giving 
V(rKe~ I£ ' ,kT t were then plotted against teservoir pressure for each temper¬ 
ature. The two curves (fig. 46) obviously are empirical representations of 
the fact that the more copious gas admissions are the more rapidly evacuated, 
and are therefore non-linear, but the laws of pumping will not alter from one 
filament temperature to the other, especially as the first curve was repeated 
after the second. Hence each curve may be taken as smoothing the un¬ 
avoidable fluctuations in the dominant variable or gas pressure, allowing 
the separation between tho two curves to demonstrate the dependence upon 
the secondary variable or temperature Ordinates were compared at different 
places along these graphs, yielding a mean heat of activation of 24,500 cal./ 
mol. Repetitions suggest a wide latitude ± 3000 which is not merely due to 
the low accuracy of extracting the temperature dependence from the 
pressure dependence; in the earlier work on evaporation wo had found that 
the heat of desorption could rise from tho 150,000 of an “aged” but not 
eroded wire to noarly 200,000 in its lator life, and in the present case there 
is some indication that probability of condensation alters with ageing. It is 
not unlikely to vary so much with micro-crystalline structure that precision 
in any particular determination would bo misleading, and attempts to 
distinguish intermediate steps of tho temperature rango could add little. 

The considerable differences in initial 0 for sensibly similar lines, e.g the 
low pressure set on the right of fig 3, indicate that up to 0-3 tho progress of 
condensation is independent of tho presence of already adsorbed material. 
Rates of deposition so nearly alike when initial 0 for one experiment exceeds 
final 6 for another, at pressures too low for temperature to be tho dominant 
variable, lend some support to two of the most inaccessible assumptions in 
thermionic studies of surface reaction (a) that in the main a single process 
iB being traced, not a transition to interaction fietween surface particles, 
(6) that the thermionic approximation to 0, namely 0-0 o /0i-0o» is not 
seriously vitiated in our rango by distortions such as are well known m the 
case of alkalis at large values of 0. 

It is useful to estimate the order of magnitude of the number of gas 
impacts at the filament itself, as indicating the relative importance of K 
and R' or of temperature-dependent and independent terms in the prob¬ 
ability of condensation. From our graphs, when v<rKe~ K ' lkT is nearly 2, the 
fraction e~ s 'l kT is 5 x 10~ 3 . <r is of the order 10 -18 . Hence v is about 3 x 10 17 
per cm^/sec., if K is unity. If K is loss, v is correspondingly greater. 10 17 
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implies a pressure of about 3 x 10~ 4 mm., which is a reasonable fraction of 
our measured reservoir pressures considering the size of slits, etc. in use 
and the time of building up of pressure. The rate of thinning of filament, 
compared with that resulting from higher pressures showing visible dis¬ 
charges, indicates that actual pressures at the filament cannot much exceed 
this estimated amount; hence K need not be much less than unity. The 
temperature dependent term, which is between 10~* and 10 -3 in the vicinity 
of 2200° abs., may then be regarded as the main reason why the conden¬ 
sation coefficient as a whole is small. 

It has been assumed throughout that the temperature of the surfaoe is 
completely controlled by the filament heating current, whose constancy 
was maintained with precision at each selected value This assumption 
would fail if any of the following contributed appreciably to the thermal 
state of the filament: (a) liberation of heat of adsorption, (6) cooling by 
thermal conduction in the gas, (c) cessation of the cooling normally caused 
by electron omission, when that omission is inhibited by the oxygenation. 
By considering the magnitudes of 9, the expenditure of energy which 
maintains the thermal equilibrium of the wire, and the proportion of con¬ 
ductive to radiative losses at these temperatures, it can be shown that our 
results are not affected by the maximum disturbance which could arise 
from these sources. 

It remains to add a brief note on the connexion of this energy of “activa¬ 
tion ’’ with uses of the term in recent research and with implications outside 
our range of temperature The theory of Lennard-.Jones (1932), explaining 
how energy might bo needed for transition from molecular to atomic binding 
oven when the work of dissociation is supplied by heat of adsorption, 
provided a picture of activation. Simultaneously the theory also suggested 
other activations needed for the migrations which allow diffusion of adsorbed 
gases into a metal. This second instance of activation was the one which 
obtained confirmation in experiments on slow sorption, to which accordingly 
the name of “activated adsorption” became commonly attached. Owing 
to the high velocity of “chemi-sorption”, as the initial dissociation has 
often been called, the latter’s status as activated adsorption has been lost 
in many publications, a situation which seems to call for direct measure¬ 
ments of temperature dependence of the condensation coefficient. For this 
our oscillographic method removes the obstacle of the high velocity. 

In claiming that a law for oxygen deposition in this range of temperature 
and pressure has been thus brought within reach of experiment, we do not 
imply that it is the only law for all temperatures. For instance, if our 
estimates of K and E' are inserted m equation (!'), and this expression were 
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assumed to be a complete account of the phenomena down to room tem¬ 
perature, there would be suggested a very slow rate of formation of the 
atomic layer from 0, simply impinging upon cold tungsten without accumu¬ 
lating; on the other hand there exist several items of evidence suggesting 
that adsorptions indistinguishable from these in many of their consequences 
are able to take place without incandescence (e g Reimann 1935). It must, 
however, be remembered that the formation of an () x layer requires some 
source of 0 2 and that at high and low temperatures the sources are not 
comparable, at our temperatures the large fraction of impinging molecules 
which fail to be activated will evaporate rapidly, so that no surface accumu¬ 
lation of 0, can be considered as supplementing the supply impinging from 
the gas. But at low temperatures the alternatives available to molecules 
striking bare metal arc not merely a dissociation or a desorption but also a 
finite duration of lifetime as surface layer within such lifetime will occur 
a slow transition into atomic states which is not allowed for in the simple 
treatment appropriate to our problem at high temperature. 


5 Summary 

An experiment is devised for investigating the passage of small and 
reproducible quantities of oxygon over a hot tungsten filament whose 
surface purity can be ascertained by observation of its thermionic emission 
immediately before each admission of gas The oxygen pressure at the 
filament surface is made to rise within a fraction of a second from a high 
vacuum to a transient value with a flat maximum of 10 s to 10 -4 mm This 
enables the rate of primary adsoqition to be isolated, and its dependence 
on gas pressure and on temperature to bo determined, without the resulting 
monolayer becoming sufliciently dense to allow oxidation and appreciable 
thinning of the filament. The adsorption is traced by photographing the 
accompanying fall of electron emission by means of the oscillographic 
technique described in previous pa[>ers. Within a range of temperature and 
pressure such that evaporation is negligible and interaction between 
adsorbed particles is rare, the uncovered fraction of the surface decreases 
exponentially with time over a portion of each experiment. This enables a 
condensation constant to be obtained and its temperature dependence 
evaluated. The temperature coefficient which is found implies a heat of 
aotivation of 24,000 ± 3000 cal /mol. in the vicinity of 2200° abs. The 
bearing on theories of activated adsorption is briefly discussed. 
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Significance tests when several degrees of freedom 
arise simultaneously 
By Harold Jeffreys, F.R.8. 


{Received 29 December 1937) 


1. If a set of observations are analysed for a new parameter a, which is 
initially as likely as not to lie zero, and the possible range of whoso values is 
8 if it is not zero, we can denote the proposition that it is 0 by q, and the 
proposition that it is not 0 by ~q* Then the prior probabilities of q and ~ q 


are given by 


P(q\M = P(~q\h)=\, 


(1) 


and the posterior probabilities on data 0 are shown, by an approximate 
argument (Jeffreys 19376, p. 230), to be given by 


P{q\0h) I P{q\h) _ « 

“ P(~q\0h)l P(~j}h)- J(2n)<r 




( 2 ) 


where a is the maximum likelihood solution for a and <r a its standard error. 
Since s is initially fixed and <r a decreases like n -i when n, the number of 
observations, increases, the outside factor is proportional to yjn. If K is loss 
than 1, the observations support the introduction of the new parameter; if 
K is more than 1 they do not. I11 the cases so far examined the critical value 
of a/(r a ranges from about 1*8 to 3 as the number of observations rises from 
6 to 5000 


1-1. Approximate rules can be given for cases where several parameters 
are tested at once. In such a case q is the proposition that none of them is 
needed, but -~q breaks up into a set of alternatives q v q t , , q m , each 
asserting the genuineness of one of the new parameters. These alternatives 
are not exclusive, since several of the new parameters may conceivably be 
relevant. In many cases, however, they can be supposed independent in the 
sense that the presence of one of them gives little or no reason to expect any 
of the others. Suppose then that the prior probability of any of q v q 2 ,..., q m 
is k, and that these are independent Then the probability that all are false 
is (1 — k) m . But the proposition that all are false is q; hence if the presence 
of any of the new piarameters is as likely as not we have 

(i-*r=*, (i) 

whenoe k = 1 - 2~ Vm = m~ l log 2, (2) 

* My q m always what Fisher (1935) calls a “null hypothesis 
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when m is large. If we arrange our work so as to test one new parameter at a 
time we shall therefore have 


P(~fc|A) 1-* 1 . m 

PfolA) “ * = 2^*" — 1 — ' log 2 


l-44ro. 


(3) 


The ratio K depends wholly on the data, and the ratio of the posterior 
probabilities of ~q x and q x will be got by multiplying the expressions 1 (2) 
and M (3). The test will therefore be the same as for one degree of freedom 
except that the outside factor must be multiplied by the quantity given in 
(3). It remains true that for constant m the outside factor is proportional 
to »*. 


1 -2. It may happen that the propositions q v q t , ..., q m are not inde¬ 
pendent; in some problems, if one now parameter is needed to express the 
data we should expect some of the others to be needed too. Thus, if a harmonic 
variation is suggested in a series of measures and a cosine term is present we 
may accept the corresponding sine term at once as giving only a deter¬ 
mination of phase. In that case, if k is the probability that the cosine is 
needed, the probability that the sine is needed, given the cosine, is practically 
1 , and the probability that neither is needed is still 1 - It, not (1 - fc) 2 . We 
should therefore get our test by taking 


P(q I h) = P( qi | h) = i, 


and the test for a single degree of freedom needs no alteration. 

Thus the rule for a single new parameter can be adapted easily to cases 
where several new parameters come into consideration together. The ratio 
P(q | h)jP(qx | h ) is the same whichever we choose to test first. In the latter 
type of case, wo should naturally test the one that gives the larger coefficient 
in relation to its standard error, and the test would be the same as for one 
degree of freedom. If this term is a cosine one, and passes the test, the sine term 
will be accepted at once. In the former type, where the relevance of one new 
parameter gives no particular reason to expect any of the others, the allow¬ 
ance can be made by multiplying the outside factor by the expressions in 
1-1 (3). The natural procedure would then be to compute x 2 on the hypo¬ 
thesis that no new parameters are needed and inspect the distribution of the 
contributions to it. They can be tested in turn, beginning with the largest, 
and those that pass the test, with tliis allowance for selection, can be 
accepted as genuine. 

1-3. There is an intermediate case, where the presence of one new para¬ 
meter may increase the probability that another is needed without making 
its acceptance automatic. An approximation to this case can be made by an 
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extension of Laplaoe’s theory of sampling. Suppose that there are m 
elements, such as a system of means, with known standard errors, to be 
tested. Our problem is to say whether any of these Bhow departures that 
support systematic differences, and if so, which. There is some difficulty in 
such a case about assessing the prior probability that the first one tested will 
be abnormal. I have on two previous occasions used k = m~ l log 2, but this 
rests on the hypothesis of independence and is certainly too low. The 
difference is not very important, however, for practical application. Our 
problem will be to draw the line between the abnormal and normal cases, 
and the work will end at, say, the pth largest contribution to y*. Then at this 
stage p — 1 abnormal contributions are known and m-p normal ones The 
probability at this stage that the pth is abnormal is given by Laplace’s 
theory as p/(m+1), and we shall allow for it by multiplying the valuo of K 
by (tn —p + l)/p. This will be very accurate. A convenient way of beginning 
is to accept as normal all contributions less than 1 and to take for the 
extreme one an additional factor got by putting p = 1, that is, simply m. 
This would be equivalent to saying that there is initially an even chance 
that one new parameter is needed, but that we do not know which of the tn 
it is. If the extreme departure turns out to be significant with this allowance 
for selection, we can proceed inwards and outwards till the two series meet. 
At any stage the extra factor needed will be taken as (r + 1 )/(s + 1), where r 
and s are the numbers already accepted as normal and abnormal respectively 
It may happen that the number of small contributions to y* is small; in that 
case a number of large ones will soon be accepted as systematic, and wo may 
be led to proceed inwards so far as to cast doubt even on those originally 
taken as being random. Then these also will have to be reassessed Such a 
case may arise in some comparisons of measures of physical quantities where 
the systematic errors are suspected of being several times the admissible 
random ones. 

1*4. We have therefore three different types of problem involving more 
than one degree of freedom, which can be treated by simple adaptations of 
the method for one degree. It appears to be important in any application to 
state clearly which type is the relevant one in the particular case studied. 
A test for an empirical period selected merely because it gives the largest 
amplitude of those found by harmonic analysis would be a case of M (3). 
In many agricultural experiments, I believe that the main tests refer to 
propositions whose prior probabilities could reasonably be taken as but 
the work is arranged to test various interactions of different degrees of 
complexity at the same time. The evidence for the relevance of the latter 
degrees of freedom would rest on the extreme departures from the predic- 
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tions made by the hypothesis of independence, not on any previous ground 
for expecting them individually, even to the extent implied by a prior 
probability of J. In such a case the previous knowledge with respect to these 
higher degrees of freedom may be expressible by the rule 1*1 ( 3 ), which 
allows for selection.* 

In the question of the mutual influence of earthquakes in different regions 
(1936, pp. 441-5) I used the rule of (M), but that of ( 1 * 3 ) would have been 
more appropriate. In discussing the systematic errors of seismological 
stations (1937a, p. 39) I applied (M) to the extreme departure and then 
proceeded according to ( 1 - 3 ), but it would have been better to use 1*3 
throughout. The difference does not affect the inferences actually drawn. 

2 Now even with such allowance for selection as may be needed it remains 
true that the outside factor in the support for q is of order n*, this factor would 
be the support provided if the estimates happened to agreo exactly with the 
predictions made by q. In the case where the occurrence of one new function 
in a representation would imply one or more others, as for a harmonic varia¬ 
tion, the test for all together will approximate to that for the largest 
coefficient. But this condition is not satisfied by the test that I have 
previously given for such a case (1936): if the number of functions entering 
together is m, I obtained a factor n im . It seems that this cannot be right. 
The method used treated them symmetrically, which was desirable, but 
if a cosine term has coefficient 3 ± I it can hardly make much difference to 
its acceptance whether the sine has coefficient 0 ± 1 or 1 + 1, and this only 
makes a difference of a factor Ofi to A" in my previous formula. Within such 
limits the test for a cosine separately should be correct for a cosine and sine 
together, and if the coefficient is significant both terms should be accepted. 
The essential point is that the outside factor, lor any value of m, must be of 
order n 1 . If it was of order n |m this approximation by testing the largest 
coefficient would be utterly wrong, and the considerations given here show 
that apart from a factor of order unity it should be right for all values of n. 
Indeed the factor n for a pair of harmonic terms makes the test for the two 
together as severe as separate tests for the two would bo, disregarding the 
fundamental condition of the problem that if one is accepted the other will 
be. 

The factor n* in the problem of one new parameter enters because if the 
solution for a is under <r„, that is what might be expected if a was really 0, 
but if a might have been anywhere in a range s the probability of the result 
would have been only of order <r„/s. Hence we accept the hypothesis that 

* Fishor (1936, pp. 65-6) makes an analogous recommendation. 
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requires the less remarkable coincidence, and our rules show that in these 
conditions P{q\0h)(P(~ q\6h) must be of order «/<r n , which is of order 
The appearance of n tw in the test of several new parameters means that if 
they all come out less than their standard errors it requires m coincidences 
of this kind on the hypothesis that they are genuine. It is clear, however, 
that it only needs one. If the amplitude of a harmonic term iB small both 
coefficients must be. Further, if the prior probability of an amplitude, on 
hypothesis ~q, is taken as uniformly distributed from 0 to », and the 
amplitude found is of order <r n , the ratio K will be of order n*, which is what 
we need for consistency with the approximate rule. Any other jiower of the 
amplitude would lead to a different powor of n. 

The rule given for the prior probability for the caso of a pair of harmonic 
terms <j2(a cos x + b sin *) was, for a 4 + b* < s 2 , 

P(dadb \ ~q,s,h) — dadb/na 3 , (1) 

where s* is the true expectation of the outstanding variation when we begin 
to consider the terms. This says that if a and b are small compared with s 
they give a negligible amount of information about each other. But this is 
plainly wrong. In the conditions considered, which will regard the phase 
as initially unknown, we should normally expect 6 to be of the same order 
of magnitude as a until there was positive reason to believe the contrary. 
If a was small and the phase happened by a coincidence to be nearly 0 or 
this would not be true, but this has a negligible prior probability if the 
phase is initially unknown. The above form would say, in fact, that if the 
coefficient of the cosine is small the probability of that of the sine is still 
uniformly distributed from -^(s 4 -o ! ) to + ^(s 4 - a 1 ), and therefore that 
we can lie nearly sure that the phase is nearly ± $7 t. This is not the inference 
that anybody would draw, he would infer that the amplitude was probably 
small and that the phase might still be almost anywhere in a range n. 

The form (1) was adopted because it would make the posterior probability 
density for a and b, given s, come at the maximum likelihood solution, and 
therefore was in accordance with present practice. This consideration, how¬ 
ever, is irrelevant, because with any ordinary distribution of the prior 
probability, uniform or not, the estimates by inverse probability and 
maximum likehhood would agree within much less than the standard error 
of a determination by either method (Jeffreys 1938 a); the only exception 
would be if our previous information about a and 6 was comparable in com¬ 
pleteness with what the new data could tell us ThiB does not arise m the 
present problem, in which their very existence is in doubt. It is clear that 
the hypothesis of the pnor irrelevance of a and b to each other must be 
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abandoned. The objection to it is analogous to the correction that I have 
made already to my previous solutions for sampling and contingency 
(1,937 «*)■ In fc his I showed that for two adjacent entries in a 2 x 2 classification 
to be both small wo require only one coincidence, whereas my previous 
solution, assuming too great a degree of independence, would require two. 
The same applies to a pair of Fourier coefficients. 

To bring the analysis into accordance with the above considerations we 
must take the prior probability of the amplitude c = y J(a i +b i ) as uniformly 
distributed from 0 tos. (If we combined the uniform distribution of the 
prior probability of c* with uniform distribution for phase we should be led 
back to (I) and to the previous inconsistencies.) Then 

P{dc\~q,a,h)=>dcl6. (2) 

The phase $ may be from 0 to 2ir, hence if the amplitude gives no information 
about the phase 

P(d(f> \~q,s,c,h) - d(f>l‘2jj (3) 

and P(dc,d<tt\~q,s,h) = ^~ P(dadb\~q,t,h). (4) 

This form will replace (1). The joint probability density of a and b is no 
longer uniform, since it increases when c is small. 

To generalize to m degrees of freedom, we seek a representation in the 
form 

y = 8aJ,(x), (5) 

where 8 denotes summation over all the functions /, and the functions are 
orthogonal. We have no previous opinion on the relative importance of the 
m functions/,, and shall therefore maintain symmetry between them. We 
take them so that the expectation of when x is equally likely to be any¬ 
where in its permitted range is l, thus for a constant term we should take 
/„ = 1, for a linear term, valid between x = ± 1, we should take/, =» x^/3, 
for a pair of harmonic terms we should take /, = yj2ccmx, f a =» ^2sinx. 
Then the expectation of the contribution of the new terms to y* is 8aJ, by the 
condition of orthogonality. We put 

Saf = c*; (0) 

c is then a generalized amplitude for the new termB. If it is small it implies 
at once that all the new terms are small. The hypothesis ~q asserts that c 
is not zero, and the ease of two degrees of freedom suggests that we should 
take 


P(dc\~q,8,h) * dc/8, 


(7) 
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if«is the greatest value that c can have. The coefficients a t may be regarded 
as the components of a vector of length c in m dimensions, whose direction is 
unknown. Given that this vector is between c and c + dc, we express ignorance 
of its direction by taking 

P{da l da a ... da m | ~ q, dr., a, h) = da x do, . daJdV, (8) 

where dV is the volume of the spherical shell between radii c and c+dc. 
The volume of an m-dimensional sphere of radius c is 


ff* m C 

(Ml’ 


Owlm-m-l 

whence dV =• r . - ,r,dc. (10) 

($ro-1)! 

Hence, by the product formula, 

pi*.,*,, UD 

This is easily seen to reduce to the correct forms da/2s and dadbj2nca when 
m = 1 and m = 2. 

3. Lemma We need an approximation to the integral 

1 = JJ*...j*(tfa?) -1(m_1) exp{-£*<S(a,—a,) 2 } da x .da M (1) 

over all values of the tt’s, 8 denoti ng summation with regard to l from 1 tom. 
First change the variables to an orthogonal set b, so that 




= Beyt, 

(So$f 


( 2 ) 


Then b t is the component of the vector a, in m dimensions in the direction of 
Of, while the other b' s are components at right angles to and to one 
another. Then the integral is 


/ - JJ."J(M?)- |(W «exp {-k*(b l - y /Sa* l )*-k*S , b'}db 1 ...db m , (3) 


S' denoting that is omitted from the summation. Now put 

bl+...+b* n =p. (4) 

These variables appear only through/; and through a volume between two 
slightly different values off, 



Urn- 


( 5 ) 
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Thus 

7 = JJ (6!+/, )" Km ~ 1)exp{-m_ ^ a,), - ifc,/,} (6) 

Now transform the variables so that 



6J + /* = c*, f* = cH. 

(7) 

Then 

S(b lt f) c 

d(c, t) 2t»'(l—f) 4 ’ 

(8) 



(9) 


So far this is exact.* It is necessary that m> 2 for the previous trans¬ 
formations to be possible. The integral is therefore always convergent. 
For m — 2 the integrand is infinite at t = 0, for m = 3 it is finite, and for 
larger values of tn it is zero there. 

Consider first the case Sa* =» 0. The integral is then a Beta function, and 




( 10 ) 


I decreases steadily as Sa* increases. For brevity we denote the latter 
simply by S. Suppose now that k*S is large, so that most of the integral 
comes from fairly small values of t. If we omit the factor in 1 - the 
maximum of the integrand is at 


t 


to — 3 

Ws 


(“) 


for to > 3; for to = 2 or 3 the extreme value is at t — 0. For 2 k*S = m the 
maximum is at t < J until to = 6. The important values in our applications 
will be for 2k*S somewhat greater than to, and the largest value of w that 
appears worth considering iB 10, so that the maximum will never be near 1. 
Now for f = 4 

(l-0*exp(i<) = 2“»e‘ = 0-908 (12) 

and the difference from 1 for smaller values of t is nearly proportional to <*. 
So long as the maximum is at a value of t less than 4 we can therefore replace 
(1 — f) -4 hy exp(|f). For larger values of to, where the maximum may be 

* The transformation has a branch point at 6, = 0 (t = 1) and the integral is the 
sum of two corresponding to opposite signs of fcj. If we restrict ourselves to oases 
where the observed amplitude has the right sign, another factor 

Kl+erffcVfSaVVa-O} 

is needed, but this is unimportant m actual cases. 
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near J, the maximum is sharp and we may replaoe 1 —t by its value at the 
maximum. With either approximation we can extend the range to infinity. 
With the former approximation, 




This will be valid for m = 2 and 3, and for larger values if 2k 1 S is larger than 
4(m-3). 

With the latter. 


1 - I«!>< - ra,) *• ( 1 - m mY 

j ypscty*-*\ ws) ■ ' ‘ 

This will be valid for m = 4 and more if 2k 2 S is larger than m and between 
2(m-3) and 4{m~3) 

A different form of approximation would be needed if the maximum came 
at t =» f or more, but this does not concern us If m = 10 and 2 k*S = m, 
t is still only 0-7, and it will be seen that the relevant values of 2 k 2 S are 
distinctly larger. 

If m — 1,(1) integrates directly and gives 


forall values of 8. But(J0)and(13)reduce to this form => 1 and are therefore 
valid in this case also. 

If we form I 0 and 7 m , the values taken by / in (10) and (13) when 2k, 1 S is 
0 and m, we have 

Im U'w-l) 1 _= (2el* (161 

l 0 ir*(J m-*)‘»-» 

The approximation from (14) is more doubtful but suggests a ratio of order 
(|m)*e-l m . 

We could have proceeded by integrating (1) directly with regard to all the 
variables, giving to Sa * its value at the maximum of the exponential, 
namely, Sa, * This gives immediately 


( 17 ) 
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(13) differs by the subtraction of $ from k l Sx*, and (17) is therefore a little 
too small. This method of course breaks down completely for small values of 
Sx 1 , since it is then impossible to neglect the variation of Sa * on the various 
paths of integration. This makes the integrand vary more rapidly than the 
exponential for all directions except b v For larger values of Sx * the effect is 
still not quite negligible, but the effect of the variation with b t is slightly 
more important than the aggregate of the others It was on account of 
the uncertainty of the correction for this effect that the present method of 
exact integration for m— 1 of the components was devised. 

4. Departure from a uniform distribution of chance. This is the easiest case 
to discuss further. As for the case already treated ( 19386 ), where the 
suggested departure was linear, we introduce a parameter t linearly related 
to the independent variable x, and equal to 0 and 1 at the upper and lower 
limits of x Then on the hypothesis of a uniform distribution, which we 
denote by q, the chance of an observation lying in a particular range is dt. 
On the hypothesis of a departure of the type suggested the corresponding 
chance is {1 + SaJ,(t)} dt (S denotmg sum mation over the different functions 
fl(t)). We take the two hypotheses as initially equally probable; and if 


Saf = c*. (1) 

and the maximum possible value of c is «, we can write 

P(q\h) = P(6\qh) = n(dt), ( 2 ) 

iVjIM-l. (3) 

P(~qda 1 ...da m \h) = P{-q\h) P(da 1 ..da m \~q,h), (4) 

P(d ( ~qda v . da m ,h) = /7{l + Sa,f,(t)}dt, ( 6 ) 

whence 

P(q\0h) ocl, ( 6 ) 

P(~q\0h) oc -da m . (7) 

Now if we write <f> = I’logjl + 8a,f t (t)} ( 8 ) 

(£ denoting summation over the observations), wo have 


y_m _. Ji<t> __ V- m m 

H ~ ‘ {\ + Sajmr tektep {i + SaJM)}'' 


( 10 ) 
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Now it has been supposed that the functions are orthogonal and that the 
integral of the square of each is 1 . It is also supposed that the coefficients a, 
are small in the actual case. Then the sum of /*(<) over the observations, 
whose number is n, will bo nearly n, and that of fi(t)f k (t) will be much smaller 
on account of the condition of orthogonality. Then the stationary value of <j> 
will be nearly at 



(11) 

and <}> = .Flog{l + SaJ^t)}-\nS(a t -a,)*. 

But 0 = 0 when all the a, = 0, and can therefore be written 

(12) 

<f> = ^nSaf - ^nS(a t —a.,) 2 

to order a 2 . Then 

(13) 



x exp( \nSa.f) exp{ - \nS(a, - a,) 2 } da l . 

...da m . (14) 

The integral has the form treated in the lemma, with k 2 = \n, apart from the 
fact that the range isof order 1 instead of infinity; but both factors decrease so 
rapidly that this difference can bo neglected. Hence for Sa 2 = 0 we have 

P(~ q | Oh) oc (7r/2n)* 

for all values of m. 

The standard error of any a being »-*, we have 

(15) 

nSa. 2 = x 3 > k 2 Sa 2 = 

(16) 

and for m = 2 or 3 and ^ a > m, or m > 3, x* > 4{m ~ 3), 


P(~q\dh)cc b|# 

which is also right for m = 1. 

For m > 3, m < x‘, 2(m-3)<^ a <4(»»-3), 

(17) 


(18) 


Since P(q \ Oh) oc 1 , K is in each case the reciprocal of the expression (15), (17), 
or (18) 

K will evidently contain the factor ^ m_ 1 exp( - ^*), which is exactly the 
function that occurs in the usual x* test. The other factors are either constant 
or vary much more slowly with x*. They really arise because x 1 is not linearly 
related to any of the unknowns. For one degree of freedom, the estimate is 
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unbiased and the extra factor does not appear. But for any larger number of 
degrees of freedom xl^ n i 0 an estimate of the resultant amplitude system¬ 
atically increased by the sampling error. What the test does, effectively, is 
to allow for this increase by reducing x* slightly. 

Another way of expressing the point is to assume from the start that the 
function of the observations relevant to the test is y*. Then on hypothesis q, 
X 1 is entirely due to random error and the probability that it would be in a 
given range is proportional toy ™- 1 exp( - |x*)dy. On ~ if the real amplitude 
is large compared with the random errors, x is nearly proportional to the 
amplitude, and as we have taken the prior probability of the latter uniform 
the probability of dx is proportional to dx- Comparison gives K proportional 
to y m ~ 1 oxp( - j^ 1 ). But on ~q, if the real amplitude is small, the random 
variation still adds something near m to and this produces an outward 
displacement of the estimated coefficients and an additional concentration 
of x * in the region just above m. Hence in this region the probability of dx, 
given ~q, is distributed a little more densely than for larger values, and the 
function of x* that appears in K will be a little leas than exp( - Jy*). 

When x 3 = m, and m = 2 or 3, A 7 is about (2e)~* of its value for x* = 0, and 
therefore is still large if n is large. For larger values of m the value of K at 
X* = m is smaller, at least if the approximation given is valid; but the 
critical values are substantially larger than m and I have not thought it 
worth while to examine the appropriate approximation more closely. 

It is satisfactory that n enters through the power n* If we had chosen a 
different power of c in (3) a different power of n would have appeared in the 
result. The elementary argument based on testing the extreme coefficient by 
itself must give the right order of magnitude for the result, and leads to this 
power of n. The advantage of a more dotailod discussion such as this is that 
it uses the whole of the relevant information contained in the observations, 
whereas the simpler one does not. Thus if the coefficient of a cosine term 
came out 0-3 ± 0-1, this discussion would make a difference according as that 
of the sine was O' 1 or 0- 25, the elementary one would not. But it is reasonable 
to expect that the elementary theory would give a result of the right order 
of magnitude for all numbers of observations, and this condition is satisfied. 

The test will therefore say at what value of x*> greater than m, the data 
begin to support the introduction of new functions into the chance. 

Apart from the cases m = 1 and 2 I know of no practical applications 
where the conditions required for this test are satisfied. The case m= 1 has 
already been treated. A harmonic variation is an instance where m = 2. If 


/i(0 = J2 cos 27if; /,(*) = J2 sin 27rt, 
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the extreme values of a^f x + a t f t are ± <j2(a\ + a})*. Since 1 + 8a,f t must be 
everywhere positive the extreme value of c is 1 /^/ 2 , which is therefore the 
appropriate value of s. 

It is possible, however, that the true extreme would be a case where the 
entire chance is concentrated in one half-period, within which we can 
treat it as uniformly distributed. This would require higher harmonics to 
express it, but we may reasonably suppose that their coefficients are pro¬ 
portional to higher powers of a l and a s , and would not affect the prior 
probability distribution of the latter. Then if the true probability of an 
observation in a range dt is '2dt from t = 0 to J, 0 from 1 to 1 , we find by 

Fourier analysis , , 

J = 0 , er 2 = 2<j2/n, 

whence m a case of this type we should take s = 2^2/rr 

If the frequency distribution of stars with regard to direction from the 
sun was less obviously non-uniform, this test could be used to test the 
presence of a departure expressible by the spherical harmonics of a given 
order, so that higher values of m would arise There is nothing in the argu¬ 
ment that depends on the restriction of f,(t ) to be functions of only one 
variable. 

6 . The representation of measurements by assigned functions The funda¬ 
mental difference between this problem and that of testing a law of chance is 
that the random variation might turn out indefinitely small, m the problem 
of chances it is fixed by the numbers in the samples themselves. Thus three 
different observations lying exactly on a straight line would be strong 
evidence against constancy; but three like events in succession would not be 
strong evidence against an even chance. The systematic variation might 
account for any fraction of the whole variation outstanding at the beginning 
of the investigation, and the generalized amplitude r may reach s, the square 
root of the expectation of the square of a residual outstanding at that stage. 
But s is to be found from the scatter of the observations and is not, as in 
problems of sampling or distributions of chance, determinable in advance. 
It therefore enters as an unknown with the prior probability distribution 
appropriate to an unknown essentially positive quantity. This consideration 
was taken into account previously, but tho distribution of the prior prob¬ 
abilities of the coefficients of the new functions that might arise, for given 8, 
was wrong for the reasons indicated above. 

An unconsidered complication also needs attention. In my previous 
discussion ( 1936 , pp 432 - 7 ) I took the now functions /, to be mutually 
orthogonal at the actual weights. This leads to a mathematical simplifica¬ 
tion, but otherwise has little in its favour. It may well happen, in the case 
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of a suggested harmonic variation, that the bulk of the observations are 
concentrated near x = 0 and x = n, so that they give a good determination 
of the coefficient of a cosine but a very bad one of the sine. If we are in a 
position to choose the values of x where we make our observations of the 
quantity y that we are trying to represent, we should naturally place them 
to give equally good determinations of both, and the condition of ortho¬ 
gonality at the actual weights would be satisfied. Anybody conoemed 
mainly with natural phenomena rather than experimental ones will, how¬ 
ever, have to deal with the observations as they occur, and this condition 
may be far from being satisfied. It is therefore desirable to extend the 
analysis to allow for this complication. The statement of the problem is 
then as follows: 


P(q,ds\h)ocdsls, (0 

Pi-q.M,. da m \k)K a J^n, **, ■ ( 2 ) 

and if the observed values of y are denoted collectively by 6, 

P(tl \q,dt,k) = ex[>| - 2-|’ > ) Il[dy), (3) 


P(0\ 

Hence 

P(q, de\6h)cc exp( - 2’ J~ ), 

P(~q,ds,da 1 ..da m \6h) 


-L 


(y- Sa,/,)* 
2 («* — So 1 ) 


)nrn 


(4) 

(«) 


_ ( i m-iydsdaj... da m / (y-8a, m 

2 (** - Sa *)*«** y \ 2(a* - 8a *))' 


( 6 ) 


Put in (15) Zy* = tur*\ ** = l/2k*. (7) 

The exponential m (6) is the usual likelihood factor. Its maximum is at 
a, * a,, the solution of the normal equations, and we may write in (0) 

a, = a, + a* - 8a* = l/2fc*; Z(y - Sa,/,)* = tut'*. (8) 

Then 2’(i y-Sa,f ,)» = Z{y-S a ,f,)*+Z(S£,f,)* 

= ruT'*+Z(Sf,Q\ (0) 

If the observations are so distributed that the products of the & in (9) cancel 
we have the condition of orthogonality. But consider first the opposite case, 
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where the discriminant of this expression is so small that most of the 
variation of the integrand with regard to a m comes from that of 8a* and not 
from the terms in a m in the exponential. In this case the maximum with 
regard to a m is at a m = 0, and if we put 

Sa a = (SV+aJ,, (10) 


we have (11) 

and we can put a m = 0 in the other factors in (fl). Then (6) becomes 


P(~q, ds, da x ... do m _ x | Oh) 

(\m— l)!($m-2) ! dsda x ,.da m _ x 

00 »)T (SW)*^ (« l - 8'a*ji«s 3 ® XI> 


[- 


r (y -S'a,/,)' 

2(s* 


~ S'a*) J 


( 12 ) 


But if we ignored a m from the start, and considered only them - 1 parameters 
a x to a m _ v (0) would be replaced by 


P(~ q, ds, da x ... da m _ x j Oh) 

(Jm — j) 1 ds da x da ml 


isda 1 da mX r_j.it/- trajjn 

Km-» ( a a _ s l l L 2(s* - S'a 3 ) J ’ 


(13) 


and the ratio of those two expressions is 


{arn-$)f _ 

(|m — 1) !(|m — 2) • 


i + o 


<)■ 


(14) 


Thus the two expressions are equivalent for large m. For moderate values 
we have. 


m 23450789 10 

Ratio 0 0 04 0-78 0 80 0 89 0 91 0-02 0-03 0 94 


the expression in (13) being tho smaller. In such cases we should therefore 
proceed by rejecting the worst-determined jiarameter altogether, test the 
remainder by (13), and allow for the rejection by dividing P(~ q | Oh) by the 
appropriate number in the table; and therefore K will be multiplied by the 
same number. For m = 2 the exponential factor is still necessary to save 
convergence and the approximation (11) fails. In this case we cannot 
reject an unknown. 

The method suggested, if great departure from orthogonality is detected 
in the solution of the normal equations, will then be as follows. Transform 
the a t to a new set of orthogonal parameters b, (not the b t of the Lemma) such 
that the product terms of the exponent vanish. Then the variation with 
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regard to b m due to 8b* will be represented by a factor J(m - 1)6*,/<S'6*, and 
that due to the exponential will be represented by - The 

former will be the more imj>ortant if 


<r*(h m )>/?'6*/(m-l). 


(15) 


and therefore if the standard error of b m exceeds the root mean square of the 
estimates of the other parameters. If this is found to be true it will be best 
to ignore b m and test tho other parameters similarly, applying the correcting 
factor (14) in each case. The reduction of K will be partly cancelled by 
the disappearance of one term from 
The tendency of this rejection of badly determined parameters is to 
improve the orthogonality of the set, especially in the caseB where the 
estimates are such that there may bo any doubt about significance. Conse¬ 
quently we may proceed to consider the problem as if orthogonality held. 
Then (6) reduces to 


F(~ q, ds, da t 


.da m \Oh)cc 


dm- ])!<£»da, ...da m 

- So 5 )*"#* 


x exp[ - »ifc*{o-'* + 8 (a t - a,)*}] 

(J m -1)! dsda 1 .,.da m , H 

00 2n* m (iSte*)*< m ~w«* 

x expl — ra&*{<7' 4 + S(a ( - a,)*}], (10) 
(5) at the same time, the same factor being dropped, becoming 


P(q, d#\6h)cc k n exp - (nitty). 


(17) 


The integration with regard to the a, can then be done by the lemma. In 
the first place, if all the a t are 0, we find 

P(~q,ds 1oc ( “ c- nWr '’«fo, (18) 

and in this case <t' - cr. Comparing with (17) we have 


K = (2n/7r)*, (19) 

as for one degree of freedom and as for the frequency problem. 

For n = 2 or 3, and 2 ntfSa? > m, or n > 4 and 2n£*<S’a* > 4(m - 3), 


P(~q,d8\Qh)cc 


(| ot- 1 ) ! k n ds 

~ 2 Eft' 


exp (-nitty*) 
(nk*Sa^~ ‘ 
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For » > 3 and 2nk*Sa. t > to, 2(to - 3) < 2nk t Sa* < 4(to- 3), 


P{~ q, da | dh) oc 


(- 1 ) 1 k n da exp( - nk t <r' i ) / to — 3 
21c Jn 2 nifc*tfaV ' 


( 21 ) 


It remains to integrate with regard to a The rapidly varying factors in (17) 
are4 B exp(-nifc*o , 1 )andin(20) and ( 21 ) arc k n ~ m exp( — nlcW*). It turns out 
that it is not necessarily legitimate to neglect the variation of k~ m in com¬ 
parison with the other factors. The maxima are at jfe* = l/ 2 <r* and 
it* = (n-TO)/2no-'*. Hence our estimate of a in (17) is tr, but in (20) and (21) 

c T*-o*-tSa ,*, (22) 

«*-&• = n<T \ (23) 


The usual estimate of tho standard error of a, is tr'/Jin — to). Then 

2 _ { *-m)8* * 

X - 


(24) 


Integrating, we have, from the main factors in (20) and (21), 


(n-TO)«»- 1 )2*»‘- 1 (jTO-l)! 

(25) 

To this ( 20 ) will apply a correcting factor 


/ [ \ !(«*-») / 1 \ Km-l) 



(26) 

and ( 21 ) a factor ^1 —• 

(27) 


We can simplify (25) a little, on the hypothesis that mjn is small, by ex¬ 
panding (n - m)*<" • 1} in powers of mjn and neglecting the difference between 
X a jn and x 2 /(» —m). Then wo have 


. /I to 8 to \ 

/“Hi j 

2) m - 1 (^TO-l)’ * \ + n — mj 


(28) 


with tho extra factors from (26) and (27) The change in the form of the last 
faotor from the simplo exp( - of the problem of chance is due, of course. 
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to the fact that the standard error here is initially unknown, and corresponds 
to the difference between the normal law of error and “Student’s” distri¬ 
bution. My test for series of measures ( 19370 ) needs an analogous change 
when the numbers of observations are not very large. 

It has been supposed up to this point that the functions under considera¬ 
tion arise at the beginning of the investigation. Usually, however, a number 
of other parameters, the significance of which is not in doubt, must also be 
found from the data. The effect of this is to increase the uncertainties of 
the new ones, and this should be taken into account. If there are r of them, 
r new exponential factors appear in (5) and ( 6 ), and disappear when we 
integrate with respect to them, factors If being removed from (16) and (17) 
in the process. Thus our result must be divided by (<r'l<r) r . The effect is that 
the index of the last factor in (28) must be reduced from J(w - 3) to £(n — r - 3). 
Thus if the analysis of a new set of data involves the determination of a 
large number of parameters already known to be relevant, the last faotor, 
for a given set of residuals, may be substantially increased, and with it the 
difficulty of establishing any new ones In this formula, as adapted, the 
same definition of x* by (24) is supposed retained. 

If X s is not much larger than m, even if it is significant, it will be impossible 
for many of the estimates of the parameters to exceed their standard errors. 
We may find that there is a significant departure from q in a very vaguely 
determined direction if m is large. 

The foregoing analysis deals with the case where the functions introduced, 
as far as we know originally, might account for almost the whole of the 
outstanding variation. In many cases, particularly in astronomy, the 
previous information is enough to indicate the approximate bmits of the 
outstanding variation and of the amplitudes of the terms to bo tested, and 
the latter are appreciably smaller. In observations of the variation of 
latitude, for instance, I believe that the whole range of the effect is already 
well known to be under a quarter of the standard error of one observation, 
and ib determinable only by combining numerous observations made under 
such conditions that it is practically certain that the bulk of the systematic 
errors will cancel. Chapman’s determinations of the lunar atmospheric tide 
are a still more striking case. In such a problem 2 (7) does not represent 
the previous information, and must bo replaced by 

P(dc | ~q,8,h) = dc/p, 

where p is the permitted range of c indicated by previous considerations for 
the particular problem. The result is that in the above analysis da fa* must 
be replaced by dafpa wherever it occurs, and the range of integration for the 
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a t is through a sphere of radius p instead of s. If the <r(a,) are larger than p, 
the integration removes from P(~ q \ Oh) all factors depending on the a t , 
and Anally leaves K nearly 1. Thus until»is of order <r*/p* the test is quite 
indecisive. This is what we should expect, but it is satisfactory that the 
analysis should lead to it. For much larger values of n the previous approxi¬ 
mations are valid, and the result will be that P(~ q | h) is multiplied by 
tr/p and K by p/<r As the latter is small it becomes possible to infer a small 
systematic departure, when it is already exacted to be small, more readily 
than when it is not. 

6 . Test for independence, from means of measures. It is often found that 
summary values found by statistical treatment do not agree as well as the 
usual theory of combination of observations would imply. Now one possible 
source of error in this theory is that it assumes the errors of all observations 
independent. This is the type of assumption that leads to applications of 
Bernoulli’s theorem, and when this happens I think that wo should always 
look out for danger and test the hy|>othesis in question as soon as sufficient 
material is available. The common statement that the standard error of a 
moan is the standard error of ono observation divided by the square root of 
the number of observations is not justified by the theory of probability, as is 
often stated; it is the result of the theory combined with the hypothesis of 
independence of the errors, and the latter is open to doubt. There is evidence, 
for instance, that the personal equation of an observer varies from time to 
time, bo that there is a systematic effect running through a scries of observa¬ 
tions and therefore violating the hypothesis. We need a tost that will reveal 
such an effect if it exists 

Suppose that we have mr observations arranged in order, and divided into 
m groups of r each. The whole mr yield a mean x and a standard deviation <r 
The 1th group alone gives moan x t and standard deviation er ; . If we take the 
mean of thegroupmeans we recover x, and their standard deviation about it 
is t The questionis whether r is consistent with the value tr/^/r inferred from 
the usual theory, or whether it is sufficiently greater to indicate that besides 
the random errors there is a systematic effect that may affect the whole of a 
range and possibly tie reversed in the next. 

We shall regard x as an estimate of a true value a. The hypothesis of 
complete independence is our q, and we shall suppose that the probability 
of one observation x, on this hypothesis, is givon by 

P^.a.s.K )- 


( 1 ) 
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On the comparison hypothesis ~q the probability of an observation is 
distributed normally about a value a, special to the group. Then 

(2) 

We shall suppose also that the probabilities of the a,’s are distributed 
normally about a with standard error t, so that 

P(da, A) = (3) 

Since in either case s® is the expectation of the square of the departure of an 
observation from a, we shall have 

s® = «'*+<* (4) 

We treat a as originally unknown and capable of any positive value, so that 
P(da | qh) = P(da | - qh) oc da/s, (5) 

and t as unknown and ca[>able of accounting for any fraction of a, so that 
P(dt\~q,a,h) ~dt/a. ( 6 ) 

Combining these probabilities by the product rule we have 

P(q,dada\h)(Kdadal8, (7) 

P(~q, dadadtdu x ... dn m \ h) oc oxpj - «- 0, “ 2 0) -j I7(da,). ( 8 ) 


The probabilities of the data, given the various parameters, are proportional 
to 


P(0 1 qdadah) oc s mf exp£- 



(9) 

P(0 1 ~qdadadtda 1 ... da m h ) oc s' exp £ - S{{a, - 37 )® + o', 2 }]. 

(10) 

Then by the principle of inverse 

probability 



da r 

P{qdada \0h)acda * s~ mr exp 

tnr , 

~ 2 s* {(a_J:)+0 ’ 

»]• 

(11) 

P{~qdadadtda! ..da m \0h) 




dadadt/ 1 V 
X_ s" i \2 t rt») 


]/7da, 



xs'—oxp[-^ ri 

S{(«<-*/)*+of}]. 

(12) 
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We find 


(13) 
<i, 


Hence by integration with regard to the a lt 

dadsdl a'~' 

" (a^+rt*)*’ 


P(~ qdadadt \ Oh) oc 
We have the identities 


w e xi>l 


S(a-x,) 2 = m(a-x) t + mT i , 
tiro f = »tr(rr a -T a ), 

and integration with regard to a gives 

mm 2 
2 s a * 


(14) 

(15) 

( 16 ) 

(17) 


P(~ qdsdt | »)«** j, ex p| 


rwir* mr(<r a — T a )l 
2 (? r +r* a ) 2?*'“ ) 


(18) 


whioh becomes, on putting t = aw, 


oc dadu 


(1 _ U S)-I(m^m) 4 

(l + (r-lK}‘ ( * 




mr(cr a - r 2 ) mrr 2 

2«*(1 — w 2 ) ~ 2a a {l + (r-l )u 2 }_ 


(19) 


Lastly, integrating with regard to a, we have 


P(q\0h)oc(r^- l \ 

D . . .... , (l-« a ) |(7 a -r 2 t 8 ) 

/■(- * {1 + I + 1 +(,- i)T>) 

and, if t/o- = y, 


( 20 ) 

( 21 ) 


A f (~g | dh ) _ f‘ C i {1 + (r -l)« 1 }M * r - 1> , 
K = P(g|M) J 0 “{U(r-yV-l)tt 2 }« w -« " 


( 22 ) 


This expression is exact. 

Three checks are possible at this stage. If m = 1. the observations are all 
lumped in one group and there is no information for testing a variation in 
different groups. In this case r* and y 2 are zero. On substitution in (22) we 
find K = 1, so that the test makes no decision—which is the correct 
decision. 

If r = 1, all the observations are in different groups and there is no means 
of separating a systematic variation between groups from the variation of 
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individual observations. In this ease r* = <r*, y* = 1, and on substitution 
we find again K = 1. 

If m = 2, the test should reduce to the test for comparing the means of 
two series of observations for a systematic difference. This test was, for 
largo numbers of observations, 


\ n (T % jm + T l lnf P | 2o- 2 /m + 2r a /nj ’ 


(23) 


where x and y are the means, in and n the numbers of observations, and 
tr and t the standard deviations in the two series. Here we must replace m 
and n by r, rr and t by <r, and y-x by 2 t. Then K reduces to 


K - ( 2 „ r )‘e*p(-£) - (I'feipf-rr')- (24) 


Putting y = 0 m (22) we easily verify the first factor. When y is not zero the 
behaviour of the integrand is complicated, as we shall see in the general case. 
In general, if y = 0, we find approximately 

A" = (2(m— l)r/ff)*, (25) 


so that the supjiort for q, in the most favourable case, is of order n l , as usual. 
This experimental result would however be very unhkely to occur in such a 
problem. 

The large indices make manipulation troublesome, but wo may sub¬ 
stitute 


w 1 


ru* 

1 + (r—!)»*’ 


(20) 


Then 


I f* r(l-tt?»)‘ (w »dw 
K -J 0 (T-yW-«f-(r-ljtfl*} 1 • 


(27) 


For y 2 < 1/r, nearly, the integrand decreases steadily through the range, 
and the integral is, approximately, 

K = {^(T-ry*)} • (28) 

This is valid so long as 1 - ry* is greater than a quantity of order 
For y 3 = 1/r, the factors with high exponents behave like exp( - j-mtc 4 ). 
Neglecting higher powers we obtain the approximation 

I 2M! _ P28 
K “ r*m‘ 


(29) 
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There continues to be support for independence up to the value of y* that 
corresponds to the expectation of r J given q. This was to be expected, but 
the change in the index of m is a new feature. It comes from the vanishing 
of the terms in w l near this transition value of y*. Epistemologically, it 
comes from the fact that if t is a small quantity of the first order it makes 
only a second-order change m the expectation of t, and therefore of y. In 
our other problems a first-order change in a quantity to be determined 
implies a first-order change in the observational quantity to be used to 
estimate it. The result is that a value of y a near to 1 jr corresponds to a larger 
range of possible values of t, if t is not zero, than it would for the usual linear 
relation, and the coincidence required on hypothesis ~ q iH less remarkable. 
(It was, however, the fact that a small real amplitude makes a second-order 
change in x a that produced the extra factors in the problem of chanco, 
though they were not important enough to alter the index ) 

For y*> 1 /r the integrand increases from the origin to a maximum and 
declines again to zero. The maximum is near 



and if we denote this value of w by w 0 the integrand is proportional to 


m(ry 2 - l)(r— l)*y *. 
exp _ —-^ #)t - /- («,— «,„)*, 


(31) 


and we can approximate to the integral by the method of steepest desoonts, 
provided that 

ry*-l>(l/m)». (32) 


We find A' = ~ (ry* -1)‘ y m ~ 3 ( 1 - y*)* m *—t "*- 1 (33) 

This can be simplified by putting 

y‘-l + /^n <“> 

and expanding to order /?*. We find finally 

A = '‘jVexp(-*/?«). (36) 

Comparing with (29) and (32) we see that this should bo of the right order 
of magnitude for f) = 1 and a good approximation at higher values. 

This problem is one of the first treated by Fisher’s z-distribution ( 1924 , 
1928 ) and since the factor in K that depends on the observed values has so far 
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usually been found to agree closely with those found by direct methods it is 
of interest to make a corresponding comparison here. (An exception has, 
however, been noticed above for measures when the normal equations are 
highly non-orthogonal.) In this problem we could regard <r*-r*and r*as 
giving two independent estimates of a* if q was true. These estimates would 
be 

a} = r 2 , based onm-1 degrees of freedom; (36) 

_ y *) 

aj = y . based on m(r— 1) degrees of freedom. (37) 

at 

Fisher defines 2z = log , (38) 

#3 

and gives a form, on the hypothesis that all deviations are completely inde¬ 
pendent, for the probability density of z. This, in my notation, is 

r» -->>■■££->¥«”->*• < 39 > 

Substituting for z in terms of <r* and r 3 , we have 


m(r-l) y* 
m- 1 1 — y 3 


(40) 


and P(dy\qh)ccy m ~ a (l—y > )l mr -l ml dy (41) 


This form resembles (33) very closely, oven to the power of 1 -y 3 . One of 
the factors y in it, however, is replaced in my solution by (y* - 1 /r)* on account 
of the unusual nature of the eifect of t on the quantity used to estimate it. 
Itis this factor that gives they? 4 in (36), the variation of which is of secondary 
importance in comparison with that of the exponential factor. Considering 
the difference in the methods of approach the agreement is very satisfactory. 

It is sometimes said that too small a value of or in this case of r*, gives 
as good reason for rejecting the hypothesis to be tested as too large a value 
does. In my solutions the support for the hypothesis q always increases 
right up to x* or r* = 0. This appears to tie because I have not considered, 
among the alternative hypotheses denoted by ~q, the types that could 
lead to spurious agreements. For instance, a negative correlation between 
consecutive observations in a series would make the means by ranges vary 
less than would be expected on the hypothesis of independence. This might 
happen if an observer tended to compensate an error in one direction by 
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making the next one in the opposite direction. Special discussion would be 
needed to test a hypothesis of this type I do not think that instances of it 
are common; much commoner is a positive correlation that leads to an 
underestimate of the uncertainty and hence to too large a x * when different 
series are compared. 

We notice from (14) and (15) that if ~q is established by the test the 
posterior probability of a is distributed about x with standard error given by 


But, apart from sampling errors, the maximum of (18) gives 


«'* + rt 2 


rmr* 
rn — 1 ’ 


(43) 


so that a* = r % j(m- 1) (44) 

Hence if a test of this type shows that there are systematic errors affecting 
ranges the precision of the mean should not be lound from the original scatter 
of tho observations, but by treating the means for the ranges as m independent 
measures, and using their scatter as the datum for estimating the un¬ 
certainty of a. This does not exclude the possibility that closer investigation 
may lead to tho discovery of further correlations between even these; but 
the range means will determine a minimum uncertainty if the hypothesis of 
independence has to be rejected. This method is often used in practice; but 
unfortunately it is also often used when the means are more accordant than 
their standard errors would suggest, ami then leads to an underestimate of 
the uncertainty. 

7. Numerical examples. 

7-1. Periodicity in measures, the node of Venus. Dr H. S. Jones ( 1929 ) 
gives the following table of discrepancies between the observed and calcu¬ 
lated secular changes of the orbits of the inner planets, after allowing for 
Einstein’s correction to the perihelia and for corrections to the masses made 
from independent evidence The unit is 1 ' per century: 

de edw d\ ai nidQ 

Mercury -0-90±0-50 -089±0-40 + 0 38 ±0 80 + 0-85±0-45 

Venus + 017±0-20 -013± 0-20 + 0-40 ±0-30 + 0-78±012 

Earth + 0-01±009 - 0-04 ±0-12 -0-06 ±0-10 — 

Maw +0-28 ±0-20 +0-42 ±0-25 -0-31 ±0-18 +014 ±018 
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The respective contributions to are: 

de edro dt sin tdiJ Total 

Mercury 3 24 4 05 0-23 3-50 11 08 

Vrnus 0 72 0-42 1 78 40 1 43-02 

Karth 001 0-11 0 36 0-48 

Mara 2 11 2-82 3-74 0-77 9-44 

Total 0 08 8 30 0 11 44 43 04 92 

Such a x 1 on 15 degrees of freedom is overwhelming. The diagram given by 
Yule and Kendall ( 1937 ) gives the 0-01 % limit at x* = 44. But 40-1 of it 
comes from the node of Venus, which is viewed with astonishing equanimity 
by those writers on relativity who describe the agreement as completely 
satisfactory. If it is omitted, y 1 for 14 degrees of freedom sinks to 24-8, 
which would make the P integral equal to 0-03, and might just possibly be 
due to random error. 

On the present theory, wo must regard these residuals as parameters 
arising in pairs, with the exception of the change of the obliquity of the 
ecliptic, the companion of which would be the constant of precession and is 
taken as a datum. Th us de and edrn can be regarded as coefficients oft ooant 
and t sin nt in the longitude, di and sinidfl as coefficients in the latitude. 
The reduction from right ascension and declination, with respect to the 
earth, to celestial latitude and longitude with regard to a fixed set of axes 
in the sky, may be regarded as a secondary complication. In testing the 
node of Venus for significance we must therefore take it with its companion, 
the change of inclination For these two we have, therefore, 

n = 12319; m = 2; ** = 41-9 

With this number of observations we can replace the last factor in 6 (28) by 

exp(-4x*):then 

if = 111 V(42) e-* 1 * = 5-4 x 10 “*. 

This does not allow for the fact that we have selected this pair as an extreme 
departure out of 8 To allow for this we must multiply by 8 /log* 2 = 11-5, 
giving 6-2 x 10 ~®. The odds are therefore about 100,000 to 1 that this is a 
genuine departure, whatever its explanation may be. 

In a previous discussion ( 1936 , p. 445 ) I found that, with so large a 
number of observations, the residuals would be just within the range 
attributable to random error. The change arises from three sources. In my 
previous test the coefficient of exp( — ^*) was 6100, whioh has been divided 
by about 9 by the correction of the test. This change is roughly balanced by 
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the allowance for selection. The chief changes are due to Jones’B use of a 
corrected mass of the earth, in comparison with that of the sun, to agree 
with more accurate determinations of the solar parallax than were available 
to Newcomb, this has increased the residual of the node. Newcomb’s 
standard errors included those of the masses, which was an undesirable 
procedure since it implied that the uncertainties were not independent. 
Jones has omitted these (they may now be considered negligible) and the 
standard errors are corresjxmdingly reduced. Thus this pair of contributions 
to X* risen from 13-9 to 41-9 

It may be remarked that the observations covered about 140 years and 
that the observable effect in this time would be about 1 ". The diameter 
of the disk of Venus at maximum elongation is 20 ". It may, perhaps, be 
doubted whether the bisection of an oddly shaped object like the visible 
crescent of Venus could be trusted to this accuracy without systematic error, 
or even whether the systematic error could be trusted to remain the same 
for astronomers over 140 years In making this suggestion, however, I am 
opposing the authority of Newcomb, who considered tho node remarkably 
free from systematic error. 

Apart from this pair, the largest contribution to x* comes from de and edm 
for Mercury, and is 8 - 2 . The factors depending on y* would therefore be 
2-9 e -41 = 1/21 roughly, and would be overcome by tho factor n* if there 
were more than 441 observations. As there are several thousands there is 
no reason to regard these contributions as significant, though the general 
magnitude of the contributions from Mercury and Mars suggests that the 
standard errors may have been slightly underestimated. 

7*2. Test for independence of errors Pearson’s data. Karl Pearson ( 1902 ) 
has given the results of six series of observations designed to test the con¬ 
stancy of tho personal equation and the correlation of the errors of different 
observers. The first test consisted of the bisection by eye of a line, which was 
afterwards measured The second was essentially a time observation of a 
moving bright line. There were three observers for each type of experiment. 
Each observer modo 500 bisection observations and 519 bright-line observa¬ 
tions. Pearson tabulates the means of groups of successive observations for 
each individual. For the bisection series there are 20 groups of 25 each; for 
the bright-line series there are 16 groups of 27 to 37 each and an odd group of 
17. To preserve symmetry I have ignored the last group and neglected the 
difference between 27 and 37. The data are then in a form suitable for the 
application of the test for independence by the consistency of the group 
means. 
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For the bisection series the results are: 

r - 25; m - 20; = 5-96. 

Mean personal 

Ohservor equation lO^’ 10*?* V* 

1 +0 01235 0 026 0 561 0-0931 

2 -0 00477 9 397 3-404 0-3623 

3 -0 00469 6-892 3-794 0-5505 

All the values of y* are larger than the expectation on the hypothesis of 
randomness, which would be 0-0400. To apply the teBt we first compute 
P = (ry* — 1) yjin\ it is interesting to show the various factors of K separately : 

Observer fl /?* K 

1 5-96 5-937 2-430 6700 0 00216 

2 5 90 36 035 6 002 10*« 4x10 14# 

3 5-96 67-07 7 565 10 s * 3 4xl0-»* 

For the bright-line series wo take mean values for the numbers in the 
groups, namely r = 502/10 = 31-4, m = 10 The mean taken is an unweighted 
one for the groups retained. 

Mean personal 

Observer equation a* r* y* 

1 +0-1828 1-414 0 0939* 0 0664 

2 -1 1617 1 376 0 1377 0-1001 

3 -0-5373 3 318 0-4628 0-1395 

Observer rW/Vff p /?* e J ^* K 

1 6-32 4 464 2 113 138 6 0 0963 

2 6 32 8 572 2 928 9-42 x 10 7 2 x 10-* 

3 0-32 13-520 3-677 7 x 10» 3 x 10-« 

The results are very striking. Not one of the six series gives a value of K 
that supports the hypothesis that the errors are independent, and four are 
overwhelmingly against it. The correlation between neighbouring observa¬ 
tions is such that the mean of 25 consecutive observations, in the bisection 
experiments, is no more accurate than that of 2 to 11 independent ones 
should be; and in the bright line ones, the mean of 31 is no more aocurate 
than that of 7 to 15 independent ones. 

Pearson does not summarize his means by ranges exoept in the'form of 
graphs, on whioh the expected random variation crj^Jr is not marked, but his 
conclusions are substantially the same as these. It is clear that the hypothesis 
of independence of the errors can give only a minimum uncertainty, and 
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that when a large number of observations are combined additional checks 
should be applied to test it and allow for its failure, otherwise an appearance 
of accuracy may be obtained that is entirely spurious. 

With these numbers of observations K would be 1 about ft = 3, so that 
y* would differ from 1/rby 3/ra*. Thenforthedifferencetobejustsignificant 



But the standard error usually given tor a standard error basod on m observa¬ 
tions is (2wi) - * of the latter. We could regard r as such an estimate, and if it 
differs from <rr _l by 3/^2 = 212 times its estimated standard error we could 
regard the difference as genuine It is curious bow the rough rule that with 
ordinary numbers of observations a departure of about twice the standard 
error is just significant persists in these tests 

This lack of independence is relevant to the question of the value of 
social studios as against tho use of reports from the observing stations in 
the construction of seismological time tables The former are often recom¬ 
mended on account of the reduced error of one observation. In some cases 
this is genuine, though the difference is not great, but when the same 
observer reads the whole of the records there is a serious danger that the 
apparent smoothness is achieved by a correlation between consecutive 
errors and not by any real increase of accuracy. I have a strong suspicion 
that this is particularly true of what is called a “careful observer ”, who may 
read the same record again and again until he is “ Hure ”, and thereby, quite 
unconsciously, allow his readings to be influenced by those of other records 
The true accuracy, in such a case, is better determined by tho first readings 
than by the consistency of the final ones * When the readings for each earth¬ 
quake are all made by different observers there is much more pros[>ect of 
achieving independence of the emirs 1 am confirmed in tliis opinion by the 
fact that, although the law of error deviates widely from the normal in these 
conditions, when allowance is marie for this deviation the comparison of 
different series for the phases regularly observed reveals no unexplained 
discrepancies, even though the standard errors have in most cases been 
reduced by combining observations to about a sixth or less of that of one 
observation It is true that many of the alleged discrepancies between the 
results of special studies and those based on reports are spurious, since hardly 
any of them are associated with any ostimate of the standard error at all, 
and some are due to graphical methods, errors in anthmetic, interpolation 

• Or mdqxindenco could be achieved by reading the records in a random order 
given by card drawing or Tippett’s numbers. 
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over long ranges where there are hardly any observations to serve as a cheek, 
or to the inclusion of observations affected by known types of systematic 
error, such as, esj>ecially, late readings due to smallness of the movement. 
But this is not the present point, which is that errors in the reports satisfy 
the condition of independence, and that consequently the accuracy 
apparently attained is genuine, while those in special studies are open to 
suspicion until their apjarent accuracy is confirmed by comparison with 
other senes The proper function of sjiecial studies still seems to me to be, 
as Bullen and I remarked in our original paper ( 1935 ), to test doubtful points 
such as the separation of difficult phases, where reports lead to indecisive 
results, with due regard to the risk of the observer finding what he expects 
to find—which certainly varies very much from one observer to another. 
The computation of y* in comparing series serves two purposes, since y* 
would be increased either by a genuine systematic difference or by an under¬ 
estimate of the standard errors When a normal value is found, therefore, it 
confirms both the absence of a systematic difference and the independence of 
the errors I have in fact made considerable use of special studies in treating 
the more difficult phases, but this test has always been applied and has 
usually, but not always, shown that the senes are comparable I do not 
wish, therefore, to disparage special studies, but merely to point out that 
such a check is always necessary before their apparent accuracy is accepted. 

8 . The combination oftests It sometimes hap pens that a series of estimates 
of a parameter consistently give values with the same sign and running up 
to about twice their standard errors. None of them taken by itself would bo 
regarded as significant, but when they all say the same thing one begins to 
wonder whether there may not be something to be said for them after all. 
A treatment is suggested by the problem of sampling to test an even chance. 
The appropriate formula is 

A = (2»/7r)*exp( —4y»). (1) 

Now suppose that we have a sample of 1 000 and that the departure makes K 
less than 1 If we divide the data into 9 groups we divide the outside factor 
by 3; but at the same time we multiply all the standard errors by 3 and 
divide the contribution to y* from a genuine departure by 9. Thus a departure 
that would be shown by a sample of 1000 may not be shown by any one of 
its sections. Since K is the factor to be applied to the ratio P{q | h)/P(~ q | h) 
to give the posterior probabilities and all the separate K v K t ,..., K t may 
be more than 1 , and yet the K given by taking the whole sample together is 
less than 1 , it apjieara that we have an inconsistency. This arises from an 
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insufficient analysis of the alternative - q. The hypothesis q is a definitely 
stated proposition, leading to definite inferences. ~q is not, because it 
oontains an unknown parameter,* which we may denote by p, and would 
be 4 on q, but may be anything from 0 to 1 on ~ q. Anything that alters the 
range permitted to p will alter the inferences given by ~ q. Now the first 
sub-sample does alter this range. We may start with probability } concen¬ 
trated at p — J and the other \ spread from 0 to l In general the data of the 
first sample will alter the ratio of those amounts and may increase the 
probability that p is 0; but it also greatly changes the distribution of the 
probabilities of p given ~q, which are now nearly normally distributed 
about the sampling ratio with an assigned standard error. It is from this 
state of things that wo start when we make our second subsample, not from a 
uniform distribution of the probability of p, supposing that it is not 1. The 
permitted range has been cut down to something of the order of the standard 
error of the sampling ratio given by the first sample. Consequently the 
outside factor in (1) is greatly reduced and the second sample may support 
~ q at a much smaller value of p - £ than would be the case if it started from 
scratch. We cannot therefore combine tests by simply multiplying the 
values of K. 

A general argument shows what the result must be. If p l and p 2 are two 
hypotheses, and we have two sets of data 0 X and the original information 
being A, 

P{ Pi\f>rh) _ _P(p 1 \fi 1 h) _ m 

P(Pi\h)P^] Pl h) P(p 2 | A) P(0 X \ p 2 h) ’ W 

JhIW) __ P{PiVLAh)_ _ 

P\pi\oj)P(e t \ P Ah) />( Pf |0 1 A)i’(0 1 |p l 0 1 A)’ w 

by two applications of the principle of inverse probability By multiplica¬ 
tion, 

_^( PilW ) = _ m 

P(Pi\h) m | Pl h) P(6 t I p l O l h) P( Pi I A) P(0 X I p 2 h) P(0 t | pAh )' ' ' 

But P(0 1 1 Pl h) PAlpAh) = P(0A | Pl h), (5) 

m Ip, h) P(0 t \pAh) = P{dA\p*h), (0) 

and therefore 

^(PilW)_ P(Pi IW) _ m 

P(PI I h)P0xO t \ Pl h) P( Pt I A) P(6A | PthY 1 > 

which is the result of applying the principle of inverse probability to the 
data 0 X and 0 t simultaneously. Thus it does not matter in what order we 
• This distinction appears also in Fisher’s theory (1935, p. 19). 





192 H. Jeffreys 

introduce our data; as long as we start with the same data and finish with 
the same additional data, the final results will be the same. The principle of 
inverse probability cannot lead to inconsistencies. To apply it in the wrong 
way to the data available may, and often does, and m this case the wrong 
way is to ignore in (3), as if we started in both Btages from previous 
ignorance, which may be true for the first but cannot possibly bo true for 
the second. 

Fortunately it is not necessary in this case to carry out the analysis in 
detail, because the totality of the data, which would be denoted by O l 0 l ... 
U n = f), is the complete sample, and we have the result for it already. It 
follows that the method of combining samples in a test ib to add the values 
of n in the outside factor and to use a based on the ratio of the deviation 
from £ of the sampling ratio based on all the samples together to its standard 
error. 

Analogous considerations will apply to measures so long as the standard 
errors of one observation are equal in the data combi ned. If they differ 
considerably some modification may be needed, since we have seen that two 
departures with the same standard error may give different results in a test 
when the same standard errors of the estimates are based on different 
numbers of observations of different accuracies. The outsido factor in such 
a case will not lie obtained by simply adding the numbers of observations, 
since what it really depends on is the ratio of the range of the permitted varia¬ 
tion to the standard error of the result The former is fixed by the smallest 
range indicated and therefore by the most accurate observations, and the 
loss accurate ones have nothing to say about it. It is only when they are 
numerous enough to give a standard error of the result less than the range 
permitted by tho more accurate ones that they have anything additional to 
say. If they satisfy this condition the outside factor will be got by taking a 
from the most accurate observations and a and its standard error or from 
all the senes together. 

9. The use of integral# in significance tesla Though the functions of the 
observed values that appear in these tests are usually identical, or nearly so, 
with those in the tests used by modern statisticians, there are some differ¬ 
ences. Here they appear directly, in the usual forms only their integrals are 
used. In the frequency problem, for instance, the information supplied by 
the observations is summed up, approximately, in ^ m ~ 1 exp( - k*)> but the 
usual form of the test depends on the integral of this quantity, in the form 

f(X a ) = J X"- 1 exp( - k 1 ) dxI J # X”- 1 exp( - k’) 
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Further differences are that in my form m is to be taken as 1 unless there is 
specific reason to take more than one degree of freedom together, and oven 
then is only the actual number of degrees so associated. In Pearson’s form 
it is the whole number of groups. My x 2 again is only the contribution to x 2 
given by the degrees of freedom being considered; Pearson’s is the complete 
X *, including all the degrees of freedom, whether variation m them is random 
or systematic In Fisher’s usage, x 2 is given by the ratios of tho amplitudes 
found by maximum likelihood to their standard errors, and his x* and m are 
identical with mine where there is reason to take several degrees of freedom 
togother, but he uses the integral P as a test, so that his standpoint is inter¬ 
mediate between Pearson’s and mine Tn this way ho avoids the great 
random variation of x 2 taken overall groups that so often makes it impossible 
to detect a genuine systematic effect when the test is applied in Pearson’s 
way, further, he in some cases recommends an allowance for selection in a 
way qualitatively similar to mine (Fisher 1935, pp 65-6). 

The use of the integral goes back at least to Chauvenet’s criterion for the 
rejection of observations This criterion, still sometimes used, considered 
the probability, given the normal law, that n observations should include 
at least one residual equal to or greater than the largest actually found If 
this was less than | the observation was rejected. The difficulty that has 
struck many students is, why should the limit be token at the largest? 
There was more to lie said, apparently, for choosing the second largest. 
Tho probability of a residual just equal to the largest is necessarily infinitesi¬ 
mal until the observations are made, or at most of the order of magnitude of 
ibe ratio of the rounding-off error to the standard error. Consequently the 
integral giving the probability of a residual equal to or greater than the 
largest depends entirely on the contribution from larger deviations, which 
have by hypothesis not occurred Tho use of the criterion, as recommended 
by Chauvenet, moans that an observation is rejected because observations 
that have not occurred were unlikely. One might mdeed say that the fact 
that they have not occurred is confirmation of the hypothesis and that the 
observation should be retained. If the lower limit of the integral was taken 
at the second largest residual instead of the largest there would be at any 
rate one observation relevant to the test, but as actually taken the test is 
illusory. 

Pearson’s procedure (1900) was as follows. The probability, given a 
suggested distribution of chance, of the actual observations in the groups, is 
evaluated, and it iB found that the factor that depends on the observations 
is exp( — lx*)> subject to certain approximations. Tt is thus shown that the 
likelihood is profiortional to this function and that maximum likelihood and 
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minimum x 2 are equivalent; the information contained in the observations 
is entirely summed up in x 2 - Pearson, however, goes further, and proceeds 
to find the probability distribution for / \*, given the same trial hypothesis as 
liefore, and gets the rule x ’ n ~ 1 ex P( - £**) ^X- One may ask, why, when the 
value for the hy pothesis and the actual observations is already known, should 
there be any interest in the probability of having got something else? But 
there waH reason to lie interested in the effect of different hypotheses on x*i 
keeping the observations the same. The additive property of again, 
makes it possible to use it to separate the posterior probabihty distributions 
of the parameters that arise in varying the hypothesis; it could be used to 
estimate the ratios of all the possible variations of these to their standard 
errors and thus to test all separately. It is remarkable that Pearson, who 
repeatedly declared his support of the principle of inverse probability,* 
apparently did not notice this simple consequence of it, and continued to use 
the tost in a way that lumped all degrees of freedom together. Finally he 
formed the P integral and used it to form a test of the correctness of the 
trial hypothesis, based on the probability, given that hypothesis, of a 
larger x * than that observed, the actual x* of course makes a negligible 
contribution, as in Chauvenet’s criterion. A hypothesis that might be true is 
therefore rejected because it does not agree with observations that have not 
been made. The use of P in this sense is therefore a mistake.! 

When the degrees of freedom are proporly separated thiH is com¬ 
paratively harmless Tests of significance are needed in any case, simply 
liecause even if the trial hypothesis was true, random errors would lead to 
determinations different from zero for a departure m every degree of 
freedom. If these were accepted as genuine wo should expect to lose accuracy 
in prediction The question is to decide where to draw the line beyond which 
we should expect to gain accuracy by accepting the departures found. But 
as P is a monotonic function of y s , whatever the number of degrees of freedom, 
to fix a value of P and to fix one of x 2 are the same thing. It would have been 
justifiable empirically to rely on the rough rule found by astronomers, that 
differences under twice the standard error usually tend to disappear with 
fullor data, while those over three times the standard error usually persist. 
Thus for one degree of freedom a contribution of 4 to x 2 could have been 
taken as possibly genuine, one of 9 almost certainly so, and this would be on 

* Tho 1911 edition of The Grammar of Science contained the same excellent 
account of it an tho earlier editions 

t Yates (1934) has shown that the probabilities of small groups are better esti¬ 
mated if the limit for x 1 is taken, not from tho observed numbor m a group, but at 
I more. In tins way ho made the observed valuo make a much larger contribution 
to P This procedure is recommended by Fisher (1937, p 97). 
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purely empirical grounds For any combination of associated degrees of 
freedom the distribution of x is still roughly normal about a maximum, and 
the ratio of the actual ordinate to the maximum would have provided a test 
as good as the P integral gives. In one respect, indeod, it is better, since it is 
often pointed out that a very large value of P is a ground for suspicion. It is 
hard to justify this from P itself, but large values of P, like small ones, 
imply that tlie ordinate is small compared with the maximum. The kinds of 
inference drawn in such cases, however, would be different, usually too large 
a x* would suggest a new parameter or a positive correlation between errors, 
too small a x 2 would suggest a negative correlation, or that the data had 
been altered to suit a hypothesis 

Any departure from the trial law, if found by least squares or maximum 
likelihood, would diminish y* and therefore increase P; so long as the numbor 
of degrees of freedom is the same, therefore, if two precisely stated hypotheses 
are compared the one with the smaller P is the more probable, if there is no 
other reason for preferring either. But the ratio of the posterior probabilities 
is not that of the P’s, but that of the exp( — £x 4 )- apart irom a negligible 
difference in the outside factor. The situation is altered if we are discussing 
the introduction of a new adjustable parameter, because this can always be 
adjusted so as to increaso P or reduce y a . An attempt to allow for this is 
sometimes made by reducing the degrees of freedom by one at the same time, 
but it is easy to soo that if wo do this and keep the reduction of P as the 
criterion we get unacceptable results. From Fisher’s table we find that the 
5 and 1 % levels for y* for one degree of freedom are at 3-84 and fi 04. But 
the changes from 20 to 21 degrees of freedom at these levels are only 1-20 
and 1-37 Thus if 20 degrees of freedom would bo taken as random variation, 
an additional one contributing only 1*27 or 1-38 to y* could lead to the 
assertion of a systematic difference, whereas three or five times these 
contributions would be needed if the random errors in the others were 
eliminated and it was tested directly This seems utterly contrary to 
common sense. It is interesting to notice that Fisher, by insisting on the 
separation of genuine possible departures from random error, without 
apparently being guided by the principle of inverse probability, arrived 
at a procedure closely resembling what it indicates, though stated in terms 
of P and not of the ordinate. I think, however, that the difference m 
premises is more apparent than genuine. I regard the theory of probability 
as a formal statement of common-sense reasoning, the principles of which 
are quite general and can be stated at the start; but even if this is not done 
an alert thinker may still notice the need for them m specific applications 
and thereby arrive at the same or very similar results. 
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It may be remarked that Fisher’s a-distribution, for the analysis of 
variance, has been deliberately transformed so as to eliminate Beale effects, 
and is nearly normal, and therefore the above relation between the ordinate 
and P will hold for it. For problems of estimation, where an effect is 
assumed to be present but is undetermined m magnitude, the integral has a 
definite place in the inverse theory, by the kind of argument that I used for 
“Student’s" distribution (1937c), it will give, for instance, the posterior 
probability that an estimated difference has the right sign. But if this was 
all that was meant by a significance test it would imply that the rejection of 
small differences implied a loss of accuracy m prediction. According to such 
a view astronomers, for instance, instead of finding the orbital elements and 
masses of the planets by least square solutions and predicting their places 
according to the law of gravitation, would do better to choose polynomials 
to fit all the observations exactly and extrapolate accordingly. Certainly 
no astronomer believes that, and I very much doubt whether anybody does, 
even of those who say that they roject the simplicity postulate. 

10 The excluded middle. All inference from observation involves thiB 
alleged logical fallacy, which is a fallacy only so long as it iH claimed that 
this inference is deductive I havo shown its unimportance in relation to 
significance tests (193s, p 222), in which a new jiarameter is taken to be 
zero so long as tho tests do not show that it is more probably something else. 
I have only noticed recently, however, that this could have been inferred 
from a theorem given by Dr Wrineh and me in 1921, and used then as the 
basis of the simplicity postulate It was shown (1937 A, p. 41) that if a general 
law p has a finite probability at any time, and gives a senes of inferences 
*?«> the effect of the verification of the successive inferences is to 
divide the probability of the law, in turn, by 

-P(?i|A). P(q%Uih). . P(q n 17,... q n ^h) 

Since none of these can exceed unity tho probability of the law, given all the 
verifications, would become greater than 1 if they did not tend to 1. Hence 
so long as inferences from a law continue to be venfied the probability of the 
next verification approaches certainty. But P(q, t \ q x q % does not 

involve p at all, in other words there is a high probability that p will con¬ 
tinue to be venfied whether it is true or not. This means that if tho “true” 
law (whatever that may mean) is something different from p, it must never¬ 
theless lie so like p as to have led to all the previous inferences from p, any 
law that led to different ones would have been discarded as in disagreement 
with observation. But if the true law has led to all tho same inferences as 
p the presumption is that it will continue to do so, and therefore that p will 
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continue to give the right inferences. This disposes of the “excluded 
middle” argument completely. Astronomers were not wrong in basing 
their predictions on Newton’s law because the law turned out to be wrong, 
nor were geodesists wrong in using Euclid’s theory because that is wrong 
too; their justification did not rest on the truth of the laws but on the fact 
that they had led to right predictions hitherto and might reasonably be 
expected to continue to do so The kind of caution that insists on stating 
every conclusion in the vaguest possible terms (except, possibly, the 
author’s own) is not in accordance with scientific principles. The function of 
a general law is to make predictions that can be tested, oven if at some un¬ 
predicted data in the future some of them may turn out to be wrong The 
more vaguely it is stated the less it fulfils this function. Even if the law 
should ever lead to wrong predictions its precise statement will have been 
the means of revealing the discrepancy and possibly leading to a better one, 
which would have to account also for all the previous verifications. It is 
usual to find some verbal concession to the “excluded middle” in scientific 
work, and this is quite undesirable so long as we regard mathematics as 
something to be used and not to be worshipped; it is incomparably better to 
lie occasionally wrong than always vague. Once granted that inference from 
experience is ever possible, it is admitted that pure deduction is not the 
whole of legitimate reasoning, and that the excluded middle is at most a 
complication to be treated in terms of probability and not a final objection. 
The procedure is then to state the additional postulates needed as economic¬ 
ally as possible. It turns out that traditional mathematics can be extended 
in scope so as to be applicable to the problems of induction, j ust as it has been 
extended to take account of the data that led to the quantum theory. The 
main result is not any great change from current statistical procedure, but 
rather that many postulates, introduced m the latter procedure as common- 
sense statements, but nevertheless apparently independent, can in fact be 
replaced by consequences of a very few primitive postulates and are there¬ 
fore closely related. 


Summary 

Tests are provided for the significance of an estimated departure from a 
uniform distribution of chance, and of the coefficients of new functions 
introduced into an empirical law designed to represent a series of measures, 
in each case where several degrees of freedom may be expected to arise 
together if one of them does. A test is also given for the independence of 
errors of observation when the means of groups of consecutive observations 
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are compared with the standard deviation of the entire Bet. Applications are 
made to the secular perturbations of the inner planets and to Pearson’s data 
for errors of observation. 
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A new basis for cosmology 

By P. A M Dirac, F.R S. 

St John’s College, Cambridge 

(Receuwl 29 December 1937) 

1. Introduction 

The modern study of cosmology is dominated by Hubble's observations 
of a shift to the red in the spectra of the spiral nebulae—tho farthest parts 
of the universe—indicating that they are receding from us with velocities 
proportional to their distances from us. Those observations show us, in the 
first place, that all tho matter in a particular part of space has the same 
velocity (to a certain degree of aeeuraoy) and suggest a model of the 
universe in which there is a natural velocity for the matter at any point, 
varying continuously from one point to a neighbouring point Referred to 
a four-dimensional space-time picture, this natural velocity provides us 
with a preferred time-axis at each point, namely, the time-axis with respect 
to whioh the matter in tho neighbourhood of the point is at rest. By 
measuring along this preferred time-axis we get an absolute measure of 
time, called the e/toch. 

Such ideas of a preferred time-axis and absolute time depart very much 
from the principles of both special and general relativity and lead one to 
expect that relativity will play only a subsidiary role in the subject of 
cosmology. This first point of view, which differs markedly from that of the 
early workers in this field, has been much emphasized recently by Milne. 

We now feel the need for some now assumptions on which to build up 
a theory of cosmology This need is partially satisfied by the assumptions, 
which Milne calls the Cosmological Principle, that, apart from local 
irregularities, tho universe is everywhere uniform and has sphencal 
symmetry (in three dimensions) about every point, for an observer moving 
with the natural velocity at that point. The assumption of uniformity is 
to be taken in its most general form, in which it requires that an observer 
on another nebula would see all general natural phenomena (for example, 
the red-shift of other nebulae) the same as we do. The observational 
evidenoe in favour of these assumptions is rather meagre, since only a small 
part of the universe is accessible to present-day telescopes, and this part 
shows quite large fluctuations from uniformity in the distribution of the 
spiral nebulae (Reynolds 1937). However, these assumptions are fairly 
[ 199] 
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plausible and have a great simplifying effect on the subject, and until 
there is more definite evidence of their inadequacy it does not seem worth 
while to try more complicated schemes. 

.Further assumptions are needed if we are to obtain definite answers to 
the main problems that suggest themselves in a study of cosmology 
A possible further assumption is Milne’s Dimensional Hypothesis (Walker 
1936 , p 121 ), which requires that there shall be no constants with dimen¬ 
sions appealing in cosmological theory. This assumption is open to criticism, 
as there is no definite reason why the constants of atomic theory should 
not appear in cosmology—m fact, one would rather expect them to, since 
one would expect a closer connexion between the atom and the cosmos to 
show itself with a deeper understanding of Nature. An alternative 
assumption, which is free from this criticism and is more far-reaching, will 
be given in the next section and forms the mam theme of the present paper. 

2. Thk fundamental principle 

The recession of the spiral nebulae with velocities proportional to then- 
distances from us requires, if we assume those velocities to bo roughly 
constant, that at a certain time m the distant past all the matter in the 
universe was confined within a very Hmall volume This time appears as 
a natural origin of time and provides us with a zero from which to measure 
the epoch of any event. Referred to this zero the present epoch, according 
to Hubble’s data, is about 2 x 10 * years. 

Let us express this in terms of a unit of time fixed by the constants of 
atomic theory, Bay the unit e % /mc*. We then get the value 7 x 10 * 8 This 
turns out to bo of the same order of magnitude as the ratio, y say, of the 
electric to the gravitational force between an electron and a proton, 
namely, 2-3 x 10 s ®. If we had used another atomic unit of time in which 
to express the present epoch, we should have obtained a value differing 
from the above ono by at most a few powers of ten, which would not have 
affected the agreement with y as to order of magnitude, when such large 
numbers as 10 s ® are concerned. The unit we chose, namely, lies 

roughly in the geometric mean of all the units of time that we can construct 
simply from the atomio constants, namely (introducing also the proton 
mass M), 

_e*_ h h b_ b_ 
tnc 3 ’ Me?' me 1 ' Mr?' me®’ Me *’ 
which are in the ratio 


1, 00005, 850, 0-46, 137, 0074. 
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We might have compared the epoch with the ratio of the electric to the 
gravitational force between two electrons, or between two protons, instead 
of between one proton and one electron, which would have given us a 
number 1800 times larger or smaller than y respectively In any case, 
however, we see there is a close agreement between the present epoch, 
expressed in atomic units, and the ratio of the gravitational to the electric 
force between two elementary particles. Such a coincidence we may 
presume is due to some deep connexion in Nature between cosmology and 
atomic theory. Thus we may expect it to hold not only at the present 
epoch, but for all time, so that, for example, in the distant future when 
the epoch is 10 40 , we may expect y will then lie of the order 10 M . We are 
thus led to the result that a quantity y, usually considered as a universal 
constant, must vary with the passage of great intervals of time. 

A further study of cosmology leads to the appearance of other very 
large dimensionless numbers. These numbers all turn out to be of the 
order 10 s * or sometimes 10 7 \ From a natural extension of the foregoing 
ideas we should expect all those numbers of the order I0 3 ® to increase 
proportionally to the epoch, and all those of tho order 10 78 to increase 
proportionally to the square of the opoch We have here a new principle 
appearing, that all tho very large dimensionless numbers occurring in 
Nature are simple powers of tho epoch, with coefficients of the order 
unity. 

To get this principle in its most general form we should not make the 
assumption, which we made at the beginning of this section, that the 
velocity of recossion of each spiral nebula is roughly constant. Without 
this assumption we can still talk about the opoch of an event, but we have 
no natural zero from which to measure it, so that only the difference of 
two epochs can enter into laws of nature. We must now use Hubble’s 
constant, namely, tho coefficient of proportionality between the red-shift 
and the distanoe, as one of the quantities from which very large dimension¬ 
less numbers are to lie constructed (to replace our previous use of tho 
present epoch as one of these numbers) and express our principle in the 
form • Any tun of the very large dimensionless numbers occurring in Nature 
are connected by a simple mathematical relation, in which the coefficients are 
of the order of magnitude unity If we can deduce from elementary con¬ 
siderations that some of those very large numbers vary with the epoch 
(as we shall find in the next section is the case), then they must all do so 
to preserve the mathematical relations between them. 

ThiB very general formulation of the principle does not enable one to 
draw exaot conclusions with certainty. If, for example, we have two 
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numbers a and b both of the order 10 89 , we cannot with certainty conclude 
that 

a—kb, (1) 

whore k is a constant of order unity. Owing to our numerical coincidences 
being inaccurate by a few powers of ten (on account mainly of the un¬ 
certainty of which atomic units to use), we must allow k to differ from 
unity by a few powers of ten, and thus we may have instead of (1), for 
example, 

a = kl> log b, 

with a somewhat different k. Tn the present paper, for the Bake of getting 
a definite thoory, we shall ignore the possible occurrence of such logarithmic 
factors, or other similar factors that vary slowly with their arguments. We 
must then remember that the resulting theory will be valid only as a first 
approximation and may need amendment in the future by the insertion 
into the equations of functions that vary slowly with their arguments. 

Essentially the same approximation is involved in the assumption, 
which is implied throughout this paper, that ftc/e* and Mjin are constants. 
Future developments may require these quantities to vary slowly with 
the epoch. 


3, Thk law of recession of thk spiral nebulae 

Lot us take two neighbouring spiral nebulae and express the distance 
between them m terms of a unit of distance provided by the atomic 
constants, say the unit of time that we used in the preceding section 
multiplied by the velocity of light. The distance botween the nebulae then 
becomes a dimensionless number, which will vary with the epooh in an 
unknown way, and w liich we call f(t). On account of our assumptions of 
uniformity and spherical symmetry m § 1, /(/) must be the samo for any 
two neighbouring nebulae, except for an arbitrary constant factor. The 
determination of tho form of f(t), giving the law for the rate of recession 
of the spiral nebulae, is one of tho mam problems of cosmology. 

Let us obtain Hubble’s constant, the red-shift per unit distance, in terms 
of /(f) The tune taken by light to travel from one of our neighbouring 
spiral nebulae to the other is, since we are using units which make the 
velocity of light unity, just/(f). If we consider two waves of light starting 
out from one of the nebulae at times it apart, they will arrive at the other 
nebula at tunes it+f(t + it)-f(t) apart, owing to the different times of 
transit for the two waveB. Thus light which is emitted with tho period it 
will arrive with the period it+f(t+it) -/(/), and the red-shift, namely, the 
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change in period per unit period, is Sf(t)/8t -so that Hubble’s constant 
is /'(<)//(<)• From Hubble’s data this has the value at the present epoch 
1*4 x JO -8 ®. 

We now bring into the argument the average density of matter p, which 
has a meaning from our assumption of uniformity. We take as unit of mass 
the mass of the proton or neutron, and we assume that matter is conserved 
when expressed in this unit. From this assumption of conservation we can 
infer that, owing to neighbouring nebulae separating from one another 
according to the law /(<), the average donsity of matter will decrease 
according to tho law 

P°c/0)-* (2) 

The observed value for the average density of luminous matter is about 
5x 10 aj g. cm. 8 , which becomes, in our present units, about 7 x I0 -45 . 
This value must be increased by a factor, which is vory hard to estimate 
but is probably a few powers of ton, to get the total average density of all 
matter. Allowing for the inaccuracy caused by tho uncertainty of which 
atomic units we ought to use, wo see that the average density matter is of 
the same order of smallness as Hubble's constant The reciprocals of these 
two quantities are two very large numbers, to which our fundamental 
principle is applicable, and which must therefore be connected like the 
a and b in equation (1). Thus 

P=*/'(«)//( 0, 

where A: is a constant of the order of magnitude unity. Combining this 
with ( 2 ), we get 

/(«)-*oc/W/(0. 

and hence /(<) oc (t +a)*, 

a being a constant of integration. TCy suitably choosing the zero from which 
we measure t, we may make this constant vanish and we then have 

/(0°ct‘. (3) 

This gives us the law for the rate of recession of the spiral nebulae. The 
velocities of recession are not constant, as we provisionally assumed at the 
beginning of § 2 , but vary proportionally to/'(<) or t~*. However, with this 
law of recession we still have a natural origin of time, namely, tho zero of 
the t in (3), when all the nebulae were extremely close together. From (3) 
we have 




(4) 
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showing that the present epoch is still of the order 10* # , and is, in fact, just 
a third of the value we gave it at the beginning of § 2 on the assumption of 
constant velocities of recession. The now value, equal to about 7 x 10 8 years, 
is rather Bmall, being less than the age of the earth as usually calculated 
from data of radioactive decay, but this does not cause an inconsistency, 
since a thorough application of our present ideas would require us to have 
the rate of radioactive decay varymg with the epoch and greater in the 
distant past than it is now 

Our deduction of (3) involves the assumption of conservation of mass 
when expressed in proton or neutron units, which means conservation of 
the number of protons and neutrons (apart from processes involving the 
transformation of the rest-energy of these particles to or from another 
form). There is no experimental justification for this assumption, since a 
spontaneous creation or annihilation ot protons and neutrons sufficiently 
large to alter appreciably the law (3) would still he much too small to be 
detected in the laboratory However, such a spontaneous creation or 
annihilation of matter is so difficult to fit in with our present theoretical 
ideas in physics as not to be worth considering, unless a definite need for 
it should appear, which has not happened so far, since we can build up a 
quite consistent theory of cosmology without it. 


4. The curvature of space 

Take all the points in space-time for which the epoch has some given 
value (. They will lie on a three-dimensional surface, which is everywhere 
orthogonal, in the sense of special relativity, to the natural time-axis. We 
call it the (-space Our assumptions of uniformity and spherical symmetry 
in § 1 require that the (-space shall be everywhere uniform and spherically 
symmetrical. It follows that the (-space must be a space of constant 
curvature, the metric being provided by the atomic unit of distance that 
we had previously. (For a detailed study of this question, based on group 
theory, see Walker 1936 .) 

The curvature may be either positive, zero or negative. If it is positive, 
the (-spaoe is finite and is like the three-dimensional surface of a sphere in 
four dimensions. If it is zero or negative, the (-space is infinite and is flat 
or hyperbolic respectively. Which of these three cases lioldB cannot, from 
considerations of continuity, depend on the value of ( and must therefore 
be characteristic of space-time as a whole. To decide between these three 
oases forms another main problem of cosmology. 
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The case of positive curvature can easily be ruled out In this case the 
total mass of the universe is finite and, expressed m the proton or neutron 
unit, is a very large number. From our assumption of conservation of 
mass, this large number must be independent of the epoch. We thus got 
a contradiction with our fundamental principle, according to which all very 
large numbers occurring in Nature must vary with the epoch, since some 
of them, namely, the reciprocals of Hubble’s constant and of the average 
density, do. 

The case of negative curvature can bo ruled out in a similar but rather 
more complicated way. The total mass of the universe is not finite in this 
case, but wo can work instead with the mass contained at time t within 
a sphere of radius equal to the radius of curvature of /-space If we take 
a different epoch / t , there will be a natural correspondence between pouits 
on the Z^space and points on the original /-space (corresponding points 
being on the same nebula) and any element of distance in the fj-spacc will 
equal the corresponding element of distance m the /-space multiplier! by 
/(/,)//(/). This factor being the saino lor all the elements of distance, it 
follows that the radius of curvature of the Zj-spaco must equal that of the 
/-space multiplied by this factor. The total mass contained within a sphere 
of radius equal to the radius of curvature must now be the same for the 
Z,-space as for the /-space. This mass, expressed m the proton or neutron 
unit, will again give us a constant number, which must be very large, m 
order that the curvature of /-space may be sufficiently small not to be in 
disagreement with observation, and which therefore contradicts our 
fundamental principle. 

We are thus left with the case of zero curvature, or flat t-space, as the only 
one consistent with our fundamental principle ami With conservation of mass. 
It should bo remembered that the curvature we are here speaking about is 
the curvature of the three-dimensional space at one epoch and not the 
curvature of space-time as comes into general relativity. 


5. The motion of a free particle 

One other problem we shall concern ourselves with in this paper is the 
determination of the world-line of a particle that is moving freely under 
the action only of the gravitational field of the universe as a whole. We need 
something to replace Newton’s first law of motion. If the particle is started 
off with the natural velocity of the place where it is situated, then, from 
our assumption of the Hphencal symmetry of the universe about any point, 
the particle cannot have an acceleration m any direction and Newton’s law 
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must hold for it. If, however, it is started off with a different velocity, 
then we cannot assert more than that its acceleration must lie in the plane 
in space-time containing its velocity vector and the natural velocity vector 
of the place. The magnitude of the acceleration may be any function of the 
velocity of the particle relative to the natural velocity and of the epoch. 

Since general relativity explains so well local gravitational phenomena, 
we should expect it to have some applicability to the universe as a whole. 
We cannot, however, expect it to apply with respect to the metrio provided 
by the atomic constants, since with this metric the “ gravitational constant ” 
is not constant but varies with the epoch. We have, in fact, from the dis¬ 
cussion at the beginning of § 2, the ratio of the gravitational force to the 
electric force betwoen electron and proton varying m invorse proportion to 
the epoch, and since, w'lth our atomic units of time, distance and mass, the 
electric force between electron and proton at a constant distance apart is 
constant, the gravitational force between them must be inversely pro¬ 
portional to the epoch Thus the gravitational constant will tie inversely 
proportional to the epoch. 

l^et us try to set up a new system of units, whose ratios to the old units 
may vary with the e|X)nh, so that with respect to the new units the 
gravitational constant docs not vary with the epoch and general relativity 
may be expected to apply. We must not take a new unit of mass whose 
ratio to the old one varios with the epoch, as we should then have the mass 
of a proton or neutron varying with the epoch, and general relativity 
requires that the mass of an isolated particle shall remain constant. We 
must therefore change our units of distance and time, and must change both 
in the same ratio m order to keep the velocity of light unity Since the 
dimensions of the gravitational constant are (distance)* (time) * (mass) - *, 
we must take new units of distance and time equal to the old ones divided 
by the epoch, so that the new measure of a distance or time interval is 
equal to tho old one multiplied by the epoch, to mako the gravitational 
constant independent of the epooh. 

We may now reasonably assume that, with the metric provided by the 
new measures of distance and time, general relativity holds and free 
particles move along geodesics. We thus have two measures of distance and 
time that are of importance, one for atomic phenomena and the other for 
ordinary mechanical phenomena included under general relativity. This 
situation is the same as Milne has with his two measures of time t and r 
(Milne 1936, 1937a, 19376), but the ratio of the two measures is just the 
inverse m our theory from what it is in Milne’s. 
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It is of interest to discuss the curvature of space-time, referred lo the 
metric to which general relativity applies, and to determine to what stress- 
energy tensor it corresponds. This curvature is different, of course, from 
the curvature of f-space dealt with in § 4 Let us use stars to denote 
quantities measured in the new units, so that for an interval of time 


and thus 


dt* = tSt 




(») 


giving us the connexion between the new and the original measure of the 
epoch. The distance between neighbouring spiral nebulae, expressed in the 
new units, will vary with the ejioeh according to the law 


and hence /*(/*)oc<*‘. (6) 

We may now use Robertson’s formulae (Robertson 1933, equations 3-2), 
according to which the curvature of our space-time must correspond to a 
uniform density p* and a uniform hydrostatic pressure p* given by 

K P *=-'irir-nif* 2 ,\ 1 ' 


where k is the constant of gravitation and the primes indicate differentia¬ 
tions with respect to t*. We are here taking Robertson's k equal to zero, 
since our t-Bpace is flat, and we are takmg the cosmical constant A occurring 
in Eiimtem’s law of gravitation to be zero, since if it were not zero it would 
have to be vory small not to be in disagreement with observation and its 
reciprocal would then provide us with a very large constant number, in 
contradiction to our fundamental principle. 

Substituting (6) into (7), we get 


k p* =$(*-*=-Y-f- 4 , 

ki>* = 0 . 

From (2) and (3) we have 

pact *, 


(«) 

(9) 


which is in agreement with (8) when one remembers the different units of 
distance used in the measurement of p and p*. This agreement should not 
bo regarded as a support for our present theory, however, since it is due 
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dimply to the observed average density of matter being of the same order 
of magnitude as that to be expected from the curvature of space-time 
(assuming a radius of curvature of the order of the reciprocal of Hubble’s 
constant), which fact provides a satisfactory feature in every theory of 
cosmology. On the other hand the result (0) may be regarded as a support 
for our theory, since the average hydrostatic pressure in space, due mainly 
to radiation pressure, is extronioly small compared with the average 
density of matter, and so should be counted as zero in a first approximation. 


Summary 

It is proposed that all the very large dimensionless numbers which can 
be constructed from the important natural constants of cosmology and 
atomic theory are connected by simple mathematical relations involving 
coefficients of the order of magnitude unity. The mam consequences of this 
assumption are investigated and it is found that a satisfactory theory of 
cosmology can be built up from it 
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The scattering of cosmic ray particles in metal plates 

By P. M. S. Blackett, F.R.S. and J. G. Wilson 


(Received 27 January 1938) 

1. THE EXPERIMENTAL RESULTS 

Using an ordinary cloud chamber, Anderson (1933) measured the average 
angle of scattering of cosmic-ray particles of energy up to 3 x 10® e-volts in 
a lead plate of thickness i-1 cm Williams (1936) pointed out that, in such 
experiments, the scattering is multiple, and that the observed values agreed 
with the theoretical predictions, assuming the particles to be electrons. 
Recently Neddermeycr and Anderson (1937) have made some new measure¬ 
ments using a counter-controlled cloud chamber and a 1 cm. platinum 
plate. No numerical results are given, but the observed scattering of 
particles of energy up to 5x10® e-volts, which appears to be the limit of 
the energy measurements, seems in rough agreement with the earlier 
results. 

Using tho counter-controlled cloud chamber already described by 
Blackett (1936) and by Blackett and Brode (1936), the multiple scattering 
of oosmic-ray particles of energy up Ox 10 9 e-volts in lead and copper 
platep has been measured. In order to make such measurements possible, 
it is necessary to reduce as far as possible the distortion of the tracks in 
the chamber. The technique by which this can be achieved has been 
described by Blackett and Wilson (1937) in connexion with the measure¬ 
ment of tho energy loss of rays m traversing metal plates. In fact, tho 
photographs taken for the measurement ot the energy loss were, amongst 
others, found suitable for the measurement of the scattering. The angle 
of scattering was measured by means of a goniometer oyepiooe attached to 
a travelling microscope. The cross-wires were set tangentially to the traok, 
first on one side and then on the other side of the plate. The mean of the 
two measured angles of deflexion, obtained from the two stereoscopio 
photographs, was taken as giving the projection on the plane of the 
chamber of the actual angle of scattering. 

This measured deflexion 6 m of each track was corrected for three souroes 
of error. The first is the random error of the angle measurements, due to 
random chamber distortions and setting errors An upper limit of 0-16° 
of arc for the probable error due to this cause was obtained by assuming 
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that the rays of high energy (Hp > 3 x 10 7 gauss cm.) suffered no real 
scattering, so that all the observed scattering was taken as due to errors. 

The second is a small systematic deflexion due to chamber distortion, 
which amounted to about 0‘04° of arc. Both these are small compared 
with the measured mean angles of scattering, except for the highest 
energies. 

The third error is the systematic one due to the curvature C of the track 
in the field.* If the two angle settings be made at a distance d apart, the 
change of direction of the track between the two points due to the field 
is 6 1 = Gd. This error is additive or subtractive, according as the sign of the 
measured angle Q m of scattering is in the opposito, or in the same, direction 
as the deflexion 0 X due to the curvature. For a 1 cm plate, d is about 
2 cm., but its exact value depends somewhat on the particular observer’s 
method of setting the cross-wires. For any group of tracks of neighbouring 
energy, the value of 0 X can be obtained directly from the measurements of 
the mean apparent scattering angle. It is simply given by the algebraic 
mean of the measured deflexions 0 m of all the tracks, these being taken as, 
say, positive, when 6 m and 6 X are of the same sign, and negative when they 
are of opposite sign Since the observed mean scattering is found to be 
nearly proportional to the curvature of the track (that is inversely pro¬ 
portional to the energy), it follows that the above correction is nearly the 
same fraction of the mean scattering angle at all energies. Though this 
fraction is about 40% for the tracks traversing 1 cm. Pb in 10,000 gauss, 
the uncertainty in the mean scattering angle due to the uncertainty in the 
magnitude of the correction 0 X is quite small, certainly less than 5 %, sinoe 
in about half of any group of tracks the correction is additive and in the 
other half must be subtracted. 

The results are given in Table I. The first column gives the range of 
energy of the group of tracks, calculated from E = 300 Up e-volts, that is, 
assuming their mass to be electronic. The value of Up for each track is 
taken as the mean of the values above and below the chamber. The second 
column gives the harmonic mean of the energies of the tracks in the group, 
followed by the corresponding mean values of Hp, and then by the number 
of tracks. The fifth column gives the arithmetic mean angle & of the 
measured deflexions, corrected for the three sources of error. The last two 
columns give the theoretical value a, and the ratio of the observed to the 
theoretical value respectively. 

* This source of error can bo avoidod, in principle, by the method of Simons and 
Zilber , ( 1937). However, this mothod is only easily applicable in practioe to the tracks 
of low energy. 
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Table I. Scattering of cosmic rays in metal plates 
B a. 


Range of E 

iS? 

>Tp 


degrees 

degrees 


10 * e-volts 

10 * o-volts 10 7 gauss-cm 

No. 

of arc 

of are 

B/a. 

1 cm. load, 10,000 gauss: 






0 15-0-46 

0 29 

0 097 

7 

2 96 ±0 65 

2 80 

1 08±0 24 

0-45-0-90 

0 59 

0 197 

15 

1 40 ± 0 22 

1 38 

1-02 ± 0-16 

0 90-135 

1 09 

0-30 

13 

0 98 ± 0 15 

0 75 

1 28 ± 0 20 

1-35-2 1 

1 71 

0 54 

19 

0 55 ± 0 14 

0 48 

1 15 ±0 30 

21 -3-3 

2 54 

0 86 

15 

0 50 ± 0 09 

0 32 

1-75 ±0-28 

3-3 9 0 

4 05 

1 55 

15 

0 31+000 

0 18 

1 72 ± 0 35 

>9-0 

— 


21 

0 16 

— 

— 

0-33 om. load, 3300 gauss: 






0 03-0 10 

0-07 

0 023 

8 

7 45± 1 9 

6 55 

1 14±0 29 

01 -0 4 

0 21 

0 070 

9 

1 77 ± 0 60 

2 12 

0-84 ± 0 29 

0-4 -0-8 

0-55 

018 

9 

0 62 ± 0 10 

0 82 

0-76 ±0 12 

2 om. copper, 10,000 gauss: 






0-1 -1-0 

0 32 

Oil 

15 

2 18 ± 0 31 

2 05 

1 08 ±0 15 

1 2 

1-25 

0 42 

10 

0 56 ±0-13 

0 53 

105 ± 0-25 

2 -4 

2-72 

0-91 

14 

0-48 ± 0 09 

0 24 

2 00 ± 0-37 


2. Comparison with theory 

Williams (1936, 1938) lias shown that the theoretical value of the 
arithmetic mean projocted angle a of scattering of a particle of mass M, 
and unit charge, and velocity v very nearly c, in a plate of thickness t, 
which contains N atoms, of atomic number Z, per cm *, is given approxi¬ 
mately by 

4 ZWNt 

*'=p-£”\og(2nNtZ*i*W, ( 1 ) 

where £=> (I - w*/c*) _ t, and is the Compton wave-length. Since 
Hp = Jfc 2 £/e, when £ > 1, 

we have a = log(27rA 7 ^ 5 A 2 ), (2) 

Hp 

and Williams points out that this expression does not depend on the mass 
of the particle. It is seen that the mean angle of scattering should be 
inversely proportional to the measured Hp of the rays. 

The values of a calculated from (2) are given in Table I. In the last 
oolumn is given the ratio Oja. of the observed to the calculated angle of 
scattering. Sinoe these values are all of the order of unity, it can be 
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concluded that the theoretical expression (2) is roughly verified for both 
lead and copper. For lead, this rough verification extends over a range of 
Up of 60 to 1. The corresponding range of energies, assuming the mass of 
the particles to be electronic, is from 7 x 10 7 to 4-6 x 10* e-volts. 

It can be seen from fig. 1, which shows the results graphically, that the 
agreement between theory and experiment is good for values of Up up to 
about 6x 10® gauss-cm., but that for higher energies the observed values 
are greater than those calculated. At these higher energies the energy 
measurements are least accurate, and so the possibility of some unexpected 
source of error is greatest. One might therefore reasonably look for the 
discrepancy m the systematic errors in the measured energies due to the 
random errors of measurement. But the discussion of § 6-2 of the paper 
by Blackett and Wilson (1937) suggests this effect is too small, and 
probably also of tho wrong sign. 



Flu. 1. Scattering in metal plates expressed as a fraction of tho theoretical value. 

O measurements in 1 cm. lead; (D in 0-33 cm. lead; • in 2 cm. copper. 

Some part of the discrepancy may be attributed to a possible inaccuracy 
of the theoretical formulae. Various approximations are made in its 
derivation, and a more exact treatment may alter the form of (1) appre¬ 
ciably. More detailed calculations have been made by Williams (1938) 
which show that, if the non-gaussian part of the scattering is taken into 
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aooount, and if the shielding of the atomic electrons is allowed for by the 
use of a Fermi-Thomas atomic field, the theoretical values are increased 
by about 20 %. This correction seems too large at the lower energies and 
not large enough at the higher energies, in order to bring agreement 
between theory and experiment. 

It is not thus possible to say with any certainty whether the apparent 
excess of the observed scattering of the rays of high energy over that 
predicted is real or not. Further experiments with a 2 cm. gold plate are 
in progress to test this. Tf it proves to be real it is possible that it is 
associated with the process of energy loss shown by Wilson (1938) to be of 
particular importance for energies of the order of 10® e-volts. 

Fig. 2 shows the distribution of the measured angles of scattering in a 
1 cm. lead plate of all rays with Hp<‘ix 10® gauss-cm. In view of (2), it is 
the distribution of the product 0 x Up, and not that of 0 alono, which is 
plotted. The distribution is approximately Gaussian as would be expected. 



Fio. 2. Distribution of corrected deflexions of all trucks with Hp <.‘lxl 0‘ gauss-cm. 
The abscissae arc not the corrected doflexioiw, but the products of the deflexion by 
the energy of the par tides. 


3. Discussion 

Williams (1938) has pointed out that if the high penetration of the 
majority of the cosmic rays is explained by the assumption made by 
Neddermeyer and Anderson (1937) that the particles are heavier than 
electrons, one would still expect the normal scattering given by (2). Thus 
the fact that nearly the theoretical scattering is observed gives support for 
tho view that it is by their greater rest mass that the penetrating rays are 
distinguished from radiating electrons. Williams further gives an argument 
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based on the method of impact parameters, which leads to the view that 
any other way of reducing the radiation loss will also reduce the scattering 
and so bring disagreement with experiment. If this argument is valid it 
becomes certain that the mass of the penetrating rays must be greater than 
that of electrons. 

It is interesting to note that the scattering of the rays shows no noticeable 
change at an energy of about 2 x 10 8 e-volts, although it has been shown 
by Blackett and Wilson (1937), and by Blackett (1938), that the mean 
energy loss of the rays changes very rapidly at about this energy. The 
particles whose scattering has tieon measured in the present work are 
almost all of the penetrating group, since the number of energetic electrons 
at sea-level is very small (Blackett 1938) 

Since Blackett and Wilson (1937) and Blackett (1938) have shown that 
the penetrating rays become electronic in character, when their energy 
falls below about 2 x 10 s e-volts, it follows that the explanation of the 
remarkable change of property in this energy region must be sought, on 
this view, in a change of rest mass. But since it does not seem likely that 
the present quantum theory is adequate to describe this supposed change 
of rest mass, it will probably provo necessary to introduce some new 
physical principle to explain it, and this new principle may possibly 
invalidate the argument, which is based on existing theory, that a normal 
scattering and an abnormal radiation loss can only be explained by means 
of a heavy particle. Until therefore an adequate explanation of the chango 
of radiative property has been found, it would be perhaps premature to 
conclude with certainty that the difference between the penetrating and 
the absorbable rays can only be explained by a difference in rest mass, 
though this explanation seems at present to be the most plausible. 

We wish to express our appreciation of the work of Mr A. H. Chapman, 
who took all the photographs. This work was carried out at Birkbeck 
College, London. 


Summary 

1. Measurements have been made of the multiple scattering of cosmic 
rays in the following metal plates: 0-33 cm lead, 1-0 cm. lead, 2*0 cm. 
copper. The range of values of Hp of the tracks extended from 10 6 to 
3 x I0 7 gauss-cm., corresponding to electron energies of 3 x 10 7 to 
9x10® e-volts. 

2. The observed average angle 6? of the multiple scattering is fonnd to 
be nearly inversely proportional to the measured values of Hp, and to be 
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in fairly close agreement with the prediction of theory for rays of any mass, 
but with velocity nearly equal to c. 

At high energies the observed values are somewhat higher than expected. 
This discrepancy, which may be partly due to experimental error, will be 
further investigated. 

3. This result, that the scattering of the penetrating component is 
normal, while the radiation loss is much less than that expected for 
electrons, gives support for a heavier rest mass for the rays. But this 
conclusion is not quite certain 
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On the motion of a fluid heated from below 


By R. J. Schmidt and O. A. Saunders 
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{Communicated by 8 . Chapman, FR 8 .—Received 11 November 1937) 
[Plates 1, 2] 

Introduction 

In some previous experiments (Schmidt and Milverton 1935) a layer of 
•water between two horizontal plates was slowly heated from below The 
critical temperature difference at which the water began to move was found 
from a change m the slope of the curve relating the difference of temperature 
betwoen the plates and the rate of supply of heat to the lower plate. An 
optical refraction (Saunders and Fishenden 1935) method was also used for 
finding the critical condition, and the results found by the two methods 
agreed and conformed to a theoretical formula of Jeffreys (1928) within the 
limits of experimental error. 

The present experiments were undertaken to find whether any change 
in the type of motion occurs at higher temperature differences, and also 
to study further the vertical and horizontal temperature gradients in 
the moving fluid using the optical method. It was also thought of interest 
to perform experiments with air instead of water. An improved apparatus 
was used, in which the downward heat loss from the lower plate could be 
moasurod, so that the actual heat transfer between the plates could be 
found. 


Description ok apparatus 

The apparatus consisted essentially of two square brass plates supported 
horizontally one above the other. The plates were supported separately by 
gloss rods, glass being used as it has approximately the same thermal con¬ 
ductivity as water. The bottom plate was heated electrically whilst the top 
plate was cooled by water flow. The temperatures of the opposing surfaces 
of the plates were measured by embedded thermocouples. 

The bottom plate A (see fig. 1) measured 9 x 9 x Jin., and had a thermo¬ 
couple (not shown in figure) embedded in a deep groove cut along its under 
surfaoe, the junction being situated just below its upper surface and approxi¬ 
mately at the centre of the square face. The plate was held by five fibre 
[216] 
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screws to an ebonite slab B, } in. thick, with a heating coil of resistance tape 
sandwiched between. Thin sheets of mica were used to insulate the heating 
coil on either side, and these were allowed to project about J in. all round 
the edge of the plate. By dipping the projecting edges in molten paraffin 
wax and afterwards scraping away the exoess wax flush with the upper 
surfaoe, the plate was thermally insulated at the edges and at the same time 



Fro. 1. Apparatus 


made watertight. Pairs of embedded thermocouples gave the temperatures 
of the two surfaces of the ebonite at three positions (not shown in the 
figure) from which the mean rate of conduction of heat through the ebonite 
could be estimated with sufficient accuracy. The whole was supported on 
three glass rods fixed to a wood base. All electrical leads passed through 
plugs on the underside of the ebonite and through watertight rubber tubing. 

The top plate C measured 12 x 12 x ^in. and had an embedded thermo¬ 
couple similar to that in the bottom plate at its oentre, and a coppor cooling 
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coil D soldered to its upper surface. Brass bars, E and F, of inverted U 
section, were also attached by screws S to its upper surface, and projected a 
short distance beyond the edges of the plate, at the positions 0, H and /. 
The plate was supported by three vertical screws passing downwards 
through threaded holes in the bars at Q , H and /, with their tips resting on 
three brass caps fitted over glass rods fixed to the wood base. The height and 
level of the plate could thus bo adjusted by the screws. 

Both plates had flat surfaces, finished by scraping and testing on a surface 
plate, and their distance apart when in contact varied from point to point 
by less than 0-01 cm. 

The whole apparatus stood in a tank with vertical glass sides. In the 
experiments with water the tank was filled to a level just above the under 
surface of the top plate. 

Experimental procbdube 

In an experiment, after levelling the bottom plate by adjusting three 
screw-jacks supporting the tank, three conical distance pieces of height 
equal to the required distance between the plates were placed on the 
bottom plate The top plate was then lowered, by means of its supporting 
screws, until it just rested on the distance pieces. After noting the positions 
of the adjusting screw heads, the top plate was raised by turning them 
slightly, so that the distance pieces could bo removed, and the plate was 
returned to its previous position At the beginning of an experiment the 
water in the cooling coil attached to the top plate was at the same tempera¬ 
ture as the fluid in the tank. The heating current was switched on and, 
after waiting 45min., which was found to be long enough for the flow of 
heat to become steady, temperature readings were taken. The current was 
then given its next value and the proceedings repeated. The results of four 
experiments are given in Table I, in which d is the distance between the 
plates, C is the measured current, 0 a and 0 X are the temperatures of the 
surfaces of the top and bottom plates respectively, and 6 le and l9 fc are the 
mean temperatures of the upper and lower surfaces of the ebonite. The 
resistance of the heating coil was 38-0 ohms, and was constant within j % 
over the range of temperatures used; thus the total heat supplied in unit 
time to the lower plate was proportional to C*. 

Discussion of results 

The results from Table I are plotted in fig. 2, the co-ordinates being the 
square of the heating current and the temperature difference between the 
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Table I 

C (amp) Of C. 6 t “ C. O x ° C. O u ° C. 

d = 1-1 cm. 

0 40 19 05 18 4 19-8 18 7 

0-60 19 0 18-7 20 0 18-0 

0 605 20 1 18 9 21-4 18-5 

0-725 20-0 19-0 22 5 18-6 

0 81 2105 10 1 23 4 18-0 

0-91 2165 19-35 24 0 18-7 

103 22 4 10 65 26 0 18-9 

1-175 23-5 20 3 28 1 19 2 

1 415 25 4 21 15 31 85 19-8 

1-71 28-0 22 4 37 5 20-6 

d = 1-0 cm. 

0 40 17 9 17 2 18 8 17-7 

0-65 18 65 17 76 20 1 17 6 

0 71 19 95 18 6 22 0 17 9 

0 82 20-05 18 85 23-3 17-9 

0 95 21-45 19 1 25 0 18 1 

Ml 22-55 19-6 27 1 18 4 

1 28 23-9 20-2 20 7 18 8 

1 47 25-6 21 15 32 8 19-3 

1 70 27-7 22 2 37 3 20 1 

d = 0 9 cm. 

0 40 17 0 10 55 17 5 15-8 

0 55 18 0 17-2 19 0 10 0 

0-77 19-5 18 1 21-7 10 4 

0-97 21 0 18 7 24 5 17 0 

1-21 23-05 19 05 28 2 17 0 

1-41 24 8 20 3 31 4 18-3 

1 66 26 85 214 35-8 19-1 

1-92 20-3 22 05 41 0 19 9 

2 17 32 1 23 9 40-5 21-0 

d = 0 8 cm. 

0-40 10 85 10-2 17 8 10-7 

0-61 18-1 17-0 20-1 10-9 ‘ 

0-82 19-0 17 8 22-9 17 2 

1-02 21 15 18 5 25 7 17-7 

1-17 22-4 19-05 28 2 18-0 

1-39 24-2 19 95 31-4 18 5 

1-57 25-9 20-7 34-7 19 0 

1- 88 29-05 22 4 40-5 19-9 

2- 235 33-3 24-05 48-7 21-2 
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Fin. 2. Experimental results for water, showing critical temperature differences. 

Note. The zero of the C* scale has boon displaced upwards by respectively 0*S, 
1-8, 2-0, 2-8 and 3-0 units for d = 0*5, 0*8, 0 9, 10 and M om. 
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plates. It will be seen that each curve has a change in slope at a critical 
temperature difference, which decreases when the distance apart is in¬ 
creased. No allowance has been made in 6 g. 2 for the heat which passes 
downwards through the ebonite, which amounted to about one-sixth of the 
total heat supplied to the bottom plate, for the purpose of detecting 
ohanges in the slope of the curve relating the heat transfer and the tempera¬ 
ture difference between the plates, it was found unnecessary to correct for 
the ebonite loss. Table II shows the values of A =apc((9 1 -0 a )<Z*/^>' (Jeffreys 
1928 ) corresponding to each of the critical temperature differences. In this 
expression g is the acceleration due to gravity ,a,c,v and I* are respectively 
the expansion coefficient, the specific heat per unit volume, the kinematic 
viscosity and the thermal conductivity of the water, takon at the mean of 
the temperatures of the two plates. 

Table II 

d 11 10 09 08 0 5 04 

0, 2175 22 7 24 0 24 15 18 35 198 

0, 19 35 19 fl 20 0 19 95 17 1 17 7 

A 46,000 47,000 47,000 35,000 1800 1700 

The results for d = 0 - 8 , 0-9, 10 and 1-1 cm. appear to mdioate a change 
in the type of motion at a critical value of A equal to about 45,000. The use 
of the optical nfethod, which will lie described later, confirms this, and 
shows that the steady cellular motion, which occurs at lower values of A, 
breaks down at about A = 45,000 and turbulont motion begins, in which 
the water temperatures fluctuate with time 

The first appearance of cellular motion, which was the subject of investi¬ 
gation in a previous paper (Schmidt and Milverton 1935 ), occurs at tempera¬ 
tures below the smallest experimental values in Table I. For d = 0-4 and 
0-5 om., however, the change of slope is clearly shown in fig 2, the corre¬ 
sponding critical values of A being 1800 and 1700 respectively (see Table II). 
This agrees with the results in a previous paper It is to be noted that the 
ohange of slope at 1700 is sharper than that at A = 46,000. It was thought 
unnecessary to give detailed results for d = 0-4 and 0*5 cm. in Table I, Bince 
these experiments are repetitions of those already given m the paper 
referred to. 

Eesults for heat-transfer with water 

The mean rate of heat loss through the ebonite beneath the bottom plate 
was calculated for each experiment, assuming a value 0-00042 cal./om. °C. 
seo. for the conductivity of the ebonite, and subtracted from the total energy 
supplied. Thus H, the rate of heat transfer per unit time per unit surface 
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area of the bottom plate was found, negleoting edge losses from it. The 
results obtained are given in fig. 3, in which the dimensionless oo-ordinate 
A Hd/k^-di) is shown plotted against A. It was thought desirable to plot 
the product of A and 0,) against A, rather than Hd/k(6 1 -0 t ) 

against A, since the product does not involve (0 x —0 t ) and gives a better 
grouping of the experimental results, because the accuracy in measurement 
of 6 X —0 t is less than that of H and d. 

The results for different values of d fall reasonably well on one curve, 
although there is a slight spread at higher values. The change of slope at 
A = 45,000 is, however, not so well shown up as when the points for each 
value of d are plotted separately. 


Optical method 

Light from a carbon arc, placed 13 m. away from the centre of the fluid 
layer, in a direction parallel to one of the sides of the plates and in the same 
horizontal plane as the layer, {Missed through the fluid and was intercepted 
by a screen some distance away on the opposite side. Negative photographs 
of the image so formed were taken by placing specially sensitive negative 
cards over the screen and exposing for about 2 sec 

Since the refractive index of the fluid decreases with increase of tempera¬ 
ture, the light is bent upwards in passing through the layer. Let x, y, z, 
denote distances measured parallel to the horizontal sides of the square 
plates bounding the layer and perpendicular to them, respectively. All rays 
from the source, which pass through the layer, may be regarded as entering 
in the direction of the z-axis. If the angular deviation is everywhere small, 
the small angle made with the xy plane by a ray on leaving the layer iB 
approximately proportional to the mean 2 -gradient of refractive index 
taken along its path. This angle may be found from the vertical displace¬ 
ment of the image from its position when the temperature of the layer is 
uniform. Similarly, the displacement of the image parallel to y is approxi¬ 
mately proportional to the mean y-gradient of refractive index taken along 
the path of the ray Further, assuming the refractive index to vary linearly 
with temperature, as was approximately true in the present experiments, 
these displacements measure the corresponding mean gradients of tem¬ 
perature. 

A number of negative photographs are shown in figs. 4 and 5, the appro¬ 
priate values of d, 0 1 -6 V A, and l, the distance between the arc and the 
apparatus, being given. The shaded lines at the edges of the photographs 
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show the positions of the images formed by the light when the temperature 
is uniform. 

Results for water by the optical method 

The negative photographs for water are shown in fig. 4, Plate 1. 

Photograph (a). By means of a screen containing three horizontal slits 
placed between the arc and the apparatus, light was admitted only within 
small distances of the top surface, the mid-plane, and the bottom surface, of 
the layer, respectively. When the given temperature difference was applied, 
the photograph shows that the light passing through the middle slit is 
practically undeflected vertically, except near the edges, while the light from 
both the top and the bottom slits is deflected upwards, the deflexion varying 
periodically with distance across the width of the photograph. The maxima 
of vertical deflexion of the light from the bottom slit occur immediately 
above the minima of vertical deflexion of the light from the top slit; these 
positions indicate where the cooled liquid iB descending. The image formed 
by the light from the top slit lacks some of the rays which entered the layer 
close to the top surface, which are either absorbed or reflected by the surface; 
this accounts for the average deflexion of the light from the top slit being 
apparently less than that of the light from the bottom slit. 

The absence of vertical deflexion of all rays passing near the mid-plane 
shows that the vertical temperature gradients are negligible everywhere on 
this plane. The transfer of heat across this plane must therefore be practically 
all by convection. 

Photographs (b) and (c). When obtaining these photographs light was 
admitted to the whole gap between the plates. The image when the layer 
was at a uniform temperature thus consisted of a wide band, whose position 
is shown at the side. The characteristic features are the bright vertical 
patches, which are more marked in (6) the n in (c) owing to the greater distanoe 
between the layer and the screen and the correspondingly sharper focussing. 
They occur at the same positions as the maxima of the vertical deflexion of 
the light passing close to the bottom surface, which forms the second wavy 
line from the top. This is to be expected since the light is deflected hori¬ 
zontally towards the positions where the cooler fluid is descending. There 
are no vertical patches in photograph (a) because the temperature gradients 
are smaller than in (b) or (e), despite the larger value of A. 

In (a) there are eleven cellB, and in ( b ) and (c) twenty-two cells, within a 
horizontal length of 22-9cm.; hence the horizontal lengths of the sides of 
the cells are 2-1 and 10cm., respectively, i.e. approximately twice the 
distance between the plates. It was generally found that when the cellular 
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motion was well ettefetifhed the width of a cell was about 2d. According to 
the theory, if the eeQt are square their aides are of length 2 - 8 d when the 
motion first begins. Theoretically, however, it is possible for smaller cells to 
form al the motion develops, although according to Rayleigh ( 1916 ) the 
cells first formed have the best chance of predominating. Alternatively the 
discrepancy would be explained if square cells formed with their sides 
parallel to the diagonals of the plates. 

In^6) and (c), unlike (a), the bottom parts of the images, which correspond 
to rijrs passing near the mid-plane, Bhow considerable vertical deflexion, 
proving that there are considerable vertical temperature gradients across 
the mid-plane. Since the value of A in ( b) and (c) is lower than that in (a), it 
appears that as the motion develops with increasing A, the vertical tem¬ 
perature gradients across the mid-plane decrease, and therefore less con¬ 
duction takes place across the mid-plane. This is well Bhown, although it 
was not appreciated at the time, in fig. 4, photographs (c), (d), (e) of the 
previous paper to which reference has already been made. These photo¬ 
graphs were obtained with circular plates, and the vertical deflexion thus 
varies from a maximum at the middle of the photographs to zero at the edges 
on account of the varying length of path within the layer; but it will be seen 
that the bottom of the image in (?) is straighter than that in (d) which is in 
turn straighter than that in (c); the corresponding values of A increased in 
the order (c), (d), (e). 

Photographs (d) and (e ). These photographs were taken when the fluid 
was in turbulent movement, with an exposure of 1 sec. In the left half of each 
photograph the light entering the layer was limited to eleven vertical slits 
0-2cm. wide and 1 -Oom. apart. In the right half of each photograph no 
vertical slits were used and the vertical lines in the image are due to 
refraction in the fluid. Further, in (d) the light entering the layer was 
restricted to the lower half of the gap between the plates, the light entering 
the upper half being cut off by a screen. In each case the image formed when 
the fluid temperature was uniform thus consisted of a broad horizontal 
band, whose position is shown at the right of each photograph, the band 
being interrupted by the vertical slits in the left half of each photograph 
and appearing as a series of short vertical lines. Disregarding the turbulent 
change between the two exposures, (e) thus consists of (d) together with the 
image formed by the light entering the upper half of the gap, some of whioh is 
reflected from the top plate and can be seen faintly at the bottom of (e). As 
before the bottom parts of the images are formed by light entering near the 
mid-plane, and these Bhow that the vertical temperature gradients are 
practically negligible on this plane exoept near the edges. From the left 
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halves of the photographs it is seen that the horizontal displacements, which 
are proportional to the horizontal temperature gradients, are small at the 
top and the bottom, which correspond to rays passing respectively near the 
plates and near the mid-plane, but are larger at intermediate positions. 
When the image was observed on a screen it was seen that the tops and 
bottoms of the vertical lines in the left half of each photograph remained 
practically stationary while the intermediate parts continually moved from 
side to side. A typical bow-liko shape of line is seen just to the left of the 
middle of each photograph. The periodic time of the fluctuations oould not 
be said to be at all definite, but was of the order of one second. 

The appearance of vertical lines in the right halves of (d) and (c) is due to 
focusing of light by horizontal deflexion towards descending columns of 
cooled water. These lines continually shifted about. Their general bow-like 
shape can be explained in a similar manner to the lines in the left halves of 
the photographs. 

Remits for air by optical method 

The rate of change of refractive index with temperature is smaller for 
air than for water, but by increasing the distance between the apparatus 
and the screen, it was found that the optical method could be used satis¬ 
factorily. The experiments were carried out with tho same apparatus and 
experimental arrangements as for water, but it was found necessary to 
enclose the gap between the plates by vertical glass walls in order to get any 
image at all, presumably because air in cellular motion is more sensitive than 
water to disturbances outside the layer. 

Fig. 5, Plate 2 shows the image obtained for four different conditions. In 
every case the apparatus was 13 m. from the arc, and the image 17 m. from 
the apparatus. The temperature of the top plate was about 21° C., and 
the exposure times were all about 1-5 sec. 

In (a), (6) and (d) the light entering the layer was restricted to within 
0*3 cm. of the bottom plate. In (c) the light was admitted over the whole gap 
between the plates. The images formed when the air was at a uniform 
temperature thus consisted of straight horizontal bands, at positions 
indicated at the sides of the photographs. 

Photograph (a). Cellular motion is clearly indicated, there being eleven 
cells, the same number as for water with the same distance apart of the 
plates. 

Photograph (b). Cellular motion is again indicated, but the image was 
observed to change slightly with time. The number of cells remained the 
same, but whereas in the photograph the wavy line is better defined in the 
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right-hand side of the picture, after half a minute or so the left-hand side 
would probably show better definition. It was not possible to observe a 
definite time period in the movement of the image. 

Photograph (c). This was taken for conditions similar to those of (6), and 
shows similar features to fig. 4 for water. 

Photograph ( d ). When this was taken the motion had beeomo turbulent 
and the image was moving about all the time, it will be seen to have moved 
during the 1*5 sec. exposure. The vertical deflexion showed a general 
tendency to vary periodically across the horizontal width of the photograph 
but the “wave-length” was rather greater than for the earlier stages of the 
cellular motion, in which there would bo five or six complete cells for this 
value of d. 

A large number of photographs similar to figs. 4 and 5 were taken for 
different conditions and the following conclusions were drawn. 

For low values of A the appearance of the image with air was similar to 
that with water at the same value of A. With air, os with water, the image 
first showed cellular motion when A was just under 2000. 

With air the image showed first signs of unsteadiness at about A = 5000, 
the movement becoming more marked as A increased; the number of cells 
remained the same but they showed a tendency to shift in position. With 
water, on the other hand, the image was fairly steady until A equalled about 
45,000 when turbulence set in more or less suddenly. With air the turbulent 
movement developed more gradually, and at A = 45,000 the amount of 
turbulence was very roughly the same as with water shortly after turbulence 
first appeared. 

The first appearance of cellular motion in air when A equals about 2000 
is, of course, in agreement with the theory. 

The experimental result that turbulence develops at about the same value 
of A (45,000) for both air and water is of interest. Although this condition 
has not been studied mathematically, an examination of the equations of 
motion of the fluid, which must involve the inertia terms, indicates that the 
critical conditions should depend upon both A and kjev. 

Since the values of k/cv appropriate to the experiments were approxi¬ 
mately 1*3 for air and 0-14 for water, the above result appears to indicate 
that the amount of turbulence depends mainly on A. 

Attempts to detect changes of motion of the air by plotting the heat 
supplied to the lower plate against the temperature difference between the 
plates were less satisfactory than for water, the change of slope being more 
difficult to locate. 
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Summary 

If a horizontal layer of fluid, initially at rest, is heated from below, 
instability and cellular motion set in when A (= otgc(9 1 ~8 t )d 3 lkv) is about 
1700 Experiments for several layer depths show that on further heating 
the layer becomes completely turbulent at about A = 45,000. Observations 
by an optical method indicate that in the case of water the turbulence 
develops suddenly, but that in air the transition is more gradual, the first 
signs of turbulence occurring at about A = 5000. The rate of heat transfer 
is measured at each stage, and the increase at the change from cellular to 
turbulent motion is found to be less than that at the change from equilibrium 
to cellular motion. 

In the cellular motion the length of the horizontal side of a cell is found to 
be twice the layer depth. The vertical temperature gradients at positions 
on the plane midway between the boundary surfaces decrease progressively 
to negligible values as the motion develops with increasing A 

In the turbulent motion the fluctuating vertical temperature gradients 
are very small on the mid-plane. The horizontal gradients are very small 
on the mid-plane, but have maxima at positions between the mid-plane 
and either boundary surface. 
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Identification and measurement of helium formed in 
beryllium by y-rays* 

By E. GlItckauf and F. A. Panbth 
(Communicated by J. C. Philip, F R S —Received 17 December 1937) 

For reasons explained elsewhere (Paneth 1937) helium is at present the 
only product of artificial disintegration which can be separated in bulk by 
chemical methods. Some time ago helium artificially produced by liombard- 
ment of boron with slow neutrons was spectroscopically identified and 
measured by a manometric device (Paneth, Cdilckauf and Loloit 1936). 
This reaction 

«B + Jn-> a 7 Li+ 4 He (1) 

had been investigated before by physical methods (Chadwick and Goldhaber 
1935 a, 6; Taylor and Goldhaber 1935; Amaldi and others 1935). The fact 
of the production of helium was already known and chemistry could merely 
contribute to its quantitative study. There are, however, other processes of 
artificial disintegration where at present only mioroohemical methods seem 
capable of deciding between different possibilities. 

Since the discovery of the “nuclear photo-effect” by Chadwick and 
Goldhaber, it is known that y-rays produce neutrons from deuterium and 
beryllium (Chadwick and Goldhaber 1934, 1935 c; Szilard and Chalmers 
1934), in this case the formation either of 8 Be or of 4 He is to be expected 
according to the equation 

JBe-f Ay->JBe + Jn (2) 

or JBe-t-Ar-^He + Jn (3) 

Each reaction is equally possible, although Chadwick and Goldhaber give 
reasons why reaction (2) is probably the main one. Now if reaction (3) 
occurs to any considerable extent, then it should be possible to detect the 
helium by gas-analytical methods, while in the case of formation of a stable, 
or slowly disintegrating, 8 Be, no helium Bhould bo found. 

Owing to the minute quantity of helium to be expected even after 
irradiation with strong y-ray sources, it is essential to absorb as much as 
possible of the y-radiation in beryllium atoms; on the other hand, the larger 

* “Helium Researches XIV.” References to the previous numbers are given in 
“Helium Researches XIII” (Paneth, Gliickauf and Loleit 1936). 
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the amount of irradiated material, the more difficult becomes the chemioal 
separation of the helium. For these reasons the ideal arrangement is a 
radioactive Bource, as small as possible, and surrounded by a sphere of 
metallic beryllium. It is true that the collection of the helium from the metal 
is more difficult than from a solublo beryllium salt; but a simple calculation 
shows that in order to disintegrate the same number of beryllium atoms in a 
dissolved beryllium salt, one would have to deal with impracticable 
quantities of solution. On the other hand, in the case of the irradiation of a 
dry salt, with subsequent solution, the complete exclusion of air would be 
difficult. It was decided, therefore, to irradiate metallic beryllium, and to 
develop a method for the quantitative recovery of the helium formed. 


Apparatus and experimental procedure 

Analyses, to l>o described later, showed that commercial beryllium does 
not contain any detectable traces of helium; certainly less than 10 - 10 c.c./g. 
beryllium. It could, therefore, be used for experiments without re-melting 
in vacuo. As all metals are perfectly helium-tight, it is unnecessary to 
enclose the beryllium in an evacuated vessel during the irradiation; on the 
other hand, the only possible way of collecting the helium after the irradia¬ 
tion is to dissolve the metal. The considerable volume of hydrogen evolved 
in this operation causes the only serious difficulty in the whole experiment. 
The methods used hitherto for the separation of small quantities of helium 
from a large amount of hydrogen were either the absorption of hydrogen by 
calcium, or the diffusion of the gas through heated palladium (“Helium 
Researches, I ”, fig. 1, p 358 and fig. 2, p. 360, Paneth and Peters 1928 ). To 
be efficient the latter method noedB a very large palladium spiral, which was 
not at our dis{>osal, while the calcium method depends largely on the presence 
of traces of other metals in the surface of the calcium and seldom works 
satisfactorily after the absorption of a few litres of hydrogen. Therefore in 
the present experiment the hydrogen was burned with oxygen, the mixture 
being ignited by a heated wire. In this way it is possible to remove up to 
201 . of hydrogen in about an hour; the last traces of the gas are best burned 
in the palladium furnace already described (“Helium Researches, XIII”, 
fig. 1 , p. 416, Paneth, Gltickauf and Loleit 1936 ). 

Since a reliable method for the separation of minute quantities of helium 
from many litres of hydrogen is not only essential for our present experiment, 
but may be useful in similar cases, it seems advisable to give an accurate 
description of the procedure, with a few words about the preparation of the 
air-free acid and the dissolution of the beryllium. 
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The apparatus (fig. 1) consists mainly of a storage vessel for the acid A, 
from which the liquid can be siphoned into the flask B, containing the 
beryllium metal. A lump of beryllium which has not been irradiated and is 
to be used for the blank test, lies on the bottom of the flask, while the 
irradiated piece, fixed with copper wire to a small iron rod, is held by means 
of the magnet C in the neck of the flask. 



The storage bulb A is filled with 20 % sulphuric acid which, though forming 
a less soluble beryllium salt, is preferable to nitric acid because it avoids the 
attack on the mercury of the manometers by nitrous fumes. It is also 
superior to hydrochloric acid on account of its lower volatility. The sulphuric 
acid is eleotrolysed for 2 hr. under about 20 mm. Hg, it is then completely 
free from air which would otherwise introduce contaminating helium and 
neon. After this purification the cooled trap D, in which a few c.c. of water 
have been condensed, is warmed up, and the waterfreed from occluded gases 
by boiling under reduced pressure. The water is then frozen out again and 
the charcoal tubes F and I freshly activated by heating. Sufficient oxygen 
for the combustion of the hydrogen is electrolytically prepared and purified, 
as described in the previous publications, and stored in the charcoal tube I 
connected with the manometer. 




232 E. Gllickauf and F. A. Paneth 

The stopcock a is now closed and the acid siphoned into the flask B under 
the pressure of the electrolytic gas. As the dissolution of the beryllium 
produces considerable heat, it is necessary to surround the flask B with 
water, occasionally cooled by the addition of ice. The hydrogen evolved is 
dned in the trap D (cooled by liquid air), and stored in the charcoal tube F 
(likewise immersed in liquid air). A manometer E allows the hydrogen 
pressure to be read, and at the same time constitutes a safety valve through 
which the hydrogen escapes if the pressure exceeds 1 atmosphere. 

When the pressure of hydrogen reaches about 300 mm., the stopcock e 
is slightly opened so as to admit it slowly into the combustion chamber 0, 
filled with oxygen at 160-200 mm pressure. (It is essential not to exceed 
this pressure, as otherwise an explosion might oocur at the moment of 
ignition.) When the hydrogen, containing of course some oxygen, passes 
the heated platinum spiral at the top of the combustion chamber 0, ignition 
occurs, and, by regulating the stopcock e, it is possible to maintain the flame 
burning in tliis chamber, which is cooled outside by water. It is of importance 
to keep the flame in the upper half of the spherical chamber, as only there is 
it stable; if the hydrogen pressure decreases, the flame withdraws into the 
narrower space, which causes the rate of combustion to be retarded onaccount 
of the reduced surface available for the contact between hydrogen and 
oxygen If, on the other hand, the hydrogen pressure increases, the flame 
advances towards the middle of the bulb until it reaches an area wide enough 
to cope with the hydrogen supplied through the stopcock e It is obvious 
that the flow of hydrogen must be regulated in such a way that the flame 
never reaches tho equator of the spherical combustion chamber, otherwise 
it at once becomes unstable and moves with great velocity through the 
narrow tubes towards the oxygen-filled charcoal tube I. (This would result 
in an explosion, and as a precautionary measure a plug of glass-wool is 
introduced into the tube leading to /.) The flame emits only a very dim 
reddish light, hence for its control it is necessary to carry out the combustion 
in a darkened room. 

After some hydrogen has been burned away, the liquid air vessels which 
cool the charcoal tubes F and I are gradually lowered until practically all 
the hydrogen is burned to water, which forms m bulb H. The water is boiled 
in order to remove any helium whioh might possibly have been included 
during the process of condensation, and the remaining gaseB, mainly oxygen, 
are transferred through stopcock g into the analysing apparatus. This has 
already been fully described (“Helium Researches, XIII”, fig. 2 , p. 417, 
Paneth, Gllickauf and Loleit 1936 ). 

After the blank test with ordinary beryllium has been satisfactorily 
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carried out, the magnet C is removed, so that the irradiated piece of 
beryllium drops into the acid. The whole procedure is then repeated. 

The experiment was carried out three times. For irradiation, pieces of 
beryllium, more or less spherical and weighing 6-8, 3-75 and 4-5 g., were 
used, and as y-ray source radon (supplied by the Radium Centre of Middlesex 
Hospital). The latter was contained in glass capillaries of an average length 
of 0mm. and 1mm. width, the quantity of the radon in each capillary 
varying between 100 and 250 me. Generally the Middlesex Hospital supplied 
a tube once a week, two or threo of them could be simultaneously placed 
inside the beryllium in holes drilled towards the centre of the metal. After 
the decay of the main part of the radon, the tubes were removed and 
replaced by fresh ones. As there is always some danger that the radon tubes 
are contaminated outside with radioactive material or may leak slightly, 
they were covered with other capillaries before insertion In addition to this 
precaution the surface of the beryllium holes was removed by drilling, and 
by washing with acid, before the chemical analysis was undertaken. 


Results* 

The results of the experiments can be seen from Table I. It comprises two 
blank tests, carried out with pieces of the same beryllium samples as were 
used for the irradiation experiments. In none of the blanks could as much as 
10 ~ ,0 c.c of hehum/g. of beryllium be detected. 


Table I Helium in metallic beryllium after bombardment 


Quantity Time of ir- 
of Bo, radiation, 
mg. in days 


WITH y-RAY8 

Radon He/g. Be/ iro/om.Bo/ 

decayed. He found He/g. Be, me. Rn, m me. Rn in 
m me. inl0" , e.c. mlO - ’c.o. 10~ u c.o. lO-^oo. 


81 0 

6-6 26 

3- 76 22 

0-8 0 

4- 5 260 


0 < 0-1 <001 

600 2 0-3 

1260 2 6 0 7 

0 <001 <001 

4700 18 4-0 


Each of the threo irradiated pieces of beryllium contained an amount of 
helium which could easily be detected and approximately measured, namely, 
2 x lO -8 , 2-0 x 10~ 8 and 18 x 10 -8 c o. While in the first two cases, owing to 
the small quantity of helium, the manometric measurement was only about 

* A preliminary report was published in Nature (Paneth and Olueknuf 1937); only 
two of the throe experiments were described therein. 
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25 % accurate, in the last the measurement itself was reliable to ± 10 %; 
unfortunately, owing to a slight accident, a fraction of the hydrogen, mixed 
with helium, had escaped during the dissolution of the beryllium. As this 
fraction is known only approximately, the final figure in this experiment is 
only accurate within 20%. The values “He/g. Be” are given for com¬ 
parison with the helium content of non-irradiated beryllium, and of beryls 
(Bee the following paper). Sinoe the beryllium samples were approximately 
spherical, it is possible from their weight to calculate roughly the helium 
content per 1 cm. radius of the beryllium spheres surrounding the radon 
source These values—which should be independent of the quantities of 
beryllium used—are given in the last column. The average is 3-8 ± 08 x 10~ u 
c.c. helium/cm. beryllium/mc. radon decayed. 

Measurement op the number op photo-neutrons by the quantity 

OF HEUUM PRODUCED IN BORON 

The amount of helium in the three pieces of irradiated beryllium which 
must, thus be ascribed to the y-rays is so considerable that it would appear to 
be formed by the main reaction; for if one assumes the y-rays of radium C 
of 1-8 and 2-2 million V to be equally efficient, and the cross-section of the 
beryllium nucleus to be 5 x 10 _M cm.*, a quantity of helium corresponding to 
the order found is to be exjieeted.* Because of the uncertainties in these 
assumptions, however, an attempt was made to decide by a more exact 
method whether helium is the main product of the reaction. Should this lie 
so, the number of helium atoms produced in beryllium would be twice 
that of the photoneutrons (see reaction (3)); this latter figure can be deter¬ 
mined, as shown in our last paper, from the equal number of helium atoms 
produced in boron according to reaction (1). With this aim in mind the 
third experiment was arranged in the following way. 

The sphere of metallic beryllium of 0-84 cm. radius (weight 4-5g.) was 
placed during the whole irradiation in the pocket of the methyl borate vessel 
of 7*5cm. radius, described in “Helium Researches, XIII”. In the experi¬ 
ments on the formation of helium from boron, for the bombardment neutrons 
produced by the impact of the a-particles of Rn, Ra A, and Ra C on beryllium 
were used; of these neutrons, in spite of the slowing down effect of the 
hydrogen of the methyl borate, a considerable fraction was not caught 
inside the copper vessel. In the present experiment, however, the initial 

* According to reoent experiments the cross-section is four times as large (Frisch, 
v. Halban and Koch 1937), but this does not change the order of the helium quantity 
to be expected. 
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velocity of the neutrons was much smaller, owing to their character as photo¬ 
neutrons; therefore it could reasonably be expected that most of them would 
be absorbed by the boron inside a vessel of 7-5 cm. radius. It was thought 
advisable, however, to verify this and at the same time to determine the 
number of neutrons originating from the glass of the radon tubes under the 
impact of the a-rays; the amount of helium which these neutrons produce 
in the boron, must, of course, be subtracted for the purpose of comparison. 

For these experiments Dr P. B. Moon kindly lent us an ionization chamber, 
filled with boron fluoride and connected with a counter constructed by 
Dr C. E Wynn-Williams. With this device it was observed that the number 
of neutrons produced in a radon-filled glass capillary and slowed down by 
paraffin amounted to 20 % of the neutrons obtained when the glass capillary 
was inserted in the centre of our beryllium metal. If such a complex source 
is placed inside the water-filled pocket of the boron vessel and surrounded 
by a large water tank, the absorption of those neutrons which owe their 
origin to the impact of a-partiolos on glass must amount to roughly 45 %; 
for this is the absorption measured under the same conditions for neutrons 
produced by the impact of a-rays on beryllium. Of the total number of 
neutrons 82 % were caught in the boron vessel, since 20 % oi these neutrons 
are 45 % absorbable, the absorption of the photo-neutrons alone conse¬ 
quently amounts to about 91 % 

As, therefore, 9 % of the photo-neutrons escape, this number must be 
addod to the helium atoms found in the boron; but as, on the other hand, 
45 % of the 20 % glass neutrons are also used for helium production in boron, 
the same negative correction has to lie applied. It follows from this con¬ 
sideration that the number of helium atoms found, in the boron can (within tho 
accuracy attainable in our experiments) be considered as equal to the number 
of neutrons produced by the y-rays in the beryllium. 

The analysis of the helium content oi the boron vessel was earned out in 
the apparatus described in “Helium Researches, XIII’’; tho only improve¬ 
ment was the attachment of a reflux condenser to the boron vessel. With 
an arrangement as shown in fig. 2 of “Helium Researches, XIII”, the 
boiling of the boron ester results in the distillation of 6-10 % into the trap; 
itB passage through the metal stopcock attacks the grease. In the new 
experiment, between the vessel and tho stopcock a metal reflux condenser 
(see fig. 2) was inserted. As cooling agent during the analysis trichloro¬ 
ethylene was used, cooled by solid carbon dioxide contained in the funnel; 
the trichloroethylene, heated by the boiling ester, rises in the condenser and 
is, in oonstant flow, cooled down by the carbon dioxide. 

The analysis of the helium content of the methyl borate vessel, after the 
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beryllium Bphere in the pocket had been irradiated by y-rays for 8-5 months, 
showed the presence of 11 ± 3 x 10~ 8 o.c. helium. In the beryllium (see 
above) 18 ± 4-10~ 8 c.c. helium had been found. Now we know that the 
number of helium atoms found in the boron is practically equal to the number 
of photo-neutrons produced in the beryllium. The number of helium atcsns 
found in the beryllium is more than 1-6 times as high; if reaction (3) were the 
only one induced by the y-rays in the beryllium, the ratio of the helium 
atoms to the neutrons in the beryllium should be 2. The result of our 
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experiments therefore makes it clear that the amount of helium produoed 
in the beryllium by y-irradiation stands in such proportion to the number 
of photo-neutrons as is to be expected if 4 He, and not a stable 8 Be, is the 
main final product of the reaction. 

A repetition of the experiment with a greater quantity of radon, a larger 
vessel containing methyl borate, and a few additional refinements would 
make it possible to decide with an accuracy of &-10 % whether there is any 
formation of a stable *Be. Even such an increased accuracy will not, how- 



Identification and measurement of helium 237 

ever, permit the exclusion of the possible intermediate formation of an 
unstable 8 Be. Since the irradiation of the beryllium, with the radon sources 
at our disposal, has to be continued for several months before sufficient 
helium is produced, a 8 Be with a half-value period of no more than 1 month 
would have time practically completely to decay according to the reaotion 
|Be -> 2 JHe. (4) 

Such a disintegration of the 8 Be into two helium atoms may take place 
spontaneously without detectable rays, since within present-day accuracy 
the mass of *Be is twice the mass of 4 Ho For several reasons—Chadwick 
and Goldhaber's indirect conclusions, and Bohr’s general picture of the 
mechanism of the nuclear disintegration—it soems more likely that the 
photo-disintegration of "lie proceeds according to reaction (2) and not to 
reaction (3); if one accepts this view, it follows from our experiments that 
8 Be is not stable but splits up into 2 4 He. Dr Goldhaber has kindly informed 
us that according to unpublished experiments of Mrs Fremlin and Dr Kemp- 
ton—in which 8 Be recoil atoms from the reaction "Be + J H -> "Be + *D were 
collected inside a Geiger counter—the lifetime of 8 Be is shorter than 1 sec. 
or longer than 3 years. Combined with the experiments here described we 
may therefore conclude that the lifetime of "Be is shorter than 1 see. 

We gratefully acknowledge our indebtedness to the Imperial College of 
Science and Technology for laboratory facilities, to Imperial Chemical 
Industries, Ltd., for financial help, to Professor S. Huss, director of the 
Radon Department, Middlesex Hospital, London, for supplying the radon 
tubes; and to Dr M. Goldhaber, Cavendish Laboratory, Cambridge, for 
suggesting the experiment and for helpful discussions. 

Summaby 

While it has been known for some time that the beryllium nucleus, 
irradiated by y-rays, emits neutronR, it could not be decided whether the 
nucleus is thereby transformed into a stable isotope of beryllium of mass 
8 , or into two helium atoms. 

By a micro-chemical method helium was detected in beryllium after 
irradiation by the y-rays of radon In one of the experiments the number 
of neutrons simultaneously emitted during the irradiation was determined 
by measuring the helium produced by these neutrons in methyl borate; a 
comparison of the two helium quantities showed that the main final 
produot of the y-irradiation of beryllium is helium and not the beryllium 
isotope. 
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On the occurrence of helium in beryls* 

Bv J. W. J. Fay, E. GlCckauf and F A. Paneth 
{Communicated by J. C. Philip, F.R.S.—Received 17 December 1937) 

When Lord Rayleigh first discovered the occurrence, in samples of beryl, 
of helium greatly in excess of the amount attributable to the traces of 
uranium and thorium contained therein, he suggested as the most plausible 
hypothesis that an unknown element present in beryl may emit a-particles 
with less than the critical velocity (Strutt 1908). Later, on the suggestion of 
B. B. Boltwood, he discussed another possibility, viz. that in crystallizing 
from the rock magma the beryls had occluded one of the shorter lived 
a-radioactive elements such as radium or ionium, which later decayed, 
leaving nothing but the helium as evidence of its former presence (Strutt 
19 10 ). 

In view of the subsequent discovery of isotopy both hypotheses were 
reconsidered in the light of this new knowledge. It has, for example, been 
suggested that the “unknown element”, decaying without deteotable rayB, 
might well be the isotope ®Be; and further, that this isotope might have 
already completely decayed (Atkinson and Houtermans 1929; Rayleigh 
1929). 

* "Helium Researches, XV.” For previous papers of the senes see preceding 
contribution (Gliickauf and Paneth 1938) and "Hohum Researches, XIII” (Paneth, 
Gluckauf and Loloit 1936; a footnote in the latter gives references to numbers I-XII). 
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Further, following the discovery of artificial transmutation, it seemed 
possible to attribute the origin of helium in the mineral to the influence of 
external rays to which it had been exposed during geological times; this 
latter idea has been supported in particular by 0 . Hahn, who thinks that 
the discovery by Szilard and Chalmers (1934, Chadwick and Goldhaber 
1935) of the nuclear photo-effect in beryllium provides a completely satis¬ 
factory explanation for the occurrence of helium in beryls, because, after 
the expulsion of a neutron from 9 Be, the remaining 8 Be might split up into 
two 4 He (Hahn 1934, 1935, 1936, Bom 1936). 

A number of experiments have already been carried out in order to decide 
whether disintegration of beryllium, spontaneous or induced, can be the 
cause of the helium production. Langer and Raitt (1933) thought they had 
discovered a permanent a-radiation of the element beryllium, but their 
findings could not be substantiated by Evans and Henderson (1933), Lord 
Rayleigh (19330), Gans, Harkins and Newson (1933), Libby (1933), Frftnz 
and Steudel (1934), and Burkser ft al. (1937). Chadwick and Goldhaber 
(1935), and Bernardini and Mando (1935) have shown that even under the 
bombardment of y-rays beryllium does not emit an observable a-radiation. 

All these experiments suffer from the disadvantage that they cannot 
detect a-rays emitted with an energy under a value of about 100,000 V. 
Since it is known that, within the accuracy of present-day measurements, 
8 Be has twice the mass of 4 He, a disintegration according to the reaction 

*Be ->2 4 He (1) 

would be practically rayless. Therefore the absence of detectable a-rays 
is in no way decisive. A direct test for helium, on the other hand, is 
ontirely independent of the energy of reaction (1). For thiB reason it 
could be hoped, with the help of our sensitive micro-method, definitely to 
determine whether disintegration of beryllium can explain the helium 
content of beryls. 


I 

Let us first consider whether the y-rays from minerals and rocks in the 
neighbourhood of beryls can be held responsible for the occurrence of 
helium, as suggested by O. Hahn. 

The experiments described in “Helium Researches, XIV” show that a 
y-irradiation of beryllium aotually leads to the formation of helium and not 
of stable “beryllium eight”; so qualitatively the hypothesis is upheld. 
But, at the same time, they demonstrate that the effect is not nearly sufficient 
to account for the quantity of helium found, because Lord Rayleigh (1933 b) 
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Bhowed that in Archaean beryls the helium content may amount to 71*8 on. 
mm./g. Since it is not impossible that helium has escaped in course of time 
from the mineral, this figure is a minimum. As 1 g. of beryl contains at the 
utmost 5 % of the element beryllium, it means that 1-66 c.c. of helium/g. Be 
has been formed since the solidification of the mineral, which must certainly 
have occurred less than 2000 million years ago. The average annual pro¬ 
duction of helium would, therefore, have to be at least 7-7 x 10~ 10 c.c./g. 
of Be. 

It has been found (see preceding paper) that 1 me. radon which decays in 
the centre of a sphere of beryllium of a few grams weight produces therein 
about 6-5 x 10 -11 c.c. of helium/g. of beryllium. The decay of 1 me. radon is 
equivalent to the constant y-radiation of 1 mg. of radium during 5*52 days; 
in 1 year l mg. of radium would, therefore, produce 4-3 x I0~ 10 c.c. For the 
formation of 7-7 x 10~ 10 c.c annually, about 1-8 mg. of radium would require 
to be present (If the same calculation is made for the beryl from Latah Co. 
which contains 2-27cu.mm, of helium/g., and belongs to the Mesozoic 
(Rayleigh 1933 b )—age < 200 million years—we find that 0-53 mg. radium 
would have to be present.) Furthermore, since radium cannot maintain its 
activity for more than a few thousand years, we should need to assume the 
presence of its parent substance uranium in the proportion of 3 x 10*g./g. 
radium; that would mean 5-4 kg. of uranium element or 6-4 kg of U a 0 8 /g. of 
beryllium. If, lastly, it is taken into account that radium, uniformly distri¬ 
buted in an uranium mineral, is necessarily much farther distant from the 
beryllium in a beryl than the radon capillary from the beryllium metal in 
our experiments (average distance 4 mm.), it follows that, owing to the 
double effect of distance and absorption of the rays, the necessary intensity 
of y-radiation could only be produced if every gram of beryl were surrounded 
by many tons of a uranium—or thorium—mineral. These considerations 
render Hahn’s suggestion quite unacceptable. 

Further, the proof that no appreciable amount of helium can be formed 
in beryllium by the y-radiation of the surroundings, according to present- 
day knowledge, altogether excludes this radiation as the source of helium 
in beryls, for in no other elements than beryllium and deuterium with 
“natural” y-rays has a nuclear photo-effect been observed (Chadwick and 
Goldhaber 1935). 

It is true that Hahn also considers a possible influence of cosmic radiation, 
in addition to the y-radiation from the rocks As this cosmic radiation ia 
constantly present in laboratories, its influence on the helium production 
would have made itself felt in the experiments on the spontaneous formation 
of helium in beryllium, to be described later. Furthermore, it is obvious that 
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to assume a marked effect of cosmic radiation on the helium formation in 
beryls would involve impossible suppositions about the cross-section of the 
beryllium atoms for the absorption of the radiation. 

II 

The first experiments intended to detect a spontaneous helium formation 
pn beryllium were begun elevon years ago (Paneth and Peters 1928 ); after 
beryllium nitrate solutions had been standing for two years, it was found 
that air had not been sufficiently rigidly excluded, and these experiments 
were, for other reasons, never completed. Two years ago experiments were 
initiated, in which a number of large glass bulbs containing beryllium 
nitrate solution were set up, freed from air, and allowod to stand for some 
months, protectively immersed in water. Similar bulbs, some containing 
ammonium nitrate and others sodium nitrate, were used as blanks. As 
deducible from previous experiments, helium was foimd even in the blanks— 
although this time air leakage was avoided—for glass, being permeable to 
atmospheric helium, always contains absorbed helium. As the ratio of the 
release of helium from the large glass bulbs was of the same order as the 
effect to be investigated, these experiments were abandoned. For such 
researches either metal vessels must be employed (Paneth, Gluckauf and 
Loleit 1936 ) for the solutions to be studied, or else the use of solutions must be 
completely avoided. The latter method ot attack, with pieces of beryllium 
metal, was employed in the experiments described in the preceding paper. 

As therein pointed out, the fact that thiB metal is helium-tight, obviates 
the necessity of enclosing it during the course of the supposed helium forma¬ 
tion. Any pieces of the metal can, after sufficient lapse of time, be made use 
of, the older specimens being, of course, the more valuable for the purpose. 
Unfortunately the metal has only been manufactured on a large scale during 
the last few years, so that suitable samples of greater age are comparatively 
rare. Thanks, however, to the courtesy of several industrial companies and 
of colleagues, some fairly old samples were obtained. The results of the 
analyses are given below (Table I). 

As all the values are maxima, it is obvious that the lowest result h the 
most important, but in order not to rely on one experiment we shall consider 
only the average of the four; this shows that 1 g. of beryllium yields less 
than 1-3 x 10" 11 0 . 0 . of helium per year. It may be emphasised that the 
samples were of course subject to the influence of cosmic radiation through¬ 
out their existence. 

This figure is sufficiently low to permit of several inferences. It is at once 
evident that nowadays at least there is no helium production in beryllium 
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which could account for the quantities found in beryls; for these an average 
annual production of 7*7 x 10~ 10 , i.e. 60 times as much, is neoessary (p. 240). 
Hence beryllium exhibits neither a-radiation, nor helium production. 
To-day it seems to be a stable element.* 


Table I. Helium in metallic beryllium 


Origin of Bo 

Mini¬ 

mum 

age, 

in 

years 

Quan¬ 
tity, 
in g. 

Mini¬ 

mum 

ago 

xg- 

Spectrum 

Upper 
limit of 
He, m 
10-»»o.o. 

Upper 
limit of 
He/g./ 
year, m 
10 _11 c.o. 

Comp, de Produits Chi- 

(1 month 

8-5 

_ 

Ne + Ho 

1 

_ 

miques, Paris 
Johnaon-Matthey, London 

old) 

1-5 

8 1 

12-2 

Ne 

2 

1-7 

Ftttnkel and Landau, 

3 

71 

21-3 

— 

1 

0-5 

Berlin 

Comp, de Produits Chi- 

4 

2-0 

80 

No+He 

3 

4 

miques, Pans 

Professor E. Wiberg, 

5 

5-7 

28 A 

Ne + He 

3 

1 

Karlsruhe 




70 


9 Av. 1-3 


Just as the hypothesis has been advanced that the “unknown” radio 
element may have decayed in the meantime, one can argue that while 
the production of helium from 8 Be was appreciable in former geological 
times it has now ceased (Rayleigh 1929 ). The following calculation would 
seem to dispel even this idea; it is based on the helium content of a com¬ 
paratively young beryl, because then it can be shown that the maximum 
half-value period is so short that impossibly great quantities of the 8 Be 
would have had to be present at the time of the origin of the earth. 

If the helium in the beryl came from 8 Be, at the time of formation of the 

mineral the amount of 8 Be must have been at least equal to — where 

a is the weight of the helium still present in the mineral, A the disintegration 
constant of 8 Be, and t the time elapsed since formation of the beryl. On the 
other hand, to-day 1 g. of beryllium yields per year less than a definite 

* For tho sake of completeness it may be added tliat beryllium does not spon¬ 
taneously emit any /7-rays either (FnodlUnder 1935), and tliat in an oxperimont with 
a boron fluorule chamber it was ascertained that 1 g. of beryllium does not omit as 
much as 1 neutron every 20 min.—a result to be oxpected from theoretical con¬ 
siderations 1 for the reaotion 

'Be + Ai' -► , Be + » 

an energy of 1-0 x 10* e-volte is neoessary (Chadwick and Goldhaber 1935). 
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quantity of helium ( 6 ). From these two data can be calculated the maximum 
half-value period of 8 Be according to the formula 


b 


oA 


In the beryl from Latah Co. (t< 2 - 10 8 years) Lord Rayleigh found 2-27 cu. 
mm. of helium/g., i.e. 8*1 x 10-®g./g. # Be ( =a). In our experiments it was 
observed that 1 g. of beryllium yields less than 1-3 x 10 -11 c.c. of helium/year, 
i.e. 2-3 x 10 _15 g /year (= 6 ). From this follows a minimum A of 2*2 x 10 ~* 
or a maximum half-value period T of 3-2 x 10 7 years. From a and A is 
obtained for the original amount of 8 Bo, 2 x 10 ® years ago, 0 x 10 u g. ®Be for 
each g. of ®Be, an absurdly high value for an unstable isotope of the com¬ 
paratively rare element beryllium.* 


COKOLUSIONS 

It is deduced that the external radiation to which the mineral beryl iB 
subject is not adequate to account for the quantities of helium occluded. 
Further, the spontaneous decay of beryllium, including the effect of cosmic 
radiation, produces so little helium, if indeed any, that at no time could this 
phenomenon have been sufficient to explain the facts. 

It Beems, therefore, probable that the helium does not come from the 
beryllium at all but from some other source. A further argument in favour 
of this is the fact that the amount of helium found in different beryllium- 
bearing minerals shows no proportionality to the percentage of beryllium 
present (Strutt 1908 ; Paneth and Peters 1928 ); a recent statement (Burkser, 
Kapustin and Kondogury 1937 ) to the contrary is based on only one 
selected sample of beryl. Further, Lord Rayleigh’s tables show enormous 
variations, with only a very rough correlation to time; and although it is 
possible that unequal amounts of helium have been lost according to the 
differences in temperature to which the beryls have been exposed, it seems 
more likely that the variations of the helium content depend upon their 
original chemioal composition. The role of the beryl is perhaps only that of 
hindering the escape of the helium; it may be that other minerals containing 
the same helium-producing element are not equally well able to retain the 
gas. 

From the fact that a large helium content is limited to specimens of great 
geological age Lord Rayleigh has already concluded that it cannot have been 

• These considerations are quite independent of the attempts to observe 'Be by 
means of positive rays. If 'Be is presont at all, its quantity is certainly leas than 
1 x 10~* g./g. beryllium (Nier 1937). 



244 J. W. J. Fay, E. Glttckauf and F. A. Paneth 

generated by the decay of any relatively short-lived radioactive constituent, 
which may have been initially present. We may add that his figures seem 
to show that neither is the helium due to the decay of a radio-active element 
whose half-value period is long compared with the age of the minerals. In 
this case the differences between the helium content of old and young beryls 
could not be so marked; to explain them it must be assumed that at the time 
of formation of younger beryls much of this element had disintegrated. 
(The only other explanation why the younger berylB contained so little 
helium would be the assumption, for geological reasons, that less of this 
hypothetical element was included during their formation; but there does 
not seem to be any independent geological evidence in favour of a different 
origin of the younger and older beryls.) 

By plotting the maximum, or the median, helium contents of beryls 
against the presumed time of formation of the minerals, a rather steep curve 
results, the nearest theoretical approximation to it is gained on the assump¬ 
tion of a half-value period of the hypothetical helium-producing element of 
about 1-5 x 10* years. If this be of the right order, the helium production 
in beryls to-day can only be about 4-8 x 10 _1, c.c./g. beryl/year. This is 
hardly sufficient for a direct experimental test. 

The best methods of attacking this problem of the helium content of 
beryls at present seem 

(1) To analyse chemically, as completely as possible, beryls of the same 
geological age and a different helium content; perhaps differences in the 
content of rarer elements will be suggestive. 

(2) To test the various chemical elements present in beryls in order to 
find out whether they generate helium. 

Attention should be directed in the first place to the lighter elements, 
since it is to be presumed that in spite of the relatively short half-value 
period no detectable rays are omitted. 

The table of isotopes may seem, on mass-energy considerations, to 
exclude the possibility of a spontaneous disintegration, but in the case of 
other elements the position iB exactly the same as with beryllium: there 
may be unknown isotopes in very small quantities which decayed, or are 
still decaying, with helium formation, but without emission of detectable 
rays. Obviously, the same experimental method of attack as has been used 
for beryllium is available for the problem, and as a preliminary step in this 
direction the elements lithium, sodium and potassium—which are all 
present in beryls—have been investigated. The results are given below. 

In the case of potassium the above figures confirm previous experiments 
in which an upper limit of 04 x 10 -n c.o. of helium/g./year was found 
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(Paneth and Peters 1928 ). None of the elements investigated produce at 
present sufficient helium to explain the helium content of the beryls. Con¬ 
siderations similar to those described above can be applied to prove that 
even a formerly stronger helium production seems hardly compatible with 
the facts; but further discussion is postponed until more experimental 
material is available. 


Table II. Helium ix various metals 


Metal 

Minimum 
age, 111 
years 

Quantity, 
in g. 

Minimum 

agexg. 

Spectrum 

Upper 
limit 
of Ho, in 
10 -M c c. 

Upper 
limit 
ofHe/g./ 
year, in 
10 -» c.c. 

Li 

16 

07 

11 

No only 

3 

2-7 

Li 

0 

38 

34 

Hands 

5 

1 5 

Bo 

3 

7 l 

21 

_ 

1 

OS 

Na 

2-3 

21 

83 

— 

10 

1 » 

K 

8 

21 

168 

No; bands 

5 

03 

K 

30 

4 5 

135 

No + Ho 

10 

0-7 


To summarize, while we are unable at present to attribute the helium in 
beryls to any particular source it may fairly be claimed that it has been 
shown that, at any rate, the beryllium itself iH not responsible 

Besides the institutions and persons mentioned at the end of the pre¬ 
ceding paper our thanks are due to Messrs Hopkins and Williams, Ltd., 
London, for the loan of several kg. of beryllium nitrate, to Professor E. 
Wiberg, Karlsruhe; to the National Physical Laboratory, Teddington; to 
the Compagnie de Produits Chimiquos et Eleotrom 6 tallurgiques, Paris; to 
Degussa, Frankfurt/Main; and to Herdus Vacuumschmelze, Hanau/Main, 
for the gift of specimens of beryllium metal of various ages, to Professors 
A. Franke and H. Mark, Vienna, for old lithium samples; and to Professor 
A. Holmes, Durham, for information regarding geological questions. 

Summary 

Various specimens of old beryllium metal have been analysed for helium. 
Since the very sensitive method used failed to detect any traces of helium it 
must be concluded that the spontaneous production of helium in beryllium 
is less than 1*3 x 10 -11 c c. of helium/g. beryllium/year. 

From this figure it follows that the helium content of beryls cannot be 
explained as a consequence of the spontaneous disintegration of a beryllium 
isotope of mass 8 . Even the assumption that such a beryllium isotope was 
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present in previous geological periods and has now mostly decayed is not 
compatible with the very low limit found for present-day helium production. 

In reoent years the helium content of beryls has been attributed to the 
influence of y-rays from radioactive minerals in the neighbourhood of the 
beryls, and to cosmic radiation. From the figures, however, given in the 
preceding paper about the amount of helium produced in beryllium by 
y-rays it follows that the influence of the natural sources of y-radiation is 
not nearly sufficient to explain the helium content of beryls. 

Since, therefore, beryllium does not produce adequate amounts of 
helium, either under the influence of external radiation or as a consequence 
of spontaneous disintegration, it seems that the helium content of beryls is 
not connected with its beryllium content at all, but is due to some other 
chemical element. 
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On the neutrino theory of light 
By M. H, L, Peyce, Trinity College, Cambridge 
(Communicated by P. A. M. Dirac, F.R.8.—Received 21 December 1937) 

1 Introduction 

The neutrino theory of light, developed by Jordan, Kronig and others, is 
based on an idea of de Broglie’s, who suggested that one should regard a 
photon, not as a simple system, but as composed of two elementary particles 
bound together in some way (de Broglie 1932 , 1933 , 1934 ). According to 
de Broglie these particles are to bo regarded as complementary in the same 
sense as electrons and positrons are complementary. This idea gives a good 
account of the creation and annihilation of photons and allows them to 
obey the Bose-Einstein statistics while retaining the idea that all elementary 
particles obey the Fermi-Dirae statistics and possess spin angular momentum 
**• 

Asdeveloped by de Broglie, however, the hypothesis led to the consequence 
that the component particles each had exactly equal energy and momentum; 
thus if the state of the photon is known the state of the components can be 
inferred. The fact that, although the representatives are symmetrical with 
respect to interchange of two photons, it is then nevertheless impossible for 
two photons to be in the same state, owing to the underlying Fermi-Dirae 
statistics of the components, and so the photons would to all intents and 
purposes themselves obey the Fermi-Dirae statistics, led Jordan to modify 
the hypothesis (Jordan 1935 ) He suggested that it is not the interaction 
between the neutrinos and antineutrinos that binds them together into 
photons, but rather the manner m which they interact with charged particles 
that leads to the simplified description of light in terms of photons. To account 
for the process usually interpreted as the emission of a photon of circular 
frequency <0 from an atom, he proposed that one of the following two 
processes can occur 

(а) A neutrino, or antineutrino, passing through the atom receives an 
impulse, thereby gaining energy hw and momentum fiat/c, the atom at the 
same time losing that amount of energy and momentum. 

( б ) The atom emits sim ultaneously a neutrino with energy E\ momentum 
p', and an antineutrino with energy fib) — E', momentum fi(o/c —p'. 

It must be stressed, however, that this formulation of (b) is unduly loose; 
the neutrino and antineutrino are not really ejected in a state in which the 

r 247 3 
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energy and momentum of each is definite, but into a superposition of suoh 
states with quite definite weights and phases. 

Although in his original formulation Jordan did not distinguish between 
neutrinos and antineutrinos, the distinction was in fact implicit in his 
mathematics. Born and Nagendra Nath clarified this point and showed that 
the mathematical analysis gains considerably in elegance if an antineutrino 
is described as a hole in a state of negative energy of the neutrinos (Bom and 
Nagendra Nath 1936a). Suoh a description is purely a mathematical 
convenience and entails no physical assumption beyond the fact that 
neutrinos and antineutrinos are created and annihilated together in pairs. 
Conceptually, too, this description has advantages, for it reduces process (b) 
to a special case of (a) in which the neutrino is originally in a state of negative 
energy and jumps to one of positive energy. According to the new hypo¬ 
thesis, then, a photon is to be associated, not with a bound pair of particles, 
but with a transition of a neutrino from one state to another. This applies 
both to the emission and the absorption of a photon. 

In order to agree with observations we are led to ascribe the following 
properties to the hypothetical neutrinos, which we write as postulates: 

I. The rest-mass of the neutrino is zero. 

II. The direction of motion of a neutrino iB unchanged by its “radiative” 
interaction with charged particles. (This does not mean that other types of 
interaction, such as the one involved in /?-decay, cannot deflect the 
neutrino.) 

III. Neutrinos obey the Fermi-Dirao statistics. 

IV. The neutrino possesses spin angular momentum Jft. 

We are led to I and II by a consideration of the balance of energy and 
momentum in a radiative procoss; for if the neutrino gains energy fi<o it 
must gain momentum ftoi/c, this being the observed relation between recoil 
momentum and energy of the atom. Writing p, p' for themomentum before 
and after, and [i for the rest-mass, this implies 

|p'-p| = hw/c, 

^(/t*c* + p'*)-V(A*+P s ) = *W C - 

From this it is easy to derive 

[(Mw) , ] + [p ! P' s -(p.p')*] = o. 

Neither of the square brackets can be negative; they must therefore both 
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vanish. This implies that p - 0 , and p and p' are parallel. If the momentum 
of the neutrino has the value p its energy can thus have the two values 
± c | p |. The unit vector cp jH defines the direction of motion of the neutrino; 
if H is negative, p is opposite to the direction of motion. A closer analysis 
shows that cp jH and cp'jH' cannot be antiparallel. 

Another argument for postulate I is to be derived from the fact that light 
in vacuo is propagated with the velocity c, independent of frequency or other 
circumstance, and therefore the neutrinos giving rise to this effect must 
travel with velocity c. 

We might perhaps object that the two above laws are not really established 
with universal validity. For instance, we might suppose that light does not 
really travel with velocity c but that our instruments aro too gross to detect 
the difference. In such a case we can at least establish an upper limit for/*; 
for if a star moves with a transverse velocity relative to the earth neutrinos 
travelling from it with differing velocities will arrive into a telescope from 
different directions, if /t is not zero, red light will on the whole be associated 
with slower moving neutrinos than blue light, and the star would appear as 
a spectral band instead of a point. Allowing a velocity of 100 km./sec. and a 
resolving power of 1 sec. for visible light, this sets a limit of pjm < 10"® for 
the ratio of p to the mass of the electron. Another limit can be obtained by 
considering the condition that tho two particles emitted in process (6) from 
a star should arrive on earth sufficiently simultaneously to appear as a 
photon of frequency «; for were this not the case no sharp spectral lines 
would be observed from the star. A train of waves associated with a 
photon usually has a length of about a metre (i e. the life-time of atomic 
states is of the order of 10' 8 sec.); for a spectral line to be observable the 
neutrino and antineutrino must not have separated by more than a metre 
in their journey through spaoe, which can be of the order of 10 * 7 cm. This 
sets a limit of pjm < 10 ~ 17 . These arguments, of course, have no bearing on 
tho neutrino involved in y?-decay. 

Similar empirical arguments may be brought forward in support of postu¬ 
late II. For, as Scheraer has pointed out, if the two directions differ by a finite 
angle, although tho general intensity falls off as the inverse square of the 
distance, the intensity of a spectral line falls off as the inverse fourth power 
if the angle of divergence is greater than the angle subtended by the spectro¬ 
scope at the source; this could not well be reconciled with astronomical 
observations (Scherzer 1935). 

Postulates III and IV are not based on any observations of the properties 
of light, but may rather be said to be the raison d’itre of the theory. 

It must be borne in mind that the particles in process (6) are emitted 
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exactly in the same direction and no interaction is required to keep them 
together, for no interaction (exoept a ^-disintegration) can ever change this. 
This exact equality gives to the theory a rather artificial look. It may not 
seem so artificial, however, if one states postulate II in the following way: 
The interaction energy commutes with the direction of motion of the 
neutrino; for it is quite simple to construct observables of this type (cf. 
equation (2-6)). 

On such a hypothesis the polarization properties of light must in some 
way be connected with the spin of the neutrino Without going into the 
question at all deeply we can deduce a few features of the connexion. It is 
well known that the angular momentum of a photon about its direction of 
motion can have the two eigenvalues ± h\ this means that the angular 
momentum of the atom about this direction changes by K or — K. On the 
neutrino theory of light this states that the neutrino always makes a transi¬ 
tion in which the component of spin in the direction of motion is reversed, 
i.e. changes from ± to T \fi.* We shall later derive this fact rigorously 
(equations ( 6 - 3 ) and ( 6 - 4 )). If the original state is one of negative energy, 
corresponding to (6), the consequent antineutrino has spin in the opposite 
direction from the corresponding negative energy neutrino; the neutrino 
and antineutrino therefore have parallel Bpins. If the transition is from an 
eigenstate of spin in the forward direction to one in the backward direction, 
the light will be circularly polarized in the right-hand direction, and con¬ 
versely; if the transition is from a superposition of two states of opposite 
Bpin, with equal weights, to the corresponding opposite state, the light will be 
plane-polarized. 

The oentral problem of the theory is to find a law of interaction between 
neutrinos and charged particles which will reproduce the observed features 
of radiation. Fortunately this is not so formidable a task as would at first 
appear, for these features can be described completely if certain observables, 
satisfying known commutation rules, are known. These observables make 
their appearance both when radiation is described in terms of waves and 
electromagnetic fields, and when it is described in terms of photons; in the 
first case they appear as the Fourier amplitudes of the field strengths, and 
in the Becond as the quantized amplitudes of the photon states when the 
method of second quantization is applied to the photons. Both the Bose- 
Einstein statistics of the photons and Maxwell’s equations follow aB a 
consequence of their commutation rules and the equations giving their rate 

• That this is violated in Kronig’s 1936 paper is closely connected with the lack 
of invaraanco of his theory under rotation; as always in quantum theory, trans¬ 
formation under rotation and angular momentum are closely connected. 
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of ohange with time, and further, if they are known, the interaction energy 
of matter and radiation can be written down immediately. The problem 
therefore reduces to finding an expression for these amplitudes in terms of 
the quantities describing the assembly of neutrinos, or, as we shall say, the 
neutrino field. If we can do this, not only are we certain that the phenomena 
of radiation will be described by the theory, but by writing down the 
interaction Hamiltonian we can discover how neutrinos and charged particles 
interact. 

The most suitable way of describing the neutrino field is by means of the 
amplitudes which play a similar role to the radiation amplitudes, but satisfy 
a different set of commutation relations, characteristic of the Fermi-Dirac 
statistics. Jordan considered that the essential part of the problem was to 
construct Bose-Einstein amplitudes from Fermi-Dirac amplitudes, and 
that in this connexion the spin and polarization were inessential complica¬ 
tions. He therefore studied a one-dimensional model in which neutrinos 
were supposed to have no spin and photons no polarization. The neutrinos 
all travel in the positive direction, and to each value of the momentum 
(ranging from zero to infinity) there correspond two amplitudes. (In his 
original papers it was not made clear whether the two amplitudes correspond 
to spin (as Kronig (1935) assumed in his developments), or to two kinds of 
particles.) The photons also travel in the positive direction and are described 
by one amplitude for each value of the momentum. Jordan found an expres¬ 
sion for the photon amplitudes in terms of the neutrino amplitudes which 
varied correctly with time and satisfied the correct commutation rules, but 
his proof of the latter depended on certain assumptions of convergence, 
which, although justified, were not explicitly stated; a more naive proof 
would in fact have led to expressions of the form 00-00. Later develop¬ 
ments by Jordan (19360, b) and by Bom and Nagendra Nath (1936 a) 
led to simplification of the formulation and clearer understanding of the 
convergence conditions. The best formulation is that of Bom and 
Nagendra Nath, who use the idea of holes, whereby only one amplitude 
is necessary to describe the neutrino field and the momentum varies 
from —00 to 00, and state the convergence conditions clearly; these con¬ 
ditions amount to saying that there is only a finite number of neutrinos 
in states of positive energy and only a finite number absent from states of 
negative energy; i.e there is only a finite number of physically observable 
particles. How necessary the convergence conditions are is shown by the 
fact that Fook (19370, b ), through disregarding them, was led to believe 
the theory untenable. Recently, a very clear paper by Sokolow (1937) has 
thrown considerable light on Jordan’s original formulation; Sokolow shows 
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(hat the two amplitudes used there are closely oonnected with the use of 
a matrix representation 



where a is the quantity occurring in the “one-dimensional Dirao wave 
equation ” 

H]r = eetp^r, 

H being the energy and p the momentum. The analysis of Bom and 
Nagendra Nath corresponds to the more natural choice 



In the usual theory the energy of the radiation is given by a simple 
expression in terms of the amplitudes. The rate of change of all quantities 
describing the field is given by their commutator with this energy. According 
to the neutrino hypothesis, however, the rate of change of any quantity is 
its commutator with the total neutrino energy. Thus the commutator of all 
the photon amplitudes with the difference of these two energies must be 
zero; i.e. the difference commutes with all the photon amplitudes. Kronig, 
in a series of papers (Kronig 1935 a, b, c), studying the number of ways in 
which the same state of the radiation field could be realized from the 
neutrino field, found a very simple expression for this difference; neglecting 
certain inessential terms which can be avoided by a trick (Jordan 1936a), it 
is proportional to the square of B, the number of neutrinos in excess over the 
number of antineutrinos; or, m terms due to Jordan, the square of the total 
neutrino charge. 

It is easy to calculate the wave function which on the one-dimensional 
model describes the pair of particles produced in process (6) when an atom 
jumps to a lower state, emitting energy hut. Writing x, y for the co-ordinates 
of the neutrino and antmeutrino respectively it is 

^ = ~i(x~y) ' 

This separates when we transform to new variables: X = i(z + y), the 
co-ordinate of the “ centre of gravity ”, and r = |(a? - y), the half-separation: 

r r 


Thus the centre moves with momentum fl<y/c, while the inner state is 
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described by the wave function (sin cor/c)/r. Suoh a state of affairs is not too 
dissimilar to the one conceived by de Broglie. 

The passage from the one-dimensional model is discussed in a joint paper 
by Jordan and Kronig (1936), who show that no additional difficulties arise 
with the statistics, but do not go into the question of polarization. They 
show how Planck’s law follows; the interesting point emerges from their 
work that the neutrinos can never attain thermal equilibrium, this is not 
very mysterious, for they possess other integrals of motion besides the total 
energy, suoh as the individual directions of motion and the quantity B, 
and therefore an assembly of neutrinos interacting with matter does not 
constitute an orgodio system. 

An attempt at a neutrino theory of light giving the polarization was made 
by Scherzer (1935), but his neutrinos, instead of possessing spin {h, were 
transversely polarized like photons; furthermore, his theory did not give 
the correct statistics for the photons. 

The complete success of the neutrino hypothesis seemed to be established 
in a recent paper by Kronig (1936), m which he gives an expression for the 
electromagnetic field strengths in terms of the neutrino amplitudes, from 
which the questions concerning polarization can be answered. Unfortunately 
owing to an oversight, the theory is not invariant under a rotation of the 
co-ordinato system. 

The present paper studies the conditions imposed by the commutation 
rules of the amplitudes and those imposed by the connexion between spin 
and polarization; the result of the investigation ts that these conditions are 
mutually incompatible In so far as the failure of the theory can be traced to any 
one cause it is fair to say that it lies in the fact that light waves are polarized 
transversely while neutrino “waves’ - are polarized longitudinally, and for 
“group-theoretical” reasons it is impossible to construct the former from 
the latter in an invariant manner. It is not the case that no law can be found 
which could reproduce correctly the phenomena of radiation, but that there 
is an embarrassingly infinite number of such laws, violating the law of 
conservation of angular momentum for the neutrinos, it is true, all of which 
are equally entitled to selection, so that, according to the principle of 
relativity, none may be singled out as being the correct one * 

Unless some fundamental modification is made, therefore, Jordan’s 
hypothesis must be abandoned. It is to be hoped that the really beautiful 
mathematical theory which has been developed in the course of its three 
years of life may eventually find application somewhere in physicB. 


• Kromg’a theory is of course a particular case of one of these laws. 
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2 . Quantum mechanics of the nbuthino 


We shall try to make as few assumptions as possible about the properties 
of neutrinos. We shall assume that there is no direct coupling between the 
neutrinos; that is to say, the energy, momentum, angular momentum, of a 
collection of neutrinos is the sum of the separate energies, momenta and 
angular momenta; we shall also make use of the assumption in a rather 
stronger form than this later (p. 265 ). Further, we assume that in a state 
where the momentum has the value p, the possible values of the energy are 
+ e | p | (postulate I); this is embodied in the equation 

H « = c»p*. (2-1) 

We shall replace postulate IV by a weaker one, namely, that the com¬ 
ponent of angular momentum of a neutrino in the direction of its motion 
(this can be formulated precisely as we shall see in a moment) has the two 
eingenvalues ± {h. This means that we need not assume the position of the 
neutrino to be observable nor that the angular momentum is the sum of an 
orbital angular momentum ([q x p], where q is the position observable) and 
the spin {ha ( ar v ar t , ar a being observables capable of representation by Pauli 
matrices). 

From considerations of the invariance of physical laws under translations 
in time and space, rotations in space, and Lorentz transformations, it 
follows that there exist ten fundamental displacement observables, satisfying 
the commutation relations of the ten infinitesimal operators of the hetero¬ 
geneous Lorentz group (apart from a factor ih). These are: the energy, 
the three components of linear momentum, the three components of 
angular momentum and the three components of a vector, which, owing to 
the fact that it contains the time variable explicitly and usually plays a less 
important role than the others, has no special name. Regarded from the 
standpoint of a four-dimensional continuum these quantities are the four 
components of a vector and the six components of an antisymraetrical 
tensor respectively. Let us denote them by H, p, M and N.* Using Greek 
suffixes to denote the components of a veotor, and writing e a/ty for the 
completely antisymmetrical array of third rank, whose components are 

* N + dp does not contain the time explicitly; c tunes this may conveniently be 
called the moment of energy; that this is a reasonable name may be seen by looking 
at the form of N + dp for special systems, as for instance the electromagnetic field, 

where it is (iirc)(x(E* + H') dxdydz, x being the vector with components (*, y, *). 
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+ 1 , -1 or 0 according as afiy are an even, an odd or no permutation of 123 , 
we can write the commutation rules of these quantities as follows* 

[*«. P/>] - «Mr Pv W* # 1 = C P*> 

[M a ,M p ] = e aflr M y [N a , Pfl \ = S afl Hlc, 

[M a ,N fi ] = e a/ly N y [N„N f } = -e afiy M r (2-2) 

The brackets of the other pairs, not mentioned here, vanish.f 
We can define the direction of motion of a neutrino by the unit vector n, 
formed as follows 

n = cpH - 1 = cH-'p. (2-3) 

The components of n are realj observables because p and H commute, 
n is a unit vector because of equation (2*1). As we have already said, the 
direction of motion is opposite to the momentum if the energy is negative. 

From (2-2) we see that M. p = p. M, 
and therefore this is a real observable. Also 
[M.p,tf]-0, 

[M.p,p] =0. 

We can therefore define the component of angular momentum in the direc¬ 
tion of motion to be M. n *» |(M. p) U~ l , it is a real observable and commutes 
with H, p, n, M. Let us call it §Ay Our modified postulate IV then becomes 

M.n = ^y, (2-4) 

y 1 -1. (2-5) 

We shall need to use a representation in which H, n and y are diagonal. 
The representative of a state may be written ( H'\y'\ n' |).§ The eigenvalues 
n' of n may be specified by polar angles #, <j>. In order to define the represen¬ 
tation completely we must fix the relative phases of the basic states. It will 

* The bracket of two quantities is defined by the relation i H[A, B] = AB — BA. 
f If we define the six-vootor M„ by (M n . M n , M lt ) = (Jf„ M v M t ), (M tl , M n , 
M u ) =c(N 1 , N t , N t ) and the vector p, by (p v p,, p,, p t ) = (p,, p,, p,, H), these 
commutation rules can be written much more compactly in the relativistic form 

[Af «> P*1 = On Pt ~ Oik Pj> 

[Mu, M t i] = giiM/h—gnM/i+g^Mii—g/iMijc, 

where g n = g„ = g„=- = -1; ffu = 0, * 

} I.e. their representatives are Hermitian. 

| Cf. Dirao (1930, Chap. v). 
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not be neoessary to do this for states with different values of n', however, for, 
in accordance with postulate II, we shall be interested only in observables 
which commute with n, and therefore whose representatives are not affected 
by a change of the relative phases of states with different n'. In order to 
specify the relative phases of states with different H' we introduce the real 
observable p, defined by 

p = H-HcN. p - \ihH) U~ l +1 
-H-'N.n-frKH-'+t. ( 2 - 6 ) 

It does not contain t explicitly, for the term finite definition just counteracts 
the explicit dependence of N on t. Now N. p is easily seen to commute with 
n and with M. It follows that p commutes with n and M, and therefore with 
y. It has the important property of being formally conjugate to H : 

i>, m = i. ( 2 - 7 ) 

The existence of such an observable is characteristic for systems whose 
rest mass is zero. 

We can therefore choose the representation in such a way that p is 
represented by the operation ih d/dH'. 

(i/'; /; n' | pf) = (/*'; /; n' | ^). (2-8) 

The relative phases of all states with the same n' will now be completely 
fixed if we fix the relative phases of any one pair of states with the same W 
but different y\y’ takes the two values 1 and — 1 ). Let us for the moment 
assume this to have been done. Then the matrix with components 

(H '; /; n' 161 H '; y"\ n') = S H . W . t n . n » e yr , ( 2 * 9 ) 

where y. are the components of the matrix 

n- 

defines an observable, of which it is the representative. If we take another 
choice of the relative phase, say one in which the states with y' = 1 are 
multiplied by a factor e i<e and those with y' = — 1 are multiplied by e“* w , 
then we got a different observable corresponding to this matrix. In the first 
representation this observable is represented by & a ‘ H "K'n"*y'y> where e r y, 
is given by 
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Accordingly we have a one-parameter family of observables, depending on 
the parameter 6 , and we can fix the phases by requiring that any one of them 
should be represented by ( 2 - 9 ). Let the one chosen for this purpose be 
called e a . 

From ( 2 - 9 ) we see that e„ commutes with n, H and p, and therefore also 
with p, that it anticommutes with y and that 

e* = l- (210) 

In order to discover the physical nature of the observable e, ( we shall enquire 
how it transforms when a change is made in the frame of co-ordinates. 
Since it commutes with H and p it is unaffected by a translation in space and 
time. On the other hand, it has no very simple commutation laws with the 
Cartesian components of M (in fact, we cannot write them down until we 
fix the relative phases of states with different, n' ), which indicates that it does 
not transform in any simple manner under rotation Nevertheless, if we 
consider all states in which n has a definite value n\ and rotate the frame of 
reference about this direction, the transformation will bo determined by 
the component of M in that direction, which for these particular states is 
just M. n = \hy. A rotation of the frame of reference through an angle 0 
will induce a change in e a as follows • 

6 „->e„ = v-wy^eWy. (2-11) 

From ( 2 - 9 ) it follows that the representative of £„ is £//•//-<J n ' n ~ 2 y y'> wIiere 
Syy. is given by 

[% o) + “ n ' , (* o’)- 

This can be written S n = cos 0 e a + sin 0 e b , 

where e b = - %ye. a . 

It shows that t„ and c b transform like the components of a vector in two 
mutually perpendicular directions, both perpendicular to n. Thus e a is 
the component in some direction given by a unit vector a, perpendicular to 
n, of an observable vector c. 

In order to fix the representation, therefore, we must decide on a definite 
a. Having made this choice in some way for each n, we take (a.«) for the 
observable e a in ( 2 - 9 ). This choice is entirely arbitrary, for among aU, unit 
vectors perpendicular to a given direction in space all are equivalent and none is 
singled out in any way. 

A rotation of a through an angle 0 about n' changes the relative phase 

by 8. 


VoL CLXV. A. 
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It 18 this arbitrariness that is the stumbling block for the neutrino theory 
of light, for we must impose the restriction that the results of the theory are 
independent of the choice of a 

3. Discussion of a special case 

In order to illustrate the results of the preceding section wc shall apply 
them to jiarticles described by a Dirac equation with the rest-mass term put 
to zero We therefore assume that the neutrinos have an observable position 
q and their Hamiltonian is given by 

ff/c - iytfaPi + ytPi+YaPa)’ 
where y v y 2 , y a , y 4 are real observables satisfying 

y,y,+y,y r = 2 S n (r, s = I, 2 , 3 , 4 ). 

This is the case actually studied by Kronig (1936). 

Let us introduce the notation 

/? = r*. 

= -*YiYtYaY, (a=l, 2 , 3 ), 

0 = (<r„rr 2 ,Oj). 

Then it is well known that the other fundamental observables describing 
such a system are 

M = [q x P] + tf a > 

From ( 2 - 4 ) we find y = a. n = — 7 i 7 f 7 g 7 4 - 

It commutes with N; for this case, therefore, y is a relativistic invariant. 
The observable p is given by 

1 , . ih 1 . , ih 

“D+s—<«» , -} r 

If an observable which is a function of p, q and the y’s commutes with 
H, n and p it can easily be proved that it is ( 1 ) independent of q, ( 2 ) homo¬ 
geneous of degree zero in p. If, further, it antioommutes with y, a simple 
calculation shows that it must be a linear combination of the components of 
the vector [n x fiv], the coefficients being homogeneous functions of p. Such 
an observable can be taken for the e 0 if in addition its square is unity. Now 
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let a be a unit vector perpendicular to n, chosen in some way for each n. 
According to quantal ideas of functions of observables, a is a function of n, 
and commutes with all observables that commute with n. Let b be the unit 
vector [n x a]; it is perpondicular to a and n. The following results can be 
verified without essential difficulty: 

(i) [n x pa] = - [ap x n], and therefore [n x pa] is a real observable. 

• (ii) [n x pa] commutes with H, n, p, and therefore with a, b, and anti¬ 
commutes with y. 

(iii) (A. Pa) = (Pa. a), (b .pa) = (pa .b), from which it follows that 
(a. Pa), (b./ da) are real observables. 

(iv) (a. Pa) = (b.[nx pa]) - -(b . tyPa),* 

(b. pa) = - (a. [n x Pa]) = (a. iyPa), 

from which it follows that the com ponenta of iy/?o at right angles to n are 
the same as those of Pa, but rotated through a right angle about n, and that 
(A. Pa), (b .Pa) commute with H, n andp, and anticommute with y 

(v) (a. pa)* = (b.pa)* = J, 

(a./fo)(b./fa)+(b./?o)(a. pa) = 0. 

We may therefore take (a /?o) for our e a . 

At this point we may compare our results with Kronig’s It will readily 
be seen that his equation (17) (Kronig 1936) is the one which fixes the 
relative phases of states with different y', which he calls A and C respectively, 
and that taken with (19) it is equivalent to choosing 
_ [[nxl]xn1 
Vtnxll« ’ 

where I is the vector whose components are (1, 1, 1). Nothing in nature, 
however, singles out this vector to play a fundamental role in the theory, 
and if the theory is to be satisfactory we shall have to show that the results 
are independent of the choice of 1. That this is not the case is most clearly 
shown by an example that Kronig himself has suggested.^ Lot us consider 
waves in the z-direction (i.e. n' = (0, 0, 1)). Kronig’s equations then give 

c - (yj-yiM/V 2 - 

If we now pass to a co-ordinate system arising by rotating the old one about 
the z-axiB through an angle 0 . the spinors A and C transform to 
A’ = SA, C' = SC, 

where S = cos id+ y x y, sin 

♦ The components of »y/?o are y v y v y t . J In a private communication. 
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From this it easily follows that 

t -yi)A' 

and therefore the connexion between A' and C’ is not the same as the con¬ 
nexion between A and C. If we were to follow through Kronig’s construction 
of an electromagnetic field from the neutrino field with the new A' and C', 
we should get a different field from the original. 

4. Second quantization of the neutbino field 

The formalism of the second quantization* affords an excellent mathe¬ 
matical apparatus for the description of processes taking place in the 
neutrino field. In order to avoid a representation of the neutrino states 
based on an observable with a continuum of eigenvalues, we shall resort 
to the artifice of making space periodic. This does not modify the essential 
results of §2, nor is it really essential in what follows We can look upon the 
artifice of periodicity as a restriction of the states of the system which lead 
to the same physical results for the points (a, y, z) and (x + lL,y + mL, z + nL), 
l, m, n boing integers and L the side of the periodicity cube. From the stand¬ 
point of displacement operators this means wo are considering only the 
simultaneous eigenstates of e iLp il h , e <L ^\ e iLv »> h with the eigenvalue 1.{ Thus 
the Cartesian components of momentum can only take values which are 
integral multiples of h/L, and the direction of n is restricted to rays with 
direction ratios (K lt k s , k 3 ,), k v k 2 , k 3 boing relatively prime integers (in¬ 
cluding zero and negative integers). For states with a given eigendirootion 
n', the energy takes the values H' - rh(u 0 , where 

oj 0 = ck 0 * (2rrc/L)v'(*1 + <i + *8). 

Only those quantities which commute with e iLp ^, etc., can be considered as 
observables; this means that p is no longer an observable, but only certain 
periodic functions of it such as From (2-8) it follows that 

(2/';y';n' [e^fr/r) = {H'-hu> 0 ;y',n'\i/r). 

Since the fundamental states are now discrete we can use the integers r to 
label the representatives instead of H’ =* rAu,. They are now (r; y'; n' |) 
and the above equation reads 

(r.y'-.n'le^'yfr) - (r-l;y';n'| f). 

* Jordon and Wigner (19*8). 

t More strictly one could allow them to have the eigenvalue s'®, where a is real. 
For somo purposes a = n is a convenient choice (Jordan 1936 o) ; the momentum then 
takes on half-integral values. 
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This can be looked on as fixing the relative phases of states with the same 
n' and y' but different r, instead of (2-8), which is now meaningless. The 
relative phases of states with different y' are fixed as before. 

Let us temporarily arrange the basic states \jr(r\ y'\ n') in a sequence 
ijr v rjr t , ..., in some order or other. Then wo can form states of the neutrino 
field in which there are » x neutrinos in n s in t and so on (n v n it ... = 0 or 
1), and these will form a complete orthogonal system for the neutrino field. 
The phases of these states can be fixed from the phases of i/r t , ... (of. 

Jordan and Wigner 1928). Let us call them . ). Wo define the 

amplitudes a { and their adjoints* a*,as follows 

..»<»•••) = ±«|V , (ih>*4> 

.= ±( 1 -%)^,^. n t + 1 , ( 4 - 1 ) 

where the ± depends on the n v « 8 . . in some way which need not concern 

us here (cf. Jordan and Wigner 1928) These amplitudes obey the com¬ 
mutation rules 

a,a,+ = 0, | (4 2) 

a { e^ + a^a { = 9 (i .f 

Also, denoting by n { the operator which multiplies the state V(n v n t ,...) by 
the corresponding n { , we have 

( 4 - 3 ) 

To each basic state there corresponds an amplitude a and its adjoint a+. 
Let us denote the amplitudes corresponding to \/r(r, + l,n') by aj(n'), 
ojt(n') and those corresponding to \jr(r\ — 1; n') by aji(n'), a*t(n'). The upper 
index takes the values 1 , 2 according as y' = +1 ory' = - 1 . Tholoworindex 
refers to the value of the energy (IV = rh<o 0 ), and the appropriate direction 
ib written inside the parentheses. The commutation rules now read 
a^n'lo^n'j + a^n'Ja^n') = 0, 

a£(n')a£t(ir) +a?(n')a((n') = n"). ( 4 - 4 ) 

The amplitudes transform under a change of basis of the neutrino states 
like the representatives of a state. If we change the representation by 
rotating the vector a through an angle about n' (by which we fix the phases 
in a different way), the representatives of a state change according to the law 
(r; +1; n' |)-+(r; +1; n' |)~ =» e~ ii 0 (r\ +1; n' |), 

(*■;-!; n' |)-*■(*’; -1; n' |)~ = e»»0r. -1; *»' |). 

* We here follow the terminology of the modem theory of linear operators in using 
the term “adjoint” instead of Dirac’s “conjugate imaginary”. 




The amplitudes therefore transform under a rotation of a through an angle 
0 about n' according to the law 

aj(n')->aj(n') = e-* <e aj(n'), 
flJ(n')->o»(n') = n'). 

If we denote the matrix ^ j 

by y (components y^), this can be written in the form 
af (= £ *Vaj:(n'), 

r-i 

a^(n')-^a^(n') - 

S = e~ iio r, St = #>»%. (4-5) 


In § 6 we shall need to consider the convergence of certain infinite series. 
We must remember that we are dealing with states of the neutrino field in 
which almost all the states of positive energy are empty and almost all those 
of negative energy are full. Let us denote by W N a state of the neutrino field 
in which all the neutrino states with a positive index r greater than N are 
empty and all those with a negative index r less than - N are full. We shall 
suppose that all actually occurring states of the neutrino field can be con¬ 
sidered as limits of sequences of such states with N tending to infinity We 
shall say that a series J/ r converges to/if £/ r W N converges to for all N. 

We can temporarily drop the upper index from the amplitudes and also 
the label (n'). Then we have 


ata r W y = 0 | 

al r a_ r ^ N = 


r>N. 


(4-6) 


Multiplying these equations by a r , at r respectively we find 
0 = a r a}a r \F N = a r (l-a r a*)V N 


0 = oi r (l-at ra _ f )ip jv = «t ! pr vf 


i.e. 


otr^V = 


1 K r ata„ k 


(4-6o) 


Any series 
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oonverges provided it + 0; for if r is sufficiently largo ala r+k 'P N iB zero and 
if - r is sufficiently large a+ a r+k !P V = - a r+k aj W N is zero. Thus only a finite 
number of terms differ from zero in ZK r ala r + k x f' x ] it therefore converges 
for all N. 

We now calculate the sum of a very important series: 

r IJaUr-<k*r + k) - *• (4-7) 

A casual analysis would lead one to sum this to zero by splitting it into the 
two series Sa\a r , £a\ +k a r+k , which, however, both diverge We therefore 
proceed as follows 

oo M 

I (aUr-<*Uk a T+k) = lim I (a\a r -a\ +k a^ k ) 

r--oo M-+nr--M 

l — M+k—l M+k \ 

"£L ! -I 

{-M+k -1 M+k \ 

1 I (»?«,)• 

-M A/+1 I 

According to (4*6) the second term vanishes, the sum of the series is thereiore 

Jfc. 

A simple generalization of this series is 
K/U r ? 

this being summed over repeated (ireek indices. The terms with n =j= i* vamsh, 
leaving 

KrlW'V-VU^k) = Kn r IJ*?« l ,-*lUa' r+ k) 

+ K U f {apa*-a¥\. k a* +k ) 

= kK„ 

-kT r ( K)* (4*8) 

5. Quantization op the radiation field 

Let ub expand the electromagnetic field strengths in terms of progressive 
waves. To each value of the wave vector (n') there correspond two inde- 


The trace K) of the matrix K is the sum of the diagonal elements. 
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pendent progressive waves, which we take to be the waves polarized in the 
directions a andb, defined as before (pp. 257, 259): 

<M) 

The £ fc , ij k depend on n' as well as on k\ they satisfy the commutation 
relations (for the same n', for different n' they all commute) 

ikii-iik = u > VkVi-ViV* = 0 . 

£* Vi -ViZk = £* vl - vl ik = 

Ml-4-4 (6*2) 

If we describe the radiation field in the language of photons the £ k , rj k are 
to be identified with the quantized amplitudes corresponding to the states 
of the photon with energy khw 0 , momentum khx 0 ri, and plane-polarized in 
the directions a, b resi>ectively * These photon amplitudes are defined as 
follows: Let <f > t ,... be a complete orthogonal system of states for a 
photon, and form the states <P(M V M t , ...) of the radiation field in which 
there are JKj photons in the first state, M 2 in the second and so on (if M t ,... 
*=0, 1, 2, 3, ...)• These form a complete orthogonal system of states for 
the field. We define the amplitude b t , and its adjoint b\ by the relations 

b l 0 (M v M t , ..,M { ,...) = 4 (M t )Q{M x ,M t . \ 

b\ 0 {M v M t ,.. .M tl . .) = yl(M i +l)&(M lt M t ,...,M t +l, (6 3) 

They obey the commutation laws 

bfbj-bjbf = °, | 

Denoting by the operator which multiplies ...) by the 

appropriate M i we have the relation 

6 | 6 < = M ( . 

The commutation laws (5-2) are identical with (5-4) when we choose 
0 1( <f> v ... to be states of definite momentum and plane-polarization and 
write i k , ij k for the corresponding 6. 


Cf. Dirac (1930, Chap. xxt). 
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If we take a different choice of the vector a, obtained by rotation from the 
original through an angle 0 about n (cf. p. 202), the vector £ k a + y k b must 
remain the same; £ k , y k therefore undergo the transformation 


£fc-*f* = c °8 ttik + sin OVk > ] 

Vk^Vk = - sin 0£ fc + cos Orj k .) 


(5-5) 


6. The connexion between radiation field and neutrino field 


From equation (5-3) we see that £ 4 , operating on a state of the field, gives 
a state in which the number of photons w ith momentum Hbt 0 n', polarization 
a, is less by one. According to Jordan’s hypothesis this moans a stato winch 
differs from the original by a neutrino travelling in the direction n' having 
made a transition to a state in which the momentum differs by —khic 0 n'. 
To make this definite, suppose the original state V 7 to be one in which there 
are n}( n') neutrinos in each state ((r, A, n') (ra^(n') = 0 or 1). Then is a 
linear combination of states V* ^ with the same occupation numbers 
nj(n') except for two, say n£(n'), n' +fc (n'), which are changed to nj(n')+ 1 
and »Z +Jl (n') -1 respectively Such a state can be written (wo drop the n') 

= <«:«'''■ 

The most general expression for is therefore 

At this point we make the assumption that the “matnx element” 
A^e, 8 + lc) for the transition of a neutrino from the state 8 + kto the state a 
is independent of the number of neutrinos present in other states This is a 
stronger form of the assumption concerning the absence of direct coupling 
between the neutrinos than we have heretofore used. The coefficients 
A^a.a + k) are then the same for all states wo can therefore write the 
expression for £ fc , and similarly for rj k , in the form 


i k = r I J&A f Jir,r+k)4 t1t , 
Vk = r |y^( r ,r + i)a; +fe .l 


( 01 ) 


Here, as in future, we sum over repeated Greek indices without indicating 
it explicitly. 

If we take the variation with time into account, of + is proportional to 
e irm * ( and a' +Jt to e-«r+*K<, hence ij k are proportional to this is the 
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law of variation with time given by Maxwell’s equations. The relation (6*1) 
will therefore load to Maxwell’s equations for the field. It will thus give a 
correct account of radiation phenomena if it satisfies the commutation rules 
(fi'2) and is independent of the choice of a. 

Equation (6-1) must still hold if we substitute in it the values of £ fcl J? t , 
aft, a r+k referred to a choice of a differing by a rotation through 9 about n' 
(equations (4-5) and (5*5))- 

CO80& + HU1 6 i) k = J Sl^A ta S vr a, T r ± k , 

-sin0£ fe + cos% = 2 

S = St = 

This must hold for all values of $, but since the rotations form a group it is 
sufficient if it holds for infinitesimal rotations. Differentiating with respect 
to 0 and evaluating for 0 =* 0, therefore, we find, after suitably renaming 
the dummy indices, 

Vk = - j 2 Ji?{Ap(r,r + k)y„-y^ A at (r, r +k)}a' r ^ 


Zk - \ r l r + h)y n -Bjr,r + k}} a’ r+fc . 


Comparing with (0-1) we obtain 

2^(r, r + k) - - r + k) y m - y^Ajy, r + *)}, | 

ZA^r + k) - i{B l Jr,r+k)y„-y l „BJr,r + k)}. ' 

This is more simply expressed in matrix notation, as on p. 262, 
2tB(r,r + &) = A(r,r + i , )Y-YA(r,r + ifc)D 
-2iA(r,r + i) - B(r,r+t) Y-YB(r,r+A)J 
It follows that A(r, r + k) and B(r, r+k) have the form 


( 6 - 2 ) 


(6-3) 


A(r,r + Jr) 


/0, w(r,r+A)\ 

' \»(r,r+4), o/’ 




' + *>\ 

l, o)’ 


the u(r, r + k), v(r, r+k) being numerical coefficients. The neutrinos there¬ 
fore make transitions only to states of opposite spin; this agrees with our 
previous deductions from the balance of angular momentum. 
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The coefficients u(r, a), v(r, a) are only defined for a>r; we are therefore 
at liberty to extend the definition for s<r by means of the relations 

u(a, r) = v{r, a), 
v(a, r) = u(r ,«). 


The advantage of this is that we can express A and B in terms of the u’s 
alone 


/0, 

\ — »«(«, r), 0/ 


It is also consistent with this notation to write 


A(«,r) = At(r,s), 
B(s,r) = Bt(r,»). 


We have now to require that ti k should satisfy the commutation rules 
(5'2). Fortunately it is sufficient to consider only the equation 

tkyt-vHk = o 

(this is one of the equations (6-2)) in order to show that these cannot be 
satisfied simultaneously with (6-4). For 

Uvt-vUk = 21 

- * + *) aW f A M ,(r, r + k) a' r + k } 

”22 A ^ r > r + k ) B rtr(a + k,e) {af*a; +k al\ k a? - a* af*a r r+k } 


“22 A r*( r > r + k ) B rA* + M i n W a r K, ~ a r r U a %k^} 


= r 2JA Mr {r,r+k)B TI> (r+k } r)alf^a; 

- B ^,(r+k, r)A„(r,r+k)afl k a; +k }. 

When we substitute the values 6-4 for the components B H „ we see 
that only those terms survive for which fi = v and thus the atf a\ reduces to 
nf. In fact we have 

tkVt ~vUk = - i 2 Hr,r+k)u(r,r+k) («* -«?+*) 

+ «(r+ k, r) tt(r+ k, r) (nj +fc - n*)}. 

This can only vanish if the coefficient of each nj, n* vanishes separately. 
I.e. if 

|«(«,« + !:) |* +1 «(*,«—A) |* = 0, 

|tt(a + i,«)|*+|u(a —— 0. 
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The quantities occurring in these equations are essentially non-negative; 
each must therefore vanish separately; 

«(r, r + k) =» u(r+k,r) = 0 . 

This gives £ k = y k = 0 ; 

this, however, is inconsistent with (5-2). The conditions can therefore not be 
satisfied 

Because of its generality, it is a little difficult to see through the fore¬ 
going argument, and it is of interest to start from a more special form for 
£ k , rj k in order to illustrate the nature of the failure. In the one-dimensional 
model, where £ k , ij k are replaced by one amplitude b k and a), of by a r , the 
relation between b k and a, is (Bom and Nagendra Nath 19360 , equation (37)) 

b k = 

From this it is plausible to suppose that the A^r, r +• k), B^r, r + k) are in 
fact independent of r and contain k only as 1 [Jk. 

fik»l 

Vk = 

We shall see that by suitably choosing the matrices A, B we can satisfy the 
commutation rules (5-2), but that then it is impossible to satisfy (<5>3). 

As an example wo calculate £ k ij\ - ij\£ k . Let us write = B„) then 

mM-vUk) = (A ta .2a?aWi)(BlIa°l,a\) 

- (Kr 2 «?tiO T .) (A" la*a’ r+k ) 

= A„, Krll { a f ta r+jt a «+/ a » - aJ+;«X f a; +fr } 

= BU 2 2 {afHKSf+k .., 1 - a?li«r , *)«: 

-<U*" 

Those terms which are products of four amplitudes cancel out, and owing 
to the d r+k , t+l we can replace the double sum by a single sum: 


(6-5) 
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If le + l we can split this up into the difference of two series: 

for these two series converge. This can be rewritten as 

m(ZkVl-yU k ) « ZaftAB 

A necessary and sufficient condition for this to vanish is 


If k = l we cannot split the series into two parts, for the series in ( 6 - 6 ) 
diverge, but we can use the result (4*8). 

A Uvl~vU k = T r ( ABt). 

Hence ^(ABt) = 0 . 

A similar investigation for the remaining products leads to the result that 
A, A+, B, Bt must all commute, and 

T,(AAt) = T r (BBt) . 1, 

T r ( ABt) « o. (6-8) 

Two examples of matnces satisfying these conditions may be quoted 
First, those studied by Nagendra Nath ( 1936 , equation (16))* 




Second, those which occur in Kronig’s theory ( 1936 , equation (37))* 


■m -in- 


A simple algebraic argument shows that matrices satisfying ( 6 * 8 ) cannot 
satisfy the invariance condition (8-3): 

2t'B = Ay-yA, 

- 2iA = By-yB. 

For eliminating B from these equations 

4A = y*A - 2 yAy + Ay a 
= 2 A- 2yAy, 


A + yAy = 0. 

* Their notation is different; when put into the present notation their results reduce 
to this. 
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Multiplying on the left by y 

yA + Ay=0. 

Sinco y is Hermitian we also have, on taking the adjoint of tins, 
yAt + Aty = 0. 

From the first of the equations (0*3) 

B = iyA. 

But by (0-8), A* and B commute with one another, hence 
0= BAt-AtB 
= {(yAAt-A + yA) 

= »(yAAt + yA t A). 

Multiplying by -ty A At + At A = 0, 

i.e. T r (AAt) = T r (A f A) = 0, 

which contradicts (0-8). 

I am indebted to Professors J. v. Neumann, P. Jordan and R. de L. 
Kromg and to Mr N. S. Nagendra Nath for helpful discussion. 

Summary 

This paper brings to light a grave difficulty for the neutrino theory of 
hght. Starting from assumptions about the neutrino sufficiently general 
to include the models which have been studied by Jordan, Kromg and 
others (with the exception of Scherzer’s attempt, which is not Btrictly a 
neutrino theory), and working with the amplitudes of the second quanti¬ 
zation as the most suitable mathematical apparatus, one sets up the most 
general theory consistent with .Iordan’s hypothesis. The conditions under 
which this will lead to a satisfactory theory of light are (1) that certain 
commutation rules be satisfied, (2) that the theory be invariant under a 
change of oo-ordinate system. In order to study the second of these it has 
been necessary to analyse rather carefully the transformation of the am¬ 
plitudes under certain types of rotation and this reveals an arbitrariness 
in the choice of certain phases. A condition for the invariance of the theory 
is that the results bo independent of the way in which these phases are 
ohosen. 
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From this point onward a straightforward analysis loads to the result 
that the conditions cannot be satisfied simultaneously. The invariance 
requires that the neutrino which interacts with the atom should reverse 
its spin, a result which could also be derived from considerations of tho 
conservation of angular momentum, and an essentially simple though 
rather tedious calculation shows this to bo inconsistent with the com¬ 
mutation rules. 

The introduction gives an account of the aims <>l the neutrino theory of 
light, the problems which it meets and the attempts that have been made 
to solve them. 
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The absorption spectra of sulphur dioxide and 
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[Plate* 3, 4] 

In the near ultra-violet the absorption spectrum of sulphur dioxide has 
been investigated to a greater extent than that of any other triatomic 
molecule. The excellent work of Clements ( 1935 ) on the temperature 
dependence of the bands has enabled the v 0 of the upper state to be de¬ 
finitely fixed, it has resulted in a satisfactory analysis of the so-called low- 
frequency system (i.e. bands appearing at high pressures which are due to 
transitions from various initial vibrating states), and has yielded a plausible 
arrangement of part of the high-frequency system (bands appearing at low 
pressures and temperatures, and probably corresponding to transitions 
from vibrationless ground states to the various vibrational levels of the 
upper state). Asundi and Samuel ( 1935 ) have put forward an alternative 
analysis of these bands, but we do not favour it on the grounds that it 
disregards the results of temperature experiments, contains many violations 
of Herzberg and Teller’s selection rules ( 1933 ), and interprets several Btrong 
bands as transitions from initial vibrational states in spite of prohibitive 
Boltzmann factors A photograph of the spectrum is shown in fig. 16, Plate 3. 
The bands are very strong and appear at pressures of about 1/2 mm. in a 
path length of 1 m Another system several times stronger than the previous 
one starts in the legion of 2360A. It has been investigated by several experi¬ 
menters, but the only attempt at an analysis has been made by Chow 
( 1933 a, &)• One of the difficulties that has troubled previous experimenters 
is that the bands continue to shorter wave-lengths past the transmission 
limit of quartz, and thus go outside the range of their instruments. We have 
therefore photographed the bands with a vacuum grating spectrograph, 
and in this way have obtained the absorption spectrum of sulphur dioxide 
down to about 1000 A. The technique used in obtaining the absorption 
spectra has been described previously (Collins and Price 1934 ). The Lyman 
oontinuum was employed as the continuous background against which the 
absorption was observed. 
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A. photograph of the 2860-1800 A system of bands is given in fig. la, 
Plate 8- They axe shaded towards the red, and many of them possess more 
than a single head. As far down as 1950 A some degree of regularity is 
apparent in the spectrum.f Beyond this the bands depart from a regular 
spacing, and tend to split up into several components in a rather peculiar 
way. Between 2300 and 1960 Awe find about twenty bands forming a 
progression with an average spacing of 380 cm . -1 (see Table I). The separa¬ 
tion between consecutive members, which is taken between the centres of 
gravity of the various bands, is found to remain constant within quite 
narrow limits. After trying to fit the bands into many alternative schemes 
it has been concluded that a simple progression with a 380 cm . -1 difference 
aooounts most satisfactorily for all the strong bandB which apjicar in this 
region. The separation 380 cm. 1 most probably corresponds to the de¬ 
formation frequency v t , which has a value of -524 cm _1 in the ground 
state. It shows little tendency to fall off to a smaller value in going to 
shorter wave-lengths, and as the work of Clements ( 1935 ), Lotmar ( 1933 ), 
and Chow ( 1933 a, b) indicates that the anharmonic constant for the 
524 cm . -1 frequency is extremely small, the similar behaviour shown by 
the 380 difference would seem to lend support to the suggestion that it also 
corresponds to the mode of vibration. On account of the irregularities 
and the extremely small value of the anharmonic constant no attempt has 
been made to express the bands by a formula Temperature variation 
experiments, which will be published separately, indicate that the 
43,100 cm . -1 band iB the first member of the progression. 

There are two main difficulties which the above interpretation of the 
bands encounters. The first is that there is a periodic fluctuation in the 
intensity of the bands. Starting with the band at 2206 A, and proceeding 
to shorter wave-lengths, the intensity of the main members gradually in¬ 
creases up to the fourth and then drops suddenly to the fifth. Subsequently 
it rises again to the eighth, and drops at the ninth. There is a further rise to 
the twelfth, and drop at the thirteenth, and this is repeated at the sixteenth 
and seventeenth bands respectively Now all these strong bands almost 
certainly originate on the vibrationless ground Btate. If the bands form a 
single progression, it might be expected from analogy with the diatomic 
case, using the Franck-Condon principle, that the intensity of the bands 
would increase uniformly to a maximum, and die away on either side of 

f Wo do not find any very definite evidence for the sudden onset of prediseooiation 
at this wave-length as reported by Henri (1931). Certainly there is some general 
difftise n eas, but the increase in multiplicity and the departure from regularity are the 
most striking features of these shorter wave-length bands. 
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this. However, if the transition probabilities sire worked out by wave 
mechanical methods, it can be predicted that subsidiary maxima may 
accompany the main one (Hutchisson 1930 , 1931 )- This is found to occur 
for instance in the Dieke and Hopfield bands of hydrogen. The peculiar 
intensity fluctuations may therefore have some explanation on such a basis. 
Other more likely causes will be discussed later. 


TaBLK I. FREQUENCIES IN THU 380 CM.- 1 PROGRKS3ION OF THE 



2300-1800 A SYSTEM in SO 
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mean values 




The second difficulty is that the internal structure of the individual bands 
varies considerably This gives rise to some apparent irregularities in the 
measured spacing. Some of the bands are double, while others seem to 
possess only a Bingle head though the structure is not in general so simple as 
this remark would imply. The sulphur dioxide molecule is an asymmetric 
top rotator, and the bands belonging to it should therefore be expeoted to 
have a complicated rotational structure which will depend to some extent 
on the vibrational state of the molecule. Wo have found it misleading to 
compare the structures of two bands which appear on the same plate with 
very different intensities. In fact, if these bands are examined on two 
plates, which are taken at such pressures that the weaker band on the 
high-pressure plate appears at the same strength as the stronger band on 
the low-pressure plate, then it is generally found that the difference in 
structure is not nearly so marked. 

Chow in his analysis has resorted to the device of splitting up the system 
into three neighbouring electronic states in order to arrange the bands. 
However, we consider it desirable, for reasons which will be apparent later 
when the bands are compared to those at longer wave-lengths and to 
similar systems in carbon disulphide, to interpret them as a single system. 
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Minor irregularities in the separations and structures are explained as due 
to the influence of neighbouring states. Clements ( 1935 ) uses such an 
explanation to account for the deviations which occur in his v t (220 cm. -1 ) 
progression. In referring to the disturbance in the neighbourhood of the 
band “O”, he states that “perhaps this is due to an interaction of the 
normal modes of vibration m the upper state, since v x and and even 
multiples of v t belong to the same representation of the symmetry group”. 
With increasing amplitudes of the molecule corresponding to the higher 
vibrational quantum numbers, the interaction may be supposed to increase, 
so that this explanation may be called upon to account for the much greater 
irregularities which occur around 2 fi 00 A. The breadth and difFuseness of 
the bands in the region 2800-2500 A has been tentatively attributed by 
Franck, Sponer and Teller ( 1932 ) to collision broadening, they pointed out 
that energy considerations prevented it from being due to predissociation. 
The chief difficulty with their explanation is that it requires the molecule 
in the excited state to have a collision radius 15 times greater than in itB 
normal state. 

The short wave-length bands of the 2300-1800 A system behave in a 
rather similar way to the corresponding members of the 3300-2600 A 
system. It would clearly be advantageous to have a common explanation 
for both, especially as the corresponding bands in carbon disulphide also 
seem to exhibit the same kind of peculiarity. It has been remarked by 
Mulliken that there must be considerable interaction between the various 
modes of vibration of a |xilyatomic moleculo, and that the variables re¬ 
ferring to the normal inodes cannot in general be completely separable. 
Effects resulting from this will become increasingly important with the 
increase in the number of vibrational quanta present. Any particular 
vibrational band A of an electronic state m a |X)lyatomic molecule is liable 
to be perturbed by a state B provided the symmetries of the vibromo wave 
functions of both states belong to the same species (Mulliken 1937 ). 
B would, of course, be built up from a different combination of the proper 
frequencies of the electronic state and the magnitude of the perturbation 
would depend on the proximity of the energy values of A and B. Such a 
perturbation could bo used to account for the variation in intensity ob¬ 
served among the lower members. For example, let us consider a poly¬ 
atomic molecule which has a low vibrational frequency (e.g. 300 cm. -1 ) the 
others being high (1000 cm. -1 ) and for simplicity further assume that both 
300 and 1000 cm . -1 frequencies are totally symmetrical. In a long pro¬ 
gression of the 300 frequency, one might expect the tenth member to be 
perturbed by the third member of the ,1000 frequency, provided that the 
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anharmonic constants were not too large. If the higher frequency hap¬ 
pened to be roughly a multiple of the lower one, in this case for example 
900 or 1200 cm. -1 , then a periodic perturbation would be apparent in the 
progression of the smaller vibration. Thus the variation in intensity with 
every fourth member in the 2300-1800 A system may be due to a perturbing 
frequency in the upper state of about 1600 cm." 1 , which belongs to the 
same vibrational species as v % , e.g. probably v v Similarly, it seems possible 
that the 1320 cm .' 1 upper state frequency of Clements ( 1935 ) arises from 
a regular perturbation frequency of this magnitude rather than from one 
which is really present in the spectrum. If this is not so, it is necessary to 
assume that the 1320 is an exact multiple of the 220 om .' 1 frequency, in the 
Bame way that it would be necessary for one frequency to be four times the 
other to account for the periodicity of the 2300-1800 A system. The much 
more violent disturbances which occur below 1960 A in the latter system 
may result from the fact that for such high vibrational states more 
combinations of the normal frequencies can have energy values laying close 
to the unperturbed state, and are thus ahle to affect it. Such an explana¬ 
tion might well account for the complexities of the Bhort wave-length bands 
of both the 3300-2600 A and the 2300- 1 860 A systems. 

The assignment of both the 220 cm .' 1 difference in the 3300-2600 A 
system and the 380 cm _1 difference in t he 2300-1860 A system to the angle 
vibration of sulphur dioxide, can be supported to some extent by the 
consideration of a simplified potential energy diagram. Possible V/d curves 
for the ground, first excited and second excited states of sulphur dioxide 
are shown schematically in fig. 2, 6 being the OSO angle. To obtain Borne 
idea of the absorption spectrum arising from transitions between the 
lowest level of the ground Btate vertical lines a, b, c, and a, /?, y are drawn 
from act (the zero point energy cutting the upper potential curves in 
bfi and ey. The vertical distances between b and /?, and c and y give a 
measure of the frequency range over which the absorption spectrum is 
likely to extend. It can be seen from the figure that a much greater fre¬ 
quency spread is to be expected for the state in which the vibration fre¬ 
quency is little diminished, than for that in which it is considerably 
reduced.f The 3300-2600 A system in which v, has fallen to the low value 
of 220 cm .- 1 has a frequency range of only 6000 cm.' 1 ; on the other hand, 
the 2300-1860 A system extends over the much greater spread of 
13,000 cm.' 1 . It therefore appears that the correlation of the 220 and 

t The above argument is only valid when the potential curves of both the upper 
states have changed considerably from that of the ground state. This seems certainly 
to be true in the case under diaoussion. 
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380 cm . -1 frequencies is supported in some measure by the frequency range 
over which their respective states extend. 

The probable explanation of the origin of the bands seems to be that they 
are due to the transitions of a relatively non-bonding electron localised on 
an oxygen atom (i e. the “lone pair” 2 p„) into excited orbitals which are 
anti-bonding in that they weaken the angular restoring forces.! Since the 
excited orbital of the longer ware-length system is not so attenuated as that 
of the shorter ware-length system, but is closer in and concentrated between 



the atoms, its anti-bonding power is likely to be the larger one, if all the 
other factors are the Bame. A similar explanation seems to account for the 
breadths of the analogous systems in carbon disulphide. Mulliken’s dis¬ 
cussion of the electronic structure of sulphur dioxide (Mulliken 1935 c) 
shows that the most loosely bound electrons are slightly anti-bonding and 
would, in fact, be strongly so were it not for the triangular configuration of 
the molecule. The preference is given to the non-bonding electrons as 
originators of the absorption, because of the apparent absence of strongly 
excited valence frequencies in the upper state. The alternative explanation 
that the excitation is that of a bonding (valence) electron to an anti¬ 
bonding orbital, after the manner of the Schumann-Runge bands of 
oxygen, would probably have to be applied if the molecule happened to be 
linear. 

The OSO angle as determined in the ground state from electron diffraction 
measurements is 124 ± 15° (Brockway 1936 ). Jonescu ( 1933 ) from a partial 
t This does not necessarily mean that 0, increases. 



278 W. C. Price and D. M. Simpson 

rotational analysis reports the OSO angle in the first excited state to be 
90°. This computation assumes that the SO distances are not greatly 
altered by the excitation. Such an assumption could not in general be valid. 
However, according to the proposed analysis the so-called valence vibra¬ 
tions do not appear strongly in the spectrum This suggests that the valence 
fields are not much changed by the excitation, and Jonescu’s assumptions 
might be expected to hold roughly. Certainly the fact that he is able to 
deduce the OSO angle in the ground state to be 120° supports them to some 
extent. It can be further tested by the following rough calculation. If we 
take the number of v t quanta contained in the range between the v 0 and the 
intensity maximum of the system it is possible to calculate an approximate 
value of the change in the angle. On the Franck-Condon principle the 
intensity maximum of the absorption bands corresponds to a transition to 
a vibrating upper state in which the greatest, or least angle attained is 
equal to that in the non-vibrating ground state Assuming (I) a parabolic 
U/O curve, (II) that the SO distances are not greatly changed by the 
excitation, (III) that the angle vibration in the upper state has a frequency 
of 220 cm _1 , (IV) that the distance between v 0 (31,945) and the intensity 
maximum is 3300 cm 1 (i e about lSy,), the change in the angle works out 
to be approximately 28°, a result which is in good agreement with that 
suggested by Jonescu (24°). Using similar assumptions for the 2000 A 
system the change in angle works out to be about 22°. 

One of the most definite characteristics of both the 3000 and 2000 A 
systems of sulphur dioxide is that they are shaded towards the red. For 
molecules of the asymmetric top type, it is not in general possible to draw 
any conclusion concerning tho change of a particular moment of inertia 
from this fact, without a more detailed analysis of the structure, such as has 
presumably been carried out by Jonescu. However, since the moments of 
inertia of sulphur dioxide in the normal state are roughly 12, 73, and 
85 x 10~“ g.cm *, it can be regarded approximately as a symmetrical top 
rotator, in which one moment of inertia is very considerably less than the 
other two. The gross structure in this case would be expected to consist of 
a number of subheads. The subheads themselves would be shaded in the 
direction suggested by the change of the large moments of inertia, while the 
shading of the gross structure would refer to the change in the small 
moment of inertia. Inspection of the sulphur dioxide bands (both of the 
3000 and the 2000 A systems) indicates the presence of subheads, which are 
frequently very narrow and for which the direction of shading cannot 
usually be specified with certainty. The gross structure is, however, 
definitely Bhaded towards the red. Thus it would appear that the small 
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moment of inertia is increased by the excitation. This is most probably 
explained as a diminution in the OSO angle, in accordance with the 
calculations of Jonescu. 

On the short wave-length side of the 2300-1850 A bands there is a region 
of transparency. Below 1600 A we come to the next electronic system. 
This consists of three rather weak diffuse bands, whose approximate wave¬ 
lengths are 1573, 1558, and 1520 A. It is difficult to know whether to class 
these bands with those at longer wave-lengths as having their upper states 
represented by anti-bonding orbitals, or to group them with the bands at 
still shorter wave-lengths, which arc of a Rydberg type. The former 
interpretation is considered to be the most likely one. It should also be 
mentioned that in the region 2700-2400 A, there seems to be evidence of a 
separate electronic transition. If this is so, then it would appear that 
sulphur dioxide has at least four electronic transitions above 15(H) A. 

The bands in sulphur dioxide, which might be regarded as resonance 
bands approaching the ionization potential, occur below 1350 A They have 
a complicated appearance and comparatively little can be done with the 
component bands of the individual electronic states This complexity may 
possibly result from strong resonance between OSO* and 0*SO, which is 
likely to disturb some of tho higher excited states. In spite of this, it is 
fairly easy to pick out the regions of absorption corresjKinding to separate 
electronic transitions For instance, the bands between 1350 and 1308 A 
obviously correspond to a different electronic transition from those between 
1280 and 1240 A, both on account of their apjiearance, and of the well- 
defined break in the absorption Tho comparatively narrow frequency 
spread of the electronic states indicates that an electron of not very large 
bonding, or anti-bonding power is being removed Between 1215 and 1140 A 
there is a wide region of transparency, after which there appears a set of 
weaker bands. It is almost certain that these bands are the successive 
Rydberg members of a series starting with the absorption in the 1350- 
1215 A region, especially as still weaker bands corresponding to the higher 
members of such a set appear at shorter wave-lengths. A rough Rydberg 
extrapolation indicates that the ionization of the molecule will occur at 
12*05 ± 0*05 V. This is supported by the fact that the regions of absorption 
of the bands of sulphur dioxide occur a little to the long wave-length side of 
the corresponding ones in water.f (Absorption also assumed to arise from 
transitions between orbitals, which are closely atomic (non-bonding) in 
character.) The extrapolation of the Rydberg series in water leads to an 

t Similarities can bo traced between the AB series in water, and the observed bands 
in sulphur dioxide. 
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ionization potential of 12*58 V (Price 1936 a). A value of 12*05 V for the 
ionization potential of sulphur dioxide is therefore in agreement with its, 
spectrum. The electron impact value of 13*1 ±0*3 V (Smyth and Mueller 
1933 ) seems a little high. There is no doubt that this ionization potential 
corresponds to the removal of an electron which has little bonding power,, 
and which is roughly a 2 p 0 electron The predicted value for such an 
electron is 14*7 V (Mulliken 1934 ). Part of the discrepancy is to be attri¬ 
buted to the OSO polarity (dipole moment 1*6 D), the accumulation of 
negative charge in the oxygen atoms reducing the ionization potentials of 
the electrons localized on them. Part of it, however, is probably a result of 
the electron retaining a oertain amount of the anti-bonding power, whioh 
it would possess in a very marked degree, if the molecule were linear 
(Mulliken 1935 c). The electron configuration of molecules having sixteen 
outer electrons (e g. C0 4 , CS, and N 4 0 in their normal states) consists in a 
set of firmly bound closed shells, giving a chemically saturated structure 
like that of N f . Additional electrons introduced into such a structure, in an 
attempt to get the configuration of N0 4 (one more) or 80 t , C^O, 0 3 (two 
more), would have to go into anti-bonding orbitals, as in the somewhat 
similar diatomic cases of NO and 0 4 However, as Mulliken has pointed out, 
the triatomio molecules given above avoid this by assuming a triangular 
form, and in this way acquire a different set of orbitals. In the triangular 
configuration, it seems that the additional electrons have relatively little 
anti-bonding power, since, at least for SO g , the diminution in the ionization 
potential is not vory much greater than that which might be expected from 
charge transfer effects alone. 


The absorption spectrum of carbon disulphide 

The absorption spectrum of carbon disulphide, though it differs m many 
of its fundamental characteristics from that of sulphur dioxide, has never¬ 
theless several important features in common with it. These are particu¬ 
larly prominent for the bands lying at wave-lengths greater than 1800 A. 
The first moderately intense electronic absorption of carbon disulphide 
occurs at 3600-2900 A, see fig. 3c, Plate 4. It appears strongly only when 
pressures greater than several centimetres are used, the path length being 
~1 m. This is much weaker than the corresponding system in sulphur 
dioxide (probably by a factor of 50). Mulliken ( 1935 c) has tentatively 
assigned this system to a certain forbidden transition, stating that it 
becomes allowed because of the possibility of the molecule assuming a 
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triangular form in the excited state. The selection rules for the symmetry 
D mi are then replaced by those of C^, and the transition becomes possible 
as in the case of sulphur dioxide. The appearance of the spectrum is more 
complicated than that of sulphur dioxide, and its analysis has not yet been 
satisfactorily accomplished. 

A muoh more intense system occurs at shorter wave-lengths, see fig. 3 o, 
Plate 4. In the region 2200-1800 A there is a considerable degree of 
regularity apparent among the bands. Inspection of the small photograph 
(Fig. 3d) indicates the presence of a many membered vibrational progres¬ 
sion, which rapidly widens with increase in pressure. (These photographs 
were taken on a small exploratory spectrograph, and serve mainly to give 
a bird’s eye view of the spectrum, and to show its variation with pressure.) 
It can be seen from the high dispersion picture that each band is really 
built up from many components, the band at 2080 A, for example, shows 
several heads Their narrowness is in part accounted for by the very large 
moment of inertia of carbon disulphide. Of all the possible explanations for 
the multiplicity of these bands, ne consider that the best is that they are 
due to a rotational structure, which arises as a result of the molecule 
becoming very slightly bent in the upper state, and thus acquiring one 
relatively low moment of inertia It may be mentioned here that the 
separation of the heads is about 40 cm -1 and that the structure as a whole 
appears to be shaded towards the red This is compatible with the hypo¬ 
thesis that the molecule is bent through an angle of two or three degrees as 
a result of the excitation A similar explanation will be given later to 
account for the structure of the band at 1600 A. 

The advance of the 2200-1860 A progression towards longer wave¬ 
lengths with increase in pressure is at first quite rapid, and it reaches 
2160 A with pressures of 0-6 mm. and aim. path length. To extend the 
absorption further requires much higher pressures. At 40 cm the bands 
can be followed as far as 2300 A, and the system shows signs of continuing 
still further As in the case of sulphur dioxide, it. was found that when the 
centres of gravity of the bands are taken, the gross structure forms a fairly 
good progression with only slight variations in the frequency separations of 
consecutive members Their frequencies are given in Table II, the 
46,060 cm. -1 band is indicated as the first member by temperature variation 
experiments. It is even more certain in this case, than in that of Bulphur 
dioxide, that we are dealing with a single electronic upper state, and with 
a vibrational progression involving only one type of vibration. The fre¬ 
quency difference is found to be about 410 cm. -1 (varying between 390 and 
430 cm. -1 ). This is undoubtedly to be assigned to the symmetrical valenoe 
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frequency v,, which has a value of 656-fi cm .' 1 in the ground state. The 
reasons for this assignment are as follows: the appearance of the spectrum 
indicates that, as a result of the excitation, there has been a change in the 
vibration frequency; this is almost certainly a diminution. From the fact 
that the bands apt>ear at such low pressures, it is certain that the electronic 
transition is an allowed one. The selection rules then permit only the totally 
symmetrical vibration frequencies to appear in absorption from the 
vibrationloss ground state. As the only totally symmetrical frequency in 
carbon disulphide is v u both the diminution in the frequency, and the 
selection rules point to this assignment for our 410 cm . -1 separation. The 
absence of periodic fluctuations in the intensity of the bands is probably to 
be connected with the fact that neither of the other two vibrations of the 
molecule has the correct symmetry for causing such a perturbation. Some 
sixteen bands are included in the progression, which extends over a range 
of more than 10,000 cm. -1 . This range is considerably greater than that of 
the near ultra-violet system, which at pressures of several centimetres 
covers only 8000-7000 cm. -1 . Great increase m pressure will extend the 
latter system by about 1000 cm. -1 , but this is, of course, largely a result of 
transitions from the vibrating ground states. The same arguments apply 
here as were put forward for sulphur dioxide, to suggest that the “3000 A’’ 
bands correspond to a greater anti-bonding effect and to lower vibrating 
frequencies than the ‘ ‘ 2000 A ’’ bands. Since all authors who have attempted 
to analyse the near ultra-violet system have found evidence of a frequency 
of about 260 cm. -1 , it seems possible that this corresponds to v, in the 
excited state (Wilson 1929 , Watson and Parker 1931 a, 6 ; Jenkins 1929 ). 
However, from the complicated appearance of the spectrum, it is certain 
that more than one upper state frequency is strongly excited, and therefore 
no definite statement can be made until a complete analysis of the spectrum 
is forthcoming. It should be pointed out that if the molecule is bent in this 
excited state, as appears likely from electronic selection rules (Mulliken 
1935 c), and also from the probable appearance of more than one upper state 
frequency, then the angle through which it is bent is fairly large (~ 10 °), as 
the narrowness of the bands indicates a high moment of inertia. However, 
this argument would not hold if the change in electric moment were along 
the SCS axis. The wide rotational structure of the 2000 A, 1600 A and 
possibly other systems indicates that the change in electric moment in¬ 
volved in these transitions is perpendicular to the SCS axis. 

Proceeding to shorter wave-lengths, it is most noticeable that the strong 
band at 1815 A differs in type from the preceding ones. Since it is obviously 
unaccompanied by any vibrational structure, it must be assigned to a 
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transition between non-bonding atomic orbitals (possibly 3p->4«). Though 
somewhat diffuse, it resolves itself at low pressures into two components 
(A1818-1 and 1811-7 A). A similar band occurs at 1600 A where the non¬ 
bonding type is even more striking. 


Table II. Frequencies in the 410 cm _1 progression of 
THE 2300-1800 A SYSTEM IN CS, 


I 

v cm. -1 

Av cm. -1 I 

vcm. -1 

Av om. -1 

00 

46,900 

— 6 

49,290 

410 

0 

46,370 

420 7 

49,710 

430 

0 

46,790 

420 7 

60,110 

4001 





>386 

1 

47,200 

410 8 

50,480 

370j 

1 

47,610 

410 9 

50,900 

420 

2 

48,020 M 

410 10 

51,280 

3801 





>410 

3 

48,440 M 

420 8 

61,720 

440J 

6 

48,870 

430 7 

42,140 

420 



M = moan values. 



Table III. Frequencies in the 830 cm. - 

1 PROGRESSION OF 


THE 1750-1660 A SYSTEM IN CS, 



1 

v om.* 1 

Av cm. -1 



3 

56,490 

_ 



10(2) 

57,320 

830 



10 D 

68,170 

850 



8 DD 

59,000 

830 



2 DD 

59,820 

820 



1 DD 

60,640 

820 



ODD 

61,420 

780 



To the short wave-length side of the band at 1800 A appear three weak 
bands, see fig. 3a, Plate 4. These form a progression with a frequency 
separation ~ 830 cm. -1 With considerable increases in pressure more 
members appear, and it was found possible to measure seven in all, on very 
high pressure plates. As it seems probable that the vibration frequency to 
which this separation corresponds has been diminished by the excitation, 
it might conceivably be the v s type, which has a value of 1624 cm. -1 in the 
ground state. The objection to this interpretation is that this particular 
vibration is not a totally symmetrical one. However, it is conceivable that 
it might be allowed to appear because of dissymetry caused by the excita¬ 
tion SCS to SCS*. This will be explained later, when a similar vibration 
associated with the band at 1600 A is discussed. The possibility that the 
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bands may be due to CS formed by photodissociation, or even to small 
traces of COS impurity, cannot be entirely ruled out. 

The strong band which oocurs at 1600 A is probably the most interesting 
in the whole spectrum. Since only very weak bands occur in the range 
± 2000 cm. -1 on either side of this band, it must obviously be assigned to 
the excitation of a non-bonding electron. That this electron is extremely 
non-bonding (i.e. the transition approximates to one between atomic 
orbitals) is shown by the faintness of the accompanying vibration bands on 
the short wave-length side. The band towards longer wave-lengths arises as 
a transition from a vibrating ground state, and its intensity is therefore 
governed by the appropriate Boltzmann factor. The wave number separa¬ 
tion of the centres of gravity of this band and the main one is 650 cm. -1 , 
which corresponds to a transition from the (656*5 cm. -1 ) vibration from 
the ground state. A transition from the lower frequency v, (396*8 cm. -1 ) 1 b 
not observed, as it is forbidden by selection rules. A band 2v t might be 
expected, but apparently the Boltzmann factor prevents its appearing. To 
the short wave-length side of the main band, and separated from it by 
660 cm. -1 , there occurs another weak band. This separation must un¬ 
doubtedly correspond to a vibration of the v l in the upper Btates, an 
assignment which is in agreement both with the vibrational selection rules, 
and with the fact that the electronic excitation is that of a non-bonding 
electron (v, changes only from 660 to 650 cm. -1 , i.e. 10 cm -1 , as a result of 
an electron jump of nearly 8 electron volts, or 63,000 cm. -1 ). A still weaker 
band appears at 1577 A, separated from the main band by about 1070 cm. -1 . 
This probably corresponds to the frequency 1523 cm. -1 in the ground 
state. While ordinarily it would be a forbidden transition, it seems to 
appear as a result of the dissymmetry induced in the molecule by the 
excitation (SCS to SC'S*). This makes the symmetries of v x and v s equivalent 
as for example in SCO, where the analogous vibrations appear both in 
Raman spectra and the infra-red. 

One of the puzzling features of the bands of this group is their well- 
resolved structure. They are composed of a number of very narrow heads 
(some of which are doublets Av~2l om. -1 ) whose frequencies can be 
determined accurately to two or three wave numbers. There are two 
possible explanations for this structure: firstly it might be caused by 
transitions from initial vibrating states which retained their original type of 
vibrational quanta in the excited state. The slight modification in the value 
of the frequencies in the upper state will cause a displacement of the bands 
relative to the corresponding ones arising from a vibrationless ground state. 
Such transitions should be relatively weak, and cannot account for the 
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fact that both the band at 1590 and that at 1577 A have two equally intense 
heads as their main components. Further, if the explanation is so simple, 
the two strongest members of the 1612 and 1595 A bands should be 
separated by exactly 656-5 cm. -1 , whereas no two components have been 
found with exactly this difference. Our frequency of 650 cm. -1 was found 
by averaging over each band. The second, and probably the correct, 
explanation is that the structure is rotational in origin. If the molecule 
becomes very slightly bent in the upper state it can, in thip way, acquire a 
sufficiently low moment of inertia to give a wide rotational spacing. The 
observed separations are ~ 70 cm. -1 , such as would occur if the carbon 
disulphide molecule deviated from its linear configuration by a degree or 
two, and so approximated to a symmetrical top rotator. The fact that the 
structure appears shaded towards the red would also support this theory. 
As others might desire to analyse further the bands in the 1600 A region, a 
table of frequencies correct to 2 or 3 cm 1 is given in Table IV. 


Table IV. Frequencies in the system 1012-1550 A in 

CARBON DISULPHIDE 


1612 A band 

1695 A band 

1877 A band 

1553 A band 

I v cm.- 1 

I 

v cm. -1 

I 

v cm. -1 

1 

V cm. -1 

00 61,866 

0 

62,260 

O 

63,204 

0 

04,324 

1 61,960 

3 

02,626 

O 

63,284 

2 l 

04,398 

1 62,017 

8 

62,702 

2 

63,360 

2/ 

04,416 

3 62,080 

101 

62,784 

2 

83,430 

0 

64,462 


io) 

62,774 

00 

63,448 




3 

62,814 

0 

63,612 






0 

63,360 




Between 1535 and 1450 Athere occurs a complicated set of bands crowded 
together without any obvious regularities. It is felt certain that no 
conceivable vibrational pattern will explain the character of this set. If 
the carbon disulphide molecule is very slightly bent in the excited state by 
a fraction of a degree, then part of the structure observed may well be 
rotational. On the other hand, resonance between the equivalent states 
S*CS and SCS* may be responsible for the complexity. The dimensions of 
the excited orbital seem to be of the right order for producing this effect. 
Below 1460 A the bands are less complicated, and obviously correspond to 
a large number of different electronic transitions, with little or no accom¬ 
panying vibrational structure. Since, with the possible exception of a few 
bands in the neighbourhood of 1250 A, the multiplicity of heads cha¬ 
racteristic of the 1600 and 2000 A systems is not a feature of the shorter 
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wave-length bands, it is most probable that the molecule is linear in these 
highly excited states, as it is in the ion. The bands are fairly strong, and 
well separated at long wave-lengths, but become weaker and crowd closer 
together towards shorter wave-lengths, after the manner of bands going to 
an ionization potential. They converge to a limit around 1230 A, or ~10 V. 
As the electron impact value of the ionization potential of carbon di¬ 
sulphide is 10-4 ± 0-2 V (Smyth and Blewett 1934 ), the above interpretation 
of the bands is highly probable. Starting from the short wave-length limit 
of the bands, it was found possiblo to pick out the members of the following 
Rydberg series: 

= 81,734 —/?/(» +0-55)* (n = 3, 4, 5, etc.). (1) 

Bands were found to fit in the formula from n = 3 to n = 14. Their fre¬ 
quencies are given in Table V. In spite of the complexity of the bands near 
the limit it is felt that there can be little doubt as to the roality of this 
series. The limit corresponds to 10-083 V, and the possible error in its 
determination is considered to be less than 0-005 V. It corresponds to the 
removal of a ipn 8 (or (n-rr, n a )) electron from the state of carbon 
disulphide (Mulliken 1935 c). This leaves the molecular ion in a 'Ilg state 
The doublet separation in the analogous case of COj 1 is 161 cm. -1 . By a 
consideration of the relative values of the spin-orbit coupling coefficients 
of O, 0+ and S, S + and using the above value for carbon dioxide, it is 
possible to predict that the doublet separation for the i Il g state of CS| 
should be about 400 cm. -1 . A Bearch among the shorter wave-length bands 
revealed many differences of ~ 440 cm -1 . Thus it appears that the doublet 
separation of the ion Hhows up in the highly excited states of the molecule, 
in the same way as it does for the alkyl halides (1*1106 1936 b). In fact, each 
member of series (1) was found to possess a companion situated ~440 cm . -1 
on its long wave-length side These latter bands are fairly well represented 
by the following formula: 

iff = 8l,2t)8-.«/(»+ 0-55)* (n = 3, 4, 5, etc). (2) 

It is not possiblo to be quite as certain of all the terms of this series as it is 
of those of series ( 1 ), because there is considerable overlapping at its limit. 
The associated ionization potential is 10-027 V The difference between the 
two limits (i.e. 430 cm. -1 ) is about the value which might be expected for 
the doublet sejiaration of the *II g state of CSJ. The series (1) and (2) do not 
account for all the bands in the region 1550-1230 A. Other series must be 
present though they are difficult to establish It should be stressed that all 
the bands in this region appear to correspond to vibrationless electronic 
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transitions, in agreement with the non-binding character of the electron 
removed. The predicted ionization potential for a completely non-bonding 
3j> s electron is 10-8 V (Mulliken 1935 d). The discrepancies with the observed 

values are possibly to be attributed in part to SCS polarity, though this 
effect cannot be great as sulphur is actually below carbon on the electro¬ 
negativity scale of the elements (Pauling 1932 , Mulliken 1934 ). Most of the 
discrepancy must therefore arise from the fact that (n — n, it g ) is slightly 
S <—>8 anti-bonding. The alight increases of the and r a vibrations associated 
with the 1600 A band relative to their values in the ground state supports 
this. 

Table V. Table showing the observed and calculated frequencies 

FOR THE SERIES (1) AND (2) IN CARBON DISULPHIDE, TOGETHER WITH 
THE WAVE NUMBER SEPARATION OF THE CORRESPONDING MEMBERS 


Series (1) Series (2) 


M 

i>obs. 

v calc. 

v obs. 

pcalc. 

OH*) 

3 

73,000 

73,026 

72,570 

72,590 

480 

4 

76,400 

76,433 

76,974 

70,997 

420 

0 

78,170 

78,171 

77,732 

77,330 

438 

0 

79,180 

79,176 

Obscured 

78,740 

— 

7 

79,810 

79,809 

79,370 

79,393 

440 

8 

80,236 

80,230 

(79,810) 

79,797 

420 

» 

80,010 

80,031 

80,087 

80,090 

428 

10 

80,743 

80,748 

80,307 

80,312 

436 

11 

80,911 

80,911 

80,475 

80,475 

436 

12 

81,036 

81,037 

80,690 

80,601 

446 

13 

81,136 

81,137 

(80,710) 

80,700 

426 

14 

81,218 

81,210 

80,778 

80,780 

438 

QO 

—• 

81,734 

— 

81,298 

436 


( ) moans used in sones (1), J.e. probably two overlapping bands. The accuracy of 
the measurements vanes according to the nature of the band measured. For some of 
the sharper bands it is as great as S era.' 1 

Below 1200 A various Bets of diffuse bands appear, each consisting of a 
fairly wide vibrational pattern. They are almost certainly due to the excita¬ 
tion of a n u electron from the double bond. Judging from the wave-length 
at which they first appear (1200 A), they probably go to an ionization 
potential in the neighbourhood of 13-6 V (i.e. ~3-5 V more than for the 
non-bonding electron). This is compatible with the values assigned to the 
analogous electrons in carbon dioxide (Mulliken 1935 c), and suggests that 
the C 8 jf emission bands are to be expected in the region 3500 A. The 
diffuseness of the bands below 1200 A is probably due to pre-ionization. 
The exoited electron communicates its energy (~10*5 V) to the 7 r„ 
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eleotron (e.g. by collision) and so ejects it. Absorption bands situated just 
above the minimum ionization potential of a molecule frequently show 
this phenomenon. Oxygen is a striking example, here direct photo¬ 
ionization of a wr eleotron is very improbable (Prioe and Collins 1935), but 
the Hopfield bands (um electron excited), which lie just above the ionization 
potential of this electron (i.e. ~1000A) show considerable diffuseness, 
which is almost oertainly due to pre-ionization. 

Before concluding it is perhaps worth while making some remarks in 
connexion with the electronic nature of the 3000 and 2000 A absorption 
regions of sulphur dioxide and carbon disulphide. Roughly speaking, it 
may be said that near ultra-violet absorption spectra correspond to transi¬ 
tions to anti-bonding orbitals associated with the electronic configuration 
of the ground state, or with configurations which differ but little from it. 
Far ultra-violet absorption spectra, on the other hand, are of a Rydberg 
type, and correspond to electronic jumps involving change in the principal 
quantum number. As the number of excited states associated with a given 
molecular configuration increases with the complexity of the bonds, it is 
natural that near ultra-violet absorption spectra should be most prolific for 
those molecules in which there is the greatest degree of unsaturation. 
Electrons in single bonds (e.g. C—C, C—H) do not give riBe to any absorp¬ 
tion in the near ultra-violet. They seem only to absorb m their first strong 
resonance (Rydberg) bands which lie in the vacuum region. Double bonds, 
on the other hand, possess two types of absorption. In addition to the 
absorption of the strong resonance bands, there is a much weakerabsorption 
between 2000 and 2500 A (e.g. work by Carr and collaborators (1936) on 
ethylene and its derivatives) This has been attributed to the excited state 
\x+x]~ l [x-x, (Mulliken 1935a), i.e the transition of the outer 

bonding electron to the lowest anti-bonding orbital of the double bond. 
A similar explanation has been put forward by Sklar (1937) to account for 
the various near ultra-violet absorption regions of lienzene The fax ultra¬ 
violet absorption of benzene observed by Price and Wood (1935) corresponds 
to the photo-ionization of the n h electrons of this molecule, the spectra 
being in excellent agreement with what is expected of these electrons.t 
The near ultra-violet absorption spectrum of benzene is shifted to the red 
relative to that of ethylene, because it corresponds to the excitation of a 
7 i k electron from the more weakly bonding group. If an electron starting 
from a non-bonding orbital jumps into an anti-bonding orbital, then one 

t The electrons from the "four" group should be very littlo bonding, and corre¬ 
spond to the lowest ionization potential, those of the “two" group should be more 
bonding, and go to the higher ionization potential. 
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would expeot the absorption to appear still further to the red, since the 
electron jumps from a higher initial state. This is apparently what happens 
in the first ketonic absorption which occurs around 3000 A (for formal¬ 
dehyde the upper state of this band is most probably ( 2 py) q 1 [Zch, _2 o] 
(Mulliken 193 s 6)). Now there is considerable apparent similarity between 
the absorption spectra of ketones and that of carbon disulphide and sulphur 
dioxide. This is no doubt to be related to the fact that in these molecules 
we have lone pairs adjoining double bonds. Thus it might be expected that 
the near ultra-violet bands of the latter molecules would correspond to the 
excitation of a non-bonding electron from the S or O atom respectively, to 
some anti-bonding orbital of the double bond. In addition to the similarity 
of the 3000 A systems, it seems that the 2000 A band in ketones bears 
considerable relation to the bands in carbon disulphide and sulphur dioxide, 
occurring in this particular region. There is much evidence to show that the 
bands in acetone, acetaldehyde and formaldehyde, which lie in the range 
2000-1700 A, are different in nature from the Rydberg bands at shorter 
wave-lengths. They do not fit into the Rydberg formulae which express the 
latter bands and, further, in the case of acetone and acetaldehyde their 
appearance is quite different It is possible that they may be ascribed to 
a transition 2 p-*(x v —x 0 ) Thus, if the corresponding bands in carbon 
disulphide and sulphur dioxide are similar in origin, it seems likely that this 
fact will help in the final identification of their excited states It must be 
stressed, however, that although relations can be traced between ^>C=0 
and 0 =C— 0 , or ^C=S and S=C—S, and in both cases it is justifiable to 
speak of C—O and C—S double bonds, the electronic structure of these 
bonds is very different (Mulliken 1935c). It is the difference in the electronic 
nature of the bonding orbitals (i e. their closed shell configuration) which 
accounts for the so-called resonance energy of the CO bond in CO, relative 
to that in ketones (Pauling and Sherman 1933). The non-bonding electrons 
are apparently not much affected by the resonance. Also it should be 
pointed out that similarities between near ultra-violet spectra can only be 
drawn when the ionization potentials of the molecules compared do not 
differ greatly. For instance, the bands in CO, which are probably analogous 
to the 3000 A bands of CS,, occur below 1700 A (Leifson 1926; Mulliken 
1935 c). This is due to the fact that the ionization potential of CO, is nearly 
4 V greater than that of CS,. 

In conclusion we wish to thank the Goldsmiths’ Company (D. M. S.), 
and the Royal Society Grants Committee (W. C. P.), for financial aid in 
connexion with this work. 
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SUMMARY 

The absorption spectra of sulphur dioxide and carbon disulphide have 
been investigated by means of a vacuum spectrograph down to 1000 A. 
For both molecules the systems of bands can be divided into two classes. 
(1) those which exhibit wide vibrational structure, (2) those which exhibit 
little or no vibrational structure. The former class probably correspond to 
transitions to anti-bonding molecular orbitals, while the latter are due to 
the transitions of comparatively non-bonding electrons to excited orbitals, 
which are mainly atomic in character. In the case of sulphur dioxide, the 
extrapolation of the bands of class (2) to their limit gives a value of 
12-05 ± 0-05 V for the ionization potential of the molecule. A similar 
procedure for carbon disulphide yields the much more accurate values 
10-083 and 10-027 V for ionization to the two components of the doublet 
state *11 g of (/lc = 430 cm. 1 ). The experimental evidence indicates that 

while carbon disulphide is slightly bent in the earlier Btages of the excita¬ 
tion, it finally returns to a linear configuration in CSf. A vibrational analysis 
of the bands of class (1) is also givdh, and some general features of the 
electronic spectra of polyatomic molecules are discussed. 
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A suggestion for unifying quantum theory and relativity 

By M. Born 

{Communicated by E T. Whittaker, FR.S.—Received 5 January 1938) 
Introduction 

There seems to be a general conviction that the difficulties of our present 
theory of ultimate particles and nuclear phenomena (the infinite values of 
the self energy, the zero energy and other quantities) are connected with the 
problem of merging quantum theory and relativity into a consistent unit. 
Eddington’s book, "Relativity of the Proton and the Electron”, is an 
expression of this tendency, but Ins attempt to link the properties of the 
smallest particles to those of the whole universe contradicts strongly my 
physical intuition. Therefore I have considered the question whether there 
may exist other possibilities of unifying quantum theory and the principle 
of general invariance, which seems to mo the essential thing, as gravitation 
by its order of magnitude is a molar effect and applies only to masses in bulk, 
not to the ultimate particles. I present here an idea which seems to be 
attractive by its simplicity and may lead to a satisfactory theory. 

1. Rkcipbocity 

The motion of a free particle in quantum theory is represented by a plane 
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where x 1 , **, x®, x 4 are the co-ordinates of Bpaoe-time x, y, z, ct, and p v p t , p s , p 4 
the components of momentum-energy p x , p v , p t , E. The expression is 
completely symmetric in the two 4-vectors * and p. The transformation 
theory of quantum mechanics extends this “reciprocity” systematically. 
In a representation of the operators z*, p k in the Hilbert space for which the 


x* arc diagonal (^-functions), the p k are given by ? ; and vice versa, if 

» ox k 

the p k are diagonal the x* are given by — : . Any wave equation in the 
t cp k 

x-space can be transformed into another equation in the p-space, by help of 
the transformation 


0 (P) - J^(*)e*p[j p k z*] dx. 


This reciprocity* can be extended also to the case of particles subject to 
external forces whore the waves are not plane. 

But there is a break in the reciprocal treatment when the principles of 
general relativity are applied. This theory has its origin in astronomical 
questions connected with the law of gravitation, and is founded on the 
conception of classical mechanics where the motion of a mass particle is 
represented not by a wave function, but by an orbit. The fundamental 
notion is the four-dimensional line element 


ds* - gudxtdxf, (1) 

the coefficients g u of which form the metric tensor. 

It occurred to me that tho principle of reciprocity would lead to the con¬ 
sideration of a line element in the p-space 

dcr* = y^dp^pi (2) 

defining a metric in this space, but one which is not directly connected with 
the metric tensor g u in the z-space. If classical mechanics were valid through¬ 
out, this assumption would of course be impossible, for then p* would be 
equal to /tz*, where fi is the rest mass and the dot means differentiation with 
respect to proper time; therefore the transformation laws of the vector p 
would be completely determined by that of the vector z, and it would not 
be admissible to assume an independent absolute quadric for the determina¬ 
tion of the metric in the p-spaoe. But the real laws of nature are those of 
quantum theory. The classical conceptions refer only to a limiting case, 

♦ The wort! “reciprocity’’ is chosen because it is already generally used in the 
lattice theory of crystals where the motion of the particle is described in the 
p-space with help of the “reciprocal lattice". 
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namely, that which is apt to describe the motion of molar bodies in space- 
time. It is characterized by the condition that energy and momentum of the 
quanta involved (hv and A/A) are extremely small (as oorapared with hv 0 and 
A/Afl, where A 0 = c/v 0 is the Compton wave length), whereas space and time 
are unlimited. There is another possibility of going over to a limit, namely, 
the case where wo have to do with very small regions of space and time (as 
compared with A<, and 1/f 0 ), but with unrestricted amounts of energy and 
momentum. This is the domain of ultimate particles ami nuclear phe¬ 
nomena. It seems to me unjustified to assume that these two reciprocal 
limiting cases should be subject to the same metric, based on the line 
element in the *-space. 1 suggest that the conception of a metric is in¬ 
applicable for those phenomena in which x-space and p-spac© are involved 
simultaneously with about equal weight, it is only valid for the two limiting 
cases, for molar processes in the x-spaee, and for nuclear processes in the 
p-space. I have the impression that this assumption does not oontradict any 
known fact. We have learned that the simultaneous measurement of a 
co-ordinate x* and a momentum p k are restricted by the uncertainty laws 
(which, by the way, conform to the principle of reciprocity, as they contain 
the ** and p k symmetrically). They should provide for the freedom necessary 
to have different and widely independent motrica for the two limiting cases, 
which we shall call, for sake of brevity, the molar and the nuclear world. 


2. Thk differential equations for the metric tensors 

In Einstein’s theory of gravitation the metric tensor j/ w has to satisfy 
differential equations which connect the curvature tensor R u of space-time 
with the tensor energy-density T u of matter (including electromagnetic 
field). The most general form of these equations is 

= — *^jw> (3) 

where k is Einstein’s gravitational constant and A the cosmological constant. 
It is well known that these equations have a static solution corresponding to 
a closed (hyperspherio) world filled with matter of uniform density. Therefore 
there exists an upper limit for the distance betwoen two points, given by the 
radius a of the universe. 

Let us transfer this consideration to the p-space. For this purpose we have 
to define its curvature tensor P w in exactly the same way as the R u in the 
x-space. Further, we have to introduce quantities T w depending on the 
presence of matter. The meaning of these becomes clear if we remember that 
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in the a-space the integrals j T^dxdydz are momentum and energy of the 
system considered; analogously the integrals j*T kt d l p x dp v dp l must be 

interpreted as space co-ordinates and time value of the system. We have, 
therefore, in accordance with our general considerations, to attribute to the 
whole system one single point in space (which may move in time); Bpatial 
specifications of the parts of the system are meaningless, whereas we have 
full freedom to study the energetic processes of the parts. 

This seems to bo a proper way of dealing with intemuclear processes. As 
far as I can see the existing theories of the nuclei are of this type. For the 
description of the fundamental properties of a nucleus it seems to be 
unnecessary to specify carefully the law of interaction between its con¬ 
stituent particles, any function of the distance will do, if only the total 
range of action and the dissociation energy are properly chosen. The fully 
developed theory should, of course, modify the extreme p-standpoint and 
allow some statements on spatial properties of nuclei in accordance with the 
uncertainty rules 

The differential equation for the metric tensor y w in the p-space will have 
the same form as that in the a;-space, namely 

P«-(*P+A')y w = -*'T« (4) 

where A' and k' are constants. Whether these nuclear constants are con¬ 
nected with the corresponding molar constants A, k cannot be decided yet. 


3. Hypebspherical momentum space 

The equations (4) will have a solution corresponding to a closed (hyper- 
spheric) momentum space (p x ,p u ,p s ), independent of E. Therefore we are 
led to the conclusion that for systems of some kind there is an upper limit 
for momenta* determined by the radius b of the hypersphere. The systems 
to which this idea is applicable must be energetically closed; it certainly does 
not apply to every system, as we know the existence of particles with any 
amount of momentum and energy (cosmio rays). 

This result is of great importance, as it removes immediately the infinities 
which are the dark points of the present theories. The hypersphere can be 

* This assumption has already been made, but without any relativistio foundation, 
by M Bom and G. Rumer (1931). See also G. Wataghin (1934) and A. March (1937). 
Quito a different way of avoiding the infinite self-energy has been suggested by 
G. Wentzel (1933, 1934). 
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written by help of a parameter u, having the character of a momentum, 
pl+Pl+pl + u* - <>*; (6) 

from this we get 

u = udu * - (p x dp T +p v dp y +p t dp a ). 

The line element of the p-space we get by eliminating u and du from 
da* = dE i -(dpi+dpi + dp\ + du*) 

in the form 

*• - "■-M 1 

+ ■*^4% + + "» 

We omit the well-known proof that the y u defined by (6) are solutions of the 
differential equations (4) if 6 is suitably chosen as a function of A', k\ 

The three-dimensional volume element is given by 

d£l - 4(~y)dp x dp v dp l , 


where 


14 . ?L_ P*PjL 
*'b*-p* b'-p * 


P x P t 
b*-p * 


-y = 


P vP* 1 ,Pl_ PvP* 

6*-p* + 6*-p* 6*-p* 

6 a -p* 


6*-p* /j*-p*‘ 


This shows that b is the upper limit of p. We get 

Hn - d P* d P« d P‘ 


(7) 


This simple result admits of some important applications. For if we have to 
do with a system of independent particles, the fundamental law of quantum 
statistics gives the number of quantum states of wight gin a spatial volume V 
and a momentum element d£l 


dn 


V V dp x dp v dp t 

g h^' g h^(\-^Jb*Y 


(8) 


The appearance of the square root indicates deviations from the classical 
laws; it removes, as stated above, the disturbing infinities. We shall show 
this for a few examples connected with quantum electrodynamics. 
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The total number of quantum states in V is finite, namely, 

C, v rrrdp x dp y dp, AnVb* f 1 t'dl n 

• ■- r ■ a mw3$) - »-H ■»- 


The important question arises whether the constant 6 is universal, or 
characteristic for each energetically closed Bystem. I do not think this 
question can be answered in the present preliminary state of the theory. 
For the sake of argument I shall assume in the following examples of 
application that the value of b is always the same. 


4. Application to quantum electrodynamics 

We use the form of quantized electrodynamics given by Fermi ( 1932 ). He 
writes the Hamiltonian for a Bystem of electrons in an electromagnetic field 
contained in the volume V, as the operator 

(io) 

here H e = {c(a k p k ) + *»*«*/?*} ( 11 ) 

is the Dirac Hamiltonian for the electrons (k = 1,2,...) with rest mass m k , 

Hr - ■+p 2») + 2/r*P*(9?i+?Ji)} (12) 

the energy of the oscillators representing the radiation field, 

H i - £ e k c Jy2{ a k(A tl q gl + sin r„* ( 13 ) 

the interaction energy between electrons and radiation, where A, v A a are 
two unit vectors orthogonal to one another and to the direction of propaga¬ 
tion of the wave s, which, at the place of the electron k, has the phase 

2jt 

I* - y { p ^ x k + p n y k + p K z k ) + S r (14) 

This theory represents the facts of radiation marvellously, but it involves 
some infinities. The simplest of these are: 

( 1 ) The zero energy of radiation contained in H r \ for the stationary states 
one has 

*,“!».+*)• (16) 
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(2) The Coulomb self-energy of the electrons contained in the term given 
explicitly in (9), namely, 

= lie) 

All these formulae may possibly need modifications as a consequence of the 
p-metrio. But I do not expect these alterations will be essential, and I shall 
suppose here that the only effect of the p-metric is that on the counting of 
quantum states. 

With help of (8), where g = 2 corresponding to the two directions of 
polarization, the zero energy of radiation becomes 


E 0 = H° r = 2'{h V , = ?Zp. 


8nV c f* p*dp 


4ttcF 6« fi SncVb* 

A 3 Jotfl-tf" 3 * 8 ’ 


or with help of (9) 


dm, 


(17) 


which has, in fact, the dimension of energy. The Coulomb interaction (16) 
can be written 




(18) 


cob r wfc cob r v 




p\ 


JJJ-r—r 


pWY 


(19) 


where the weight g has to be taken equal to 1 (longitudinal waves). 

We average over all phases S t and introduce the cosine y of the angle 

between the vectors p and r u ~r k - r t . Then 


2nVf b f 1 /! 


2n \ 

T”* 


dpdy 

y/V-pW) 


r» . /2n \ 

v “"UH dp 

h'Jo pr u V(1 -P'lb*)‘ 


If we introduce the function 
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where J a (y) is the I 


il function, we get 


Substituting (21) in (18) we get the modified Coulomb law 




From the definition (20) one finds easily 

jtjw “ i* Jtj/w- 1 - ( 24 > 

Therefore we have the classical Coulomb law for r u $> r 0 , and r 0 determines 
evidently the “dimensions” of the electron. One finds its precise meaning 
by calculating the self-energy terms in (23), taking Jfc = 1, namely, 


where we have introduced the mass m of the electron. Therefore r 0 is the 
classical radius of the electron, r 0 = e 2 /mc 2 = 2-80 x 10“ 18 cm., and we get 
from (22) 

b = —— 7-43 x 10~ 15 g. cm. sec. -1 . (26) 

nr 0 

As the terms H e aocount for the inertia of the electrons one would be inclined 
to omit the mass terms in the Dirac Hamiltonian H e (11); but these appear 
there multiplied by the spin operator ft. This shows that a complete explana¬ 
tion of mass as an electromagnetic phenomenon requires a deeper under¬ 
standing of the relation of the spin and the electromagnetic field. We shall 
not go into this question. 

Introducing r 0 from (22) instead of b in (9) and (17), one gets 


„ *, 4 ch 8 he e* 8 , 

= 117 me* = 9-49 X 10 -® erg = 6-97 x 10 7 e-volts; 

**• - ££(£)'- £ 137 (4)’- 2 ,5x m 
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Thu shows that the zero energy per quantum oscillator, e„, is 8/3irx 137 
times the rest energy of the electron, me 1 , and that the density of the zero 
energy of radiation, EJV = e 0 « 0 , is 1 28/3tt x 137 times the electrostatic 
energy density where £ = e/rj is the electnc field at the “surface” of 
the electron. 

The numerical values should bo considered as preliminary, since the 
electromagnetic or transverse self-energy whioh arises from the term H it (13), 
has to be added. Dirac’s single electron theory gives, according to Heitler 
( 1936 ), for this transverse self-energy an expression which would lead to a 
value about 2 x 137 times as large as the electrostatic one. But it has been 
shown by Weisskopf ( 1934 ) and Kemmer ( 1935 ) that the hole theory of the 
electron leads to another expression which gives a value of the same order 
as the electrostatic one, differing only by a numerical factor In con¬ 
nexion with this question it should be considered whether the value of b 
for the longitudinal waves (electrostatic terms) and the transversal waves 
(electromagnetic terms) is necessarily identical 


5. Hkat radiation 

We can now apply formula ( 8 ) to the excited states of the radiation field. 
As the partition function of an oscillator with the energy hvn is 


(29) 


we find for the free energy of the radiation field 

F = -feT^lnQ, = T 2 ln( 1 — er h,tkT ), 

and if we assume that p = hv/c, we have with the help of ( 8 ) 


C 3 Jo 




V^-O'D")* 


h _nr 0 _ 


(30) 


(31) 


(32) 


here we have assumed that b is the same as determined above; then r is the 
time which light needs to travel the distance irr Q . The entropy is 


d_F 

~dT" 


v*dv 


T c* TJ 0 (e** , / fcT —1) ^( 1 — (j»r)*) 


8 


(33) 
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and the energy U = F+ T8 = V\ 
nth 


riir 

1 u(v,T)dv 


m 8 nh v* 

U{V ' c* (e*‘'/ kr -l)V(l-(^) , )‘ 


(34) 


(35) 


This is the modified Planck formula for the density of radiation. The 
radiation pressure is given by 

F 8nkT I*** 


P = - 


dv 


T rVr v *dv 

— (36) 


/fc ©0 = - = 6c = — s*^c 0 = 2-23 x lO^erg = 1-41 x 10® e-volts, 
r ffr 0 4 0 

0 O = 1-63 x 10 11 degrees. 


(37) 


These numerical values should be considered with reserve, as mentioned 
above. 

The total energy density can be written 


u m . j;v, T)iv . 

= »o*0o IJJ ( 


k 4 sin 3 0<fyi 


(38) 


The quantity u-ZP which vanishes in the classical theory (Mere here 
from zero, namely 


u(T) 


-um.+trifa 


(39) 


This vanishes for T-> 0 , but has for T > 0 O the value n 0 *T, corresponding 
to a kind of saturation as if each degree of freedom of the vacuum had 
acquired the equipartition value kT of energy. As a matter of fact, the 
formula (38) for the energy is formally similar to that of a (one-dimensional) 
crystal lattice, as studied a long time ago by v. K&rm&n and myself ( 1912 , 
1913 ). One has for T < 0 O the Stephan-Boltzmarm law 


u(T) = aT\ a 


87 ^n^k _ Stt 5 * 4 

15 0§ “ i5cW’ 


whereas for T > 0 O u(T) = n^kT\ 

in this region the vacuum follows the law of Dulong-Petit. 


(40) 

(41) 
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These results show that the radiation pressure cannot be considered as 
the transfer of momentum p = Av/c. This holds only for temperatures low 
compared with 0 O ; for higher temperatures the pressure has more the 
oharaoter of the internal pressure of a vibrating crystal lattice. It follows 
that Maxwell’s equations cannot hold for high-frequency waves, but have 
to be modified in such a way that the relation of the pressure of light to the 
density of energy is consistent with (39). But as Fermi’s formulae from 
which we started are nothing but the quantized Maxwell’s equations there 
may possibly be deeper alterations neoessary affecting all the formulae of 
this section. 


0. Kinetic theory ov gases 

There are also deviations from the accepted laws of the kinetic theory of 
gases. The partition function per molecule becomes* 


■if 


^HMkT^Px^Pydp. 

V(1 -PW) 


Q 




e-oPir 


- T6- yn a ie- el ' T lj 


W 3 M»))’ (42) 


VU-P) 

where 0 can be expressed by the characteristic temperature of the vacuum: 
6 J m he 


~2Mk M2ne l 


,\®o 


= - 1 -- 0 

1845/* 


1*21 x 10 u , 

-—-degree. (43) 


/* is the molecular weight relative to the H-atom. One has for T ^ 0 the 
usual formula 

but for T > 0 

„ iT/ /, 30 6 /0\* 36/0\® 21 /0\ 4 ) 

Q 4 2 1 + 10\77 384\ir) ^' 1024 ( 7 ’) •'•)• (46) 

This high temperature degeneration has no influence on the equation of 
Btate, but on the specific heat. It may play a role in the theory of the 
constitution of stars, and on the constitution of nuclei as well, as these, 
according to Bohr and Kalckar ( 1937 ), can be treated by thermodynamical 
methods. 

* This problem can also be treated relativistically quite easily; however, the 
result depends essentially on what assumption one makes about the radius b. 
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The molar heat for high temperatures, T > 0, is 



and goes to zero for T->co. 

Conclusion 


( 40 ) 


A consequence of the assumption of a finite size of a system in thep-space 
is the existenoe of a sot of proper functions ft n (p), where the index n refers 
to proper values of some functions of the space co-ordinates. This means 
that our theory loads to a kind of granular or lattice structure of space 
without introducing such a strange assumption a priori. 

The suggestions made in this paper contain an ample programme for 
further investigation, the most important question seems to me the generali¬ 
zation of the idea of the metric tensor and of the equations determining it, 
for that intermediate region where classical methods neither in the a:-space 
nor in the p-space are applicable. 


Summary 

The fact that the fundamental laws of quantum mechanics are 
symmetrical in space-time x* and momentum-energy p k can be generalized 
to a “principle of reciprocity” according to which the x-space and the p- 
space are subject to geometrical laws of the same structure, namely a 
Riemannian metric. In analogy with Einstein’s closed x-world one has to 
assume that energetically closed systems (as elementary particles, nuclei) 
muBt be described by help of a hyperapherical p-space. A consequence of 
this assumption is a modification of the formula for the number of quantum 
states in an element of the p-apace. The application of this formula to 
quantum electrodynamics leads to a finite zero energy of the vacuum, a 
finite Belf-enorgy of the electron, etc. Deviations from Planck’s law and the 
Stephan-Boltzmann law of radiation, and the calorie properties of gases are 
predicted for very high temperatures.* 
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Hyperfine structure, Zeeman effect and isotope shift 
in the resonance lines of potassium 

By D. A. Jackson and H. Kuhn 
Clarendon Laboratory. Oxford 

(Communicated by F. A. Lindemann, F R.S.—Received 24 January 1938) 
[Plate 51 
Introduction 

In an earlier work (Jackson and Kuhn 1935 , 1936 ) the hyperfine 
structure in the resonance lines of the abundant isotope 30 of potassium 
was observed by the method of absorption in an atomic beam; but no 
intensity measurements were made. Qualitatively, the short wave-length 
component appeared to be the stronger, which led to the assumption of 
a negative magnetic moment. Magnetic deflexion experiments (Millman 
1935 ; Fox and Rabi 1935 ), though in accurate agreement as regards the 
width of splitting, gave a positive magnetic moment. The absorption 
experiments were therefore repeated under conditions which excluded 
overlapping of neighbouring orders of the interferometer Bpectrum and 
thus permitted a quantitative determination of the intensities. This was 
achieved by using an etalon of 5 cm. length only (instead of 10 cm. in the 
old experiment) and by running the light source at low pressure of 
potassium. The measurements, the main results of which were published 
in a preliminary note (Jackson and Kuhn 19370 ), gave an intensity ratio 
1’45 of the hyperfine structure components, the long wave-length one 
being the stronger. 
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The nuclear spin of | whioh follows from the magnetic deflexion 
experiments would require an intensity ratio of 1 - 66 , which is definitely 
outside the limits of error of the intensity measurements. It was also 
observed that at high density of the atomic beam the oomponent of 
shorter wave-length appeared wider than the other component. Both 
these facts were explained quantitatively by assuming that the lines of the 
14 times rarer isotope K 41 overlapped the weaker component of K 39. 
This assumption is in agreement with the comparatively small splitting of 
the ground-level of K 41 found by the magnetic deflexion method (Manley 
1936 ), and also explains why in the earlier photograms the oomponent of 
shorter wave-length appeared stronger.* 

In the following work it has been possible to prove the correctness of 
this assumption. By using three atomic beams of very high oollimation, 
the lines of K 41 could be resolved from those of K 39 
The hyperfine structure of the Zeeman effect of the resonance line 
4Sj-4*P|, A 7664 of the abundant isotope K 39 was observed by means of 
a single atomic beam. Each of the two v components was found to consist 
of four lines, proving conclusively that the value / = $ is correct. 


Experimental 

Light source.. The potassium resonance lines A 7004 and A 7099 used as 
background for the absorption experiment were produced in an electrode- 
less discharge tube, filled with helium at a pressure of a few mm. A side 
tube containing metallic potassium was fitted to the capillary. It was 
heated in an electric furnace to a temperature of about 180° C. Under 
these conditions the resonance lines were strong and sufficiently free from 
self-reversal. 

Atomic beam. The condition for resolving two lines of equal intensity 
at distance Av from each other is 

h&Av, 

h being their half-value width due to Doppler effect. The corresponding 
condition for resolving two lines of intensities t and I (i < /) is that the 
intensity of the strong line, at the distance h/2 from the weak one, must 
have fallen to at least the value |*. If I ft =* 2 * this condition is fulfilled if 

* In reality, it was equally strong, due to nearly complete absorption, but wider. 
With any shortage of resolving power, either of the etalon or the photometer, 
the wider of two equally strong linos appears slightly stronger. 
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For the present problem of resolving the lines of the rare isotope the 
factor in brackets is about 3, requiring h <; $Av. As the splittings to be 
resolved were expected to be about ^ of the normal Doppler width, the 
condition required a collimation of the atomic beam of at least 

In the actual experiment the collimation was made Jg. In order to 
obtain sufficient absorption for the rare isotope with this high degree of 
collimation, three atomic beams m series had to be used. 

The atomic beams were formed in three vortical pyrex tubes of diameter 
16 mm. with two linear constrictions of 5 mm width, at 17-5 cm. distance 
from each other. The absorption chamber to which these tubes were 
connected had plane windows sealed on and was evacuated through a wide 
tube leading to the pump. The potassium in the bottom ends of the atomic 
beam tubes was heated by means of three electric furnaces to temperatures 
between 160 and 220° 0., corresponding to vapour pressures between 
6 x 10~ 4 and 10'* mm. The deposits on the top of tho absorption chamber 
had extremely sharp edges, proving the absence of any appreciable amount 
of scattering. 

For tho investigation of the Zeeman effect of K 30 a single atomic beam 
tube was used, of collimation It was placed between the two cylindrical 
pole pieces of an electromagnet, of diameter 5 cm and separation 3-6 cm. 
A Nicol prism was introduced between the atomic beam tube and tho 
spectrograph so that only the n com foments were transmitted. 

Spectrograph and interferometer. A 1-5 m. spectrograph described in 
earlier work was used, with a very dense glass prism of 66°. 

The interferometer was a Fabry-l^rot etalon with glass plates of 11 cm. 
diameter and separating pieces of silica. The plates were silvered by 
evaporation, the transmission of each being 4%. Separations of 6, 8 
and 11 cm. were used. 

Tho etalon was enclosed in an airtight box with plane glass windows. 
The box was fitted with an oil manometer and tho air pressure inside could 
be varied by ± 10 cm. of oil. This arrangement has the advantage that 
slight variations in temperature or atmospheric pressure during an exposure 
do not alter the density of the air in the box. It is also possible, by 
adjusting the air pressure, to alter the position of the fringes within a range 
of one order. It was thus possible to bring the absorption lines near to 
the oentre of the fringe system, where on account of the greater scale the 
resolution is highest. 

The etalon was adjusted with the red ray of a cadmium lamp, the air 
pressure being set so that a small black spot appeared in the centre of the 
fringe system; the size of this spot is very sensitive to changes in thickness 
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of the etalon. The whole silvered area of the plates (9 cm. in diameter) 
was used for adjustment, while for making the exposures the etalon was 
stopped down to 2 or 3 cm. diameter. Only in this manner was it possible 
to adjust the etalon with 11 cm. plate separation by means of the light 
of the cadmium red line, on account of the diffuseness of the fringes with 
this length of path. 


Results 

Intensity ratio of the components of K 39 
Fig. 1 , Plate 5, shows an enlarged photograph and a photometer 
tracing of the line 4S t -4*P t taken with a 5 cm. etalon and a single atomic 
beam of collimation j. The light source shows a small amount of self- 
reversal. Tins condition is very suitable for intensity measurements, for 
the intensity curve of the background at the position of the absorption is 
very flat. The wide gaps between neighbouring orders show the absence 
of overlapping, which is an essential condition for determinations of 
intensities. The measurements gave the following values for the intensity 
ratio of the hyperfino structure components 1 

4S r 4 a P f 1-44, 1-44, 1-44, 1-38, 1-43, 1*48, 1-45- mean 1-44; 

4Sj-4*Pj 1-52, 1-42, 1-40, 1-45: mean 1-45. 

In both lines the component of longer wave-length is the stronger. The 
method of measuring these intensities was that described in earlier work 
(Jackson and Kuhn 19376 ). The correction for the overlapping of the 
Doppler wings of the two lines is negligible. 

The value found agrees well with the intensity ratio which would be 
expected for a spin f of K 39 if all the absorption of K 41 overlapped the 
weaker component of K 39, the value in this case being 
1-67/(1+ 2-67/14) » 1-40. 

The observed value 1-46 is somewhat greater; this is to be expected as the 
lines of K 41 do not exactly overlap the weaker line of K 39 but lie on 
either side of it. As the magnetio deflexion experiments and the result of 
the investigation of the Zeeman effect (see p. 310) have established the 
value / = | of K 39 beyond any doubt, this result is of interest as a test 
of the method of measuring intensities. 

Structures of the lines of K 39 and K 41 
Structure of the line S t - s P,, A 7664. With an 8 cm. etalon, the triple 
atomic beam photographs showed, at low densities, the hyperfine structure 



307 


Hyperfine structure 

doublet discussed above. At very much higher densities, a new line 
appeared on the long wave-length aide of the weaker component of the 
doublet, and also a wing on the Bhort wave-length Bide. 

With an 11 cm. etalon this wing became a clearly resolved line, the 
S t -*Pj line now showing a hyperfine structure pattern of four lines, as 
shown in the diagram fig. 4. Two of them, a and 6, are only visible at 
densities of the atomic beam 10 or 20 times the density required to show 
the lines A and B, bo that the assignment of a and b to the 14 times rarer 
isotope 41 is certain. 



Pig. 2, Plate 5, shows an enlargement and a photometer curve of this 
structure.* A great number of photographs was taken; the four best 
plates were measured and gave the following results for the relative 
positions of the four components. 


Table I. 

H 

1 

OF 4Sj-4*P| (IN 

CM." 1 ) 

A (K 30) 

o(K41) 

B (K 39) 

b (K 41) 

0 0000 

0 0090 

0 0160 

0-0189 

0 0000 

0 0104 

0 0146 

0-0184 

0-0000 

0 0104 

0 0148 

0 0190 

0 0000 

0 0101 

0 0147 

0-0182 

0 0000 

0-0102 

0 0147 

0 0186 ei 


The line S t -*P t , A 7690, was found to have a very similar structure (see 
diagram fig. 5). The component b iB not completely resolved, A is much 

* In figs. 2 and 3 of Plate 5, as in most photographs taken with the 11 cm. 
etalon, the definition is better m one half of the fringe system—the right half in 
the figures—than in the other. This effect probably arises from small distortions 
of the etalon plates. The separation of 11 cm. of the etalon plates was obtained by 
putting together three separating pieces of length 5, 4 and 2 cm On account of this 
a higher pressure than usual of the adjustment springs was needed, and this may 
have caused small distortions in tho plates. 
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broader than in the other resonance line, and the beginning of a resolution 
into two lines can be seen on the original plates The results of measure¬ 
ments of four plates are given in Table II. 

f , 0 01 cm -1 , 


B 



b 

_ 

_1 

IM1 


Fin. 6. Hypcrfino structure of 4Sj-4 *Pj. 


Table II. Structure of 4S r 4*P t (in cm. -1 ) 


A (K 39) a (K 41) 

0-0000 0 0100 

0 0000 0 0103 

0-0000 0-0096 

0-0000 0 0104 


B (K 39) b (K 41) 

0 0158 0-0183 

0 0159 0-0190 

0-0160 0 0190 

0 0180 0-0191 


Mean 0 0000 0 0100 


0-0159 


0-0188 cm. -1 


The smallest splitting resolved in these experiments is 0-0029 cm. -1 
{B-b of Sj-*Pj) which is ^ of the normal Doppler half-value width at 
200° 0., the intensity ratio being 14/1. Applying the condition given 
above (p 304) the Doppler width which would just allow the resolution 
of these lines is found to be of the normal Doppler width at 200° C. 
Without the uho of atomic beams, a temperature of less than 0-6° abs. 
would be required to resolve the lines. 


The, hyperfine structure of the Zeeman effect of the line 
4S t -4 ! P f of K 39 

The Zeeman effect of a line S t - J P| possesses two n components separated 
by $ of the total Lorentz splitting. A field strength was chosen at which 
the distance between the two n components was nearly equal to j of an 
order of tho etalon (=0-0227 cm." 1 ). The strength of this field was measured 
and found to be 730 gauss. 

Each of the two it components was found to consist of four lines 
(fig. 3, Plate 5). On account of the rapid decrease in scale with the 
distance from the centre of the fringe system, the resolution is better in 
the long wave-length component. 
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In Table III are given the positions of the eight observed lines, zero 
being the position of the centre of gravity of the two components of the 
hyperfine structure without field, an intensity ratio of 5/3 being assumed. 
The accuracy of the measurements is ± 0-0005 cm. _1 . 

Table III. Zeeman effect ok 4S l -4*P, (tn cm.- 1 ) it components 

+ 

0-0174 0-0137 0 0100 0 0084 0 0061 00107 0-0151 0 0181 

0-0170 0-0136 fl-OIOO 0 0062 0-0052 0 0105 0-0140 0-0170 

Mean 0-0172 0-0136 0-0100 0 0063 0-0056 0 0106 0 0148 0-0180 

Discussion of the results 
K 30. Hyperfine structure vntlumt magnetic field 

The resolution of the lines of the two isotopes mode it possible to 
meaRuro the structure of the lines of K 30 with higher accuracy than that 
obtained in the earlier work. The hy|ierfine structure splitting of the 
resonance lines is mainly due to the splitting of the ground level 4S 4 . 
The difference between the splittings of the two resonance lines is caused 
by the small, unresolved structures of the 4 2 P terms Assuming that the 
measurements give the centres of gravity of the blends, from the separations 
0-0147 and 0-0159 cm 1 of tho components of the lines 4S r 4 a P, and 
4 Sj-4 s P 4 it follows that 

dS 4 = 0-0153±0-0002 cm.- 1 , A *P 4 = 0-0018±0-0006 cm - 1 . 

The value of the splitting of the 4S 4 term is practically tho same as tho 
value 0-0152 found in the first work (Jaokson and Kuhn 1935 , 1936 ) and 
agrees well with the magnetic deflexion measurements of Millman ( 1935 )* 
Fox and Rabi ( 1935 ), who found 0-0152 and 0-0154 cm. -1 . It leaves the 
value 0-39 of the magnetic moment unaltered. 

The value d*P 4 = 0 0018 cm. 1 is in agreement with estimates of the 
scarcely resolved splitting of the line A of 4S 4 -4*P 4 . It is also in agreement 
with recent experiments of Meissner and Luft ( 1937 ), who observed the 
hyperfine structure in the potassium resonance lines by means of an atomic 
beam of potassium excited by electron impacts. Nevertheless, too much 
importance must not be ascribed to the accuracy of Meissner’s and Luffs 
measurements, as they did not resolve the lines of the weak isotope and 
made no allowance for possible displacements by them. 

The nuolear magnotio moment, calculated from the *P 4 splitting by 
means of Goudsmit’s formula, is 0-37, in good agreement with the (more 
accurate) value derived from the 4S 4 splitting. 
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K 39. Zeeman effect 

Of the methods of determining nuolear spins, the most direct and reliable 
is the observation of the Zeeman effect. If the magnetic splitting is large 
compared with the hyperfine structure, each Zeeman component is split into 
27 +1 hyperfine structure lines (Goudsmit and Back 1927 ). For very great 
fields the lines are equidistant and of equal intensity; for fields that are 
smaller, but nevertheless high enough to give a Zeeman splitting con¬ 
siderably wider than the hyperfine structure, the number of components 
is still 27 4 - 1 , but they are not quite uniformly spaced. For the line 
4Sj-4 *P| of K 39 the field strength of 730 gauss corresponds to this Btate, 
the total Lorentz-splittmg being about 5 times greater than the hyperfine 
structure. 

The position of the components can be calculated from the quantum- 
theoretical formulae (Goudsmit and Bacher 1930 ). Assuming the value 
7 = | of the nuclear spin and the splitting of 0-0153 cm . -1 of the 4Sj term, 
the displacements (in cm. -1 ) of the it components from the centre of 
gravity of the lines without field are given by 


where 


H_ g(J) 

* 4ttc * 0-0153 ’ 


io-», 


m is equal to rrij + ni, and has the values 2 , 1 , 0 , — 1 for the negative 
values of the second term, and 1 , 0 , — 1 , — 2 for the positive values; and 
g(J) is equal to 2 . 

The displacements calculated for a field of 730 gauss are given in the 
diagram of fig. 6 , together with the observed values. It can be seen that 
they are in very good agreement, the observed closer spacing of the outer 
components, and also the values of the total widths of both groups are in 
very good agreement with theory. The effect of the unresolved structure 
of the term 4*P, on the Zeeman pattern is negligible. 


-0 0100 -OOU6 -00101 -00062 

Calc^T - 1 [ | - 

Obs * 1 I I I 

-00172 -00136 -00100 - 0 0063 0 


0 0054 00100 0 0139 00174 c m- 1 


0 0056 0 0106 0 0148 0 0180cm' 1 


Fin. 6. n components of Zeeman effect of 4S t -4 *P,. 



311 


Hyperfine structure 

K 41 

The two lines a and 6 of the isotope 41 correspond to the lines A and B 
of 39. It follows that the magnetic moment of K 41 is positive, as the 
long wave-length component is the stronger one. The ratio of the splittings 
of K 39 to K 41 is 

H = 1-75 for the line *1*,, and 
Average 1-77 ± (M)5. 

This agrees well with the value 1-80 found by Manley ( 1936 ) from 
magnetic deflexion experiments. Assuming the spin / = | for K 41 found 
by Manley, the magnetic moment is found to be 0*22 nuclear magneton. 

The ratio of the magnetic moments of the two isotopes ^ 3 * = 1-77 ± 0-05, 

/*« 

being independent of the accuracy of the theoretical formulae, is much 
more accurate than their absolute values. 

From the jKJsitions of the lines and from their intensities the isotope 
shift is found 

iv= 0-0078 cm . -1 for Sg-*P|, 

<h>=0-0074 cm ." 1 for S t -*P|, 

Average = 0-0076 + 0-0006 cm. -1 . 

The theoretical value of the centre of gravity shift, considering potassium 
as liydrogen-like, is 0-0087 cm. -1 , in the same direction as that observed. 

The authors take this opportunity of thanking Professor Plaskett for 
placing at their disposal his excellent photometer, and Professor Lindemann 
for his continued interest in the research; and also Queen’s College and 
St John’s College for the stijjonds granted to one of them. 

Summary 

1 . The intensity ratio of the hyperfine structure components of the 
resonance lines of K 39 was measured by the method of absorption in an 
atomio beam. The value 1*46 found agrees with the value required by the 
spin } if allowance is made for the overlapping by the lines of the 14 times 
rarer isotope 41. The component of longer wave-length was the stronger, 
showing that the nuclear magnetic moment of K 39 is positive. 
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2. By using three atomio beams in series, of oollimation it was 
possible to resolve the lines of K 41 as two satellites on either side of the 
weak component of K 39. The ratio of the splittings of the lines of K. 39 
and K 41 is found to be 1*77, in good agreement with the value 1-80 found 
by Manley in magnetic deflexion experiments. The magnetic moment of 
K 41 is positive, like that of K 39. 

The lines of K 41 have an isotope shift of + 0-0076 cm. -1 relative to the 
lines of K 39. The theoretical centre of gravity shift, considering potassium 
as hydrogen-like, is +0-0087 cm. -1 . 

3. The Zeeman effect of the hyperfine structure of the line 4Sj~4*P t of 
K 39 was investigated. Each of the two it components was found to 
consist of four lines, proving that the nuclear spin of K 39 has the value }, 
in agreement with magnetic deflexion experiments and the measurements 
of the intensity ratio of the hyperfine structure lines. The observed 
positions of the lines are in close agreement with the positions required 
by the quantum theoretical formulae. 
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On the equations of electromagnetism 
I. Identifications 


By E. A. Milne, F R.S. 


(Received 26 July 1937 —Abbreviated and revised 29 December 1937) 

1. The general object of the following papers is to ascertain what form 
the equations of electromagnetism take when derived on a purely kinematic 
basis. Maxwell’s theory is not assumed. The only physical assumption made, 
namely, that a system of moving charges conserves its energy (defined 
kinematically) when the accelerations of the charges vanish, is a very slight 
one and is oertainly satisfied in classical electromagnetism, but the resulting 
equations and laws, whilst coinciding with the classical theory to a con¬ 
siderable extent, differ in certain essential particulars. This arises from the 
avoidance of the empirical laws and hypothetical assumptions from which 
Maxwell’s theory starts. In particular we avoid the formal inconsistency in 
the classical theory by which a magnetic intensity H is defined via the 
mechanical force on an isolated magnetic pole, yet isolated magnetic poles 
do not occur in the classical 1 ‘ theory of electrons ”. In the present treatment 
a magnetic intensity is defined via the mechanical foroe on a moving 
“charged ’’ particle, as an element entering into the calculation of such foroe. 

The general method is, adopting the dynamics constructed in previous 
papers on a purely kinematic basis (Milne 1936 , 1937 ), to formulate equations 
of motion containing the next most general type of ‘ ‘ external ’ ’ force arising 
after “gravitational” forces have been dealt with. Such forces arise from 
the double differentiation of scalar “superpotentials’’, but we do not lay 
down what form these scalars are to take. Instead we allow them to 
determine themselves, by imposing the single physical assumption above- 
mentioned, after the equation of energy has been derived. Once the scalar 
superpotentials have been so determined, their double differentiation yields 
symbols E, H, which are then compared with the empirical laws governing 
the interaction of ‘ ‘ charges ’ ’, this allows us to identify the adopted definition 
of charge and the symbols E, H with the similar quantities occurring in 
the experimental formulation. Lastly, we derive the identities satisfied by 
the resulting E, H; these partly coincide with, and partly differ from, the 
“field equations” with whioh the classical theory starts, and thus we end 
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with theorems which play the part of the “laws of nature" assumed at 
the outset in the classical theory. 

The scope of the work is that of the classical “theory of electrons", and 
the results should hold good down to phenomena for which the conoept 
“particle” remains valid. The theory makes no attempt to deal with the 
ultimate structure of charges, to the analysis of which it is preliminary. 

The analysis will be conducted in the first instance in (-measure, partly 
because the description of the universe is simplest in (-measure (hyperbolic 
space would be required if r-dynamics were used), partly because relativistic 
invariance is readily ensured in this measure. We require our formulae to 
be valid for unrestricted velocities, and it involves no extra trouble to have 
them valid for unrestricted distances. The procedure justifies itself in the 
end, as the “field identities” replacing Maxwell’s equations are found to 
hold good in (-measure without approximation. Purely mechanical relations, 
such as Coulomb’s law, are found to take a simple form in r-measure, but 
propagation equations are simplest in (-measure. 


PROPERTIES OF fl-VECTORS 

2 . The 4-vectors at our disposal are constructed from the epoch (, 
position-vector P and velocity V of a partiole relative to an arbitrary 
observer 0 situated on a particle of the substratum or smoothod-out 
universe. We proceed to construct force-vectors out of the 6-vectors which 
can be formed in conjunction with P, (, V. To recognize the scalar invariance 
of certain expressions which emerge it is convenient first to tabulate certain 
well-known properties of 6-vectors. 

Transformations from one fundamental observer to another are included 
in the transformations for which 


da* = g^dafdxr - c*di i -dx*-dy t —dz* (x* = ct, x l = x, etc.) 

is invariant. With this da*, take a covariant skew-symmetric tensor T^, 
and write 


T* = H X , T n = U y , T lt = H„ 
T» = E X , T u =» E y , T u = E, 


-T 1. 
•a>‘ 


Then H, E are 3-vectors, and we call the fl-vector (H, E). We associate 
with T fr the contravariant tensor Tr = the reciprocal co¬ 
variant tensor *= and the reciprocal contravariant tensor 

fr * g**A being the usual “alternate” tensor associated with da*. 

If Q a , R a are contravariant 4-vectors, then their space-parts form 
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3 -vectors Q, R; we write Q* =■ Q t , R* = R,. We can construct from Q a and R a 
the oovariant skew-symmetric tensor = A^Q'Rf and its oontra- 
variant and reciprocal forms. Expressed m terms of 3-vectors and associated 
scalars, the complete system is givon by the scheme 

T„ = (H,E), S" - (QR,-RQ„QaR), 

T*" = (H, — E), S^ = (QR t -RQ„ -(QaR)), 

^ = (-E,H), S" - (-(0aR), Qfl,-R<?,), 
f- = (-E, -H), £/» = (-(QaR), -(QR'-RQ,)). 


Formation ok korck-vkotors 

3. Put y=l-V*/c*. We generate contra variant force-vectors F* from 
(H, E) and the available 4-vectors (P,c<) or say P>, and (V/ Y^,cj F*) or 
say V, by the relations 

F* = g'l'P'T',, 

or F* = r'V’T',. 

The first yields the 4-vector 

(c/E + PaH, E.P), (1) 

4 . x / E VaH E.V\ 

the second the 4-vector I c yj+ yf> — yF/' (2) 

Either of these may be multiplied by any scalar. After they have been 
multiplied by appropriate scalars, (2) must reduce to (1) when we put 
V = P /t. Thus (2) includes (1). It is therefore sufficient to consider (2). We 
multiply it by an arbitrary scalar k/c. 


Equations of motion 

4. In the ^-dynamics, the equations of motion of a particle of mass m 
at position P at epoch t moving with velocity V under an external force 
(F, F ( ) are 



~f(p-vf) + F , 

(3) 


II 

J4 

+ 

O') 

<®-P */c*, Y 

= 1 — V*/c*, Z = f-P.V/c», 

(4) 


= Z*/XY. 

(5) 


where 



316 


E. A. Milne 


In (3) and (3') the first term on each right-hand Bide represents the pull of 
the material of the universe, in ^-measure, on the particle oonoeraed; m£ l 
is the inertial mass under the circumstances of motion. 

Combination of (3) and (3') yields the two energy-equations 

If we take (2) multiplied by any scalar to represent a possible (F ,F t ), 
relations (6) and (7) become self-inconsistent. Previous experience in 
finding forms for F suitable for representing gravitational forces suggests 
that (2) requires completing by the addition of a term arising from ohange 
of mass with velocity. Wo therefore examine the consequences of introducing 
as a form of external force the definitions 


k IV, VaHI V 

_|E + . v .J +a _ 

(8) 

k E.V c 

r»T +a Y»’ 

(8') 


where a is a scalar to be determined 


Electromagnetic force-vector and energy equation 
5. Introducing (8) and (8') into (7) we find at once 

« = (9) 

Introducing (8) and (8') into (6) we then find 

Id, L F»rE (Vf-P) PaV.H*1 

Y*dt^ mC ^ ) ~ k z|_ F* “ cF»J (10) 

Here the square bracket is an invariant, namely the double inner product 
where /Sy is formed as above from the 4-veotors (P/c, t) and (V/F*, 

c /r»). 

It would be possible to retain the undetermined k until the time comes to 
ohoose it. We ultimately choose it so that a scalar invariant shall exist identi- 
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liable aa the electromagnetic energy of a system of charges. Anticipating 
matters, without more ado we now choose 




(ii) 


where t is a oonstant eventually identified as the “charge” on the moving 
particle P, and t Q is a normalization constant of the dimensions of a time. 
When l 0 is ohoseu to be the present value of t, the number e will be found 
later to coincide with the measure of charge on the usual electrostatic 
system. 

We now have for the external force (F, F t ) on a particle of charge e and 

f -^.[ e+v ; h ]t. + tiv 4«»' < ia > 

r ‘’k-rW]r> + T>T>S^ < 12- ) 

and the energy equation (10) reduces to 

(,3 > 


When later identifications have been effected, (13) will represent the rate 
of increase of energy d(mc 2 £*)/df as the work performed by the Larmor- 
Lorentz force E + (VaH)/c in pushing the particle with velocity V —P/t 
relative to its immediate cosmic environment (which of course has the 
velocity P/t). The secular factor t/t 0 should be noted. 

In the above we have neglected the contribution to the force arising 
from the local gravitational field of the mass m. This is taken into account 
in the more general equations of §§ 19, 20, Pant II. 


Formation ok tiik 6-vkctor (H, E) 


6 . First-stage differentiations of scalars result only in the construction 
of external forces representing the local gravitational field of masB- 
distributions over and above the general gravitational field of the sub¬ 
stratum. To obtain the next most general type of external foroe, take an 
undefined scalar <j> tv a funotion of two 4-vectors (P^ cfj, (P,,ct g ) and of 
associated velocity vectors, and write 


(Hx), 


d*K gVjx 


(E t ) x 



(14) 
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where (Hj.E^ is to be the value of (H, E) at the event (Pj.fj) "due to” 
a “source” at the event (P*,tj); the scalar <f> tl may be called a “super- 
potential”. By its mode of construction (H^E,) is a 6-veotor,* and we 
examine the consequences of taking it to represent the next most general 
type of external force after gravitational forces. Interchanging the suffixes 
1 and 2 wo obtain the fl-vector (H„ E 2 ) at the event (P a ,< s ) “due to” a 
"source” at the event (P 2 , tj, in terms of the associated superpotential <p lt . 


Motion ok a pair ok charged particles 

7. We now form the equations of motion of a charged partiole (m 1 ,e 1 , 
Pi, *i> V 2 ) in the presence of a charged particle (m t , e,, P,, < a , V a ). Introducing 
(12), (12') in (3), (3') with appropriate suffixes we find, on cancelling a term, 


“■Hi. rxf 


™,ft d r« -] 

y\ *,LnJ 


"Hfl/p V Z >\S< Z ‘[e 

—X t l p '- v ,y.) + ,; y|L E ‘ + —J rv 

jc. r 1 yJ\yil « Jn' 


( 10 ) 

(15') 


Of these, (15) reduces to (15') on scalar multiplication by VJc. If we 
multiply (15) scalarly by 



(15') by 


Y\ 



and subtract, we recover the energy-equation (13) with each symbol 
suffixed 1. 

8 . If in (13) we now substitute expressions (14) for E x and H x , we obtain 


rK^I) 


-III 


e ySajjStj dx 9 dtj 

y yiWi-W it d'tn 

*,7,* e 


sy,i 

dz 1 dy i 


)]. (,«) 


where we have written (u 1 ,v 1 ,ti7|) for Vj. 

* Any tensor may be expressed as the sum of a symmetno tensor and a skew- 
symmetric tensor. 1 have not succeeded in giving a physical interpretation to the 
symmetric tensor that can be derived by differentiation of <f> H . 
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For brevity we now introduce operators 




ap,’ 


Then (10) after some re-arrangement yields 




d 


_ _ p i/A+v - a - 

ri 0 U s +Vl ‘ap, 


j (^« + X-u^n). 


(17) 


Writing down the corresponding relation for particle 2 by interchanging 
the suffixes 1 and 2 and adding we get 


+ (* +v -§F.)(-^») 

--|(4 +v ‘ aP 1 )^ +i ‘‘«-^(4 +V ''3T 1 )^ 1 +i “' ! ' I »- < 18 > 

By its mode of derivation this equation should be capable of expressing 
the rate of change of mechanical energy, m 1 c*gJ + rn s c*^J, of the system 
of two particles. To give a meaning to “rate of change” when more than 
one particle are concerned, we must adopt some standard of simultaneity. 
Choose then = t, t 3 = t. Let us endeavour to choose the superpotentials 
and in such a way that 




(19) 


say. Then since 


dt dt Lati + 1 8Pi 1- 3vj + *La*« + * 3Pi • 3vJ ' 


relation (18) may be rewritten as 
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If 0 can be identified with electromagnetics energy, the left-hand aide of 
( 20 ) measures the rate of change of total energy, and the right-hand side 
consists of terms linear in the accelerations and V, together with terms 
independent of the accelerations. This suggests that we endeavour to choose 
<j> n and <f> lt in such a way that the rate of change of total energy vanishes 
when the accelerations vanish. This is our one physical assumption, which 
is of course satisfied experimentally. We shall have succeeded in this if it 
is possible to ohoose <f> n and <f> lt so that, in addition to (19), 

0ti + ^'ii0n = (21) 

01* + ^M01i - °> ( 21 ') 

i e. so that <f> n is homogeneous and of degree - 1 in the variables t v P„ and 
<j> lt homogeneous and of degree - 1 in the variables t r P,. 

9. The superpotential <j) n is to determine the field at (P t , ij) due to e t 
at (P„f,). It will therefore be expected to possess a singularity at P, = P,, 
= fg. Our previous experience of gravitational theory (Milne 1937 c, 
formula ( 22 )) at once suggests the scalar function 

(X?,-^)-*, (22) 

where X t = f* - P»/c», = <* - PJ/c*. X lt = f 1 f,-P 1 .P 1 /c*. (23) 


Since (22) is homogeneous and of degree - 1 in P t , ^ it will be a possible <f> n 
if multiplied by any scalar not containing P lf t v Similarly we may construct 
a possible 

Consider now (19). We find by direct differentiation that we have 
identically 

" °’ (24) 


Hence (X?,-.X 1 .X 1 ) - l behaves as a constant under the linear operator L lt . 
Hence if we put 


0*i 


^*1 






_ I* _ 


(25) 


where \jr lv f lt are scalars, (19) will be satisfied if we can satisfy 


= Wu. (26) 

10. To find a simple solution of this identity, put 


Zi = fi-Pi.Vi/c*, Z t = fj-Pj.Vj/c 1 , 
z 11 -f 1 -Pi.y t /c*, z u = <!-P|.V|/c*. 


(27) 

( 27 ') 
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Then ZJYl ZJYt, Z lt /r|, Z tl /Y\ are scalars. We find at once that 
L u Z t =s Z u , L lt Z tl = Z v 
L u z i=Z iV L n Z lt = Z r 
Hence L lt {Z t Z n ) = Z lt Z n + Z x Z t =* L tl (Z l Z lt ). (28) 

Accordingly we shall have a solution of (26) if we choose ijr ti proportional 
to Z % Z n /Y\ yj, and \jr lt proportional to Z l Z li jY[ Tj. 


11. We now choose definitely 




(29) 


* c i(xs 1 -x 1 x,)‘iW 

(20') 

so that by (19) 

le^j, Z 19 Z n + Z r Z % 

2ct 0 (x« 11 -x 1 x t )*yin' 

(30) 

The energy-equation (18) now takes the form 




(31) 


where dR/dt is the rate of loss of energy, i.e. the rate of radiation, given by 



It is thus a physical consequenco of the assumption that the rate of change 
of total energy shall vanish when the accelerations vanish, that the actual 
rate of change of total energy is linear in the accelerations. This result is 
in marked contrast to the classical theory, in which the rate of radiation 
is quadratic in the accelerations. It remains to see if the symbols e 1 , e„ 0, 
and the £ and H derived from <j) %l and <f> lt can be identified with charge- 
measures, energy and electric and magnetic intensities as used in ordinary 
physios. We have had practically no freedom of choice in the selection of 
the superpotentials </> tl and and we have not arranged for them to 
reproduce the empirical laws of electromagnetic phenomena. We shall find 
how remarkably they do in fact reproduce them. 

Identifications 

12. Energy. In virtue of the identity 

(X!,- W - i [(i. p, - <, PJ* - , 
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we have for | Pj | < e^, | P, | < ct „ 

(*?,-* 1 * 1 )*~c-i|f I P 1 -( 1 P 1 |, 

and also Z lt ~t x , Z tl ~t t , Z l ~t l , Z t ~t t . 

Hence under these conditions and for | V x | 4 c, | V, | < c, we have from (30) 


0~e 1 e t 


hh 1 

t 0 1&-W 


For = t t = t, this gives O ~ i jpr j jrj • (33) 

This should be the energy associated with a pair of charges e v e, at separation 
| P,- Pj | in (-measure at time t. For t = ( 0 it gives 


# -(^kr (34) 

which is the standard formula of electrostatics for the energy associated 
with the two charged particles. This identifies our measures of charges e v e 2 
as agreeing with the usual electrostatic units at the present epoch. 

We now transform to T-measure. If we regraduate all fundamental 
observers’ clocks from (to r according to the law 

J-*. <ol°g(f/«o) + «o. (36) 

and adjust all derived measures accordingly, we know (Milne 19370 ) that 
the T-measure | H a — IIj | of the separation | P 2 - P x | is given locally by 

|P.-Pil=^|n t -n 1 |. (35') 

But 0, being an energy, is a time-invariant. Hence by (33) 


0 . 


<i«i 

'in.-ntl* 


(36) 


for any epoch t Thus we derive the usual electrostatic formula as holding 
at all epochs t in T-measure. 

Certain exact forms of the energy-formula are of interest. When the 
particles are at rest relative to the observer, Vj = 0 and V a = 0, and 
Z lt = Zj = t v Z n = Zj = Then (30) gives 


= «ii*_Mi_ 

<0 ((^P.-^Pi^-c-VPxaP,)*]*- 


0 


(37) 




On the equations of electromagnetism 323 


If we choose the observer 0 to be at one of the partioles, Bay P t , we have 
P f - 0, and then 


e i e » 

‘ *o‘|Pil 


(38) 


independent of t % . For ty = t 0 we have 


which is here an exact form of the empirical electrostatic formula. 

In this exact formula, 0 is at P t and V a = 0, consequently e t is at “local 
rest”. But V x = 0, not V x = PJt v and hence ty though at rest relative to O 
is not at cosmical “local rest”. It follows that in electrostatics, “rest” 
has to be taken as meaning “rest relative to the observer”, not “local 
rest”. A distant oharged particle at “local rest” is in motion relative to 
the obsorver, and so originates a magnetic field, as wo shall see. We see that 
“rest” does not mean the same thing in dynamics and in electrostatics. 

13. Electric intensity. It will be found as an unforeseen identity that 


whilst 


\ap 1 dt t dp, dtj (xu - 35 ’ 


3 z 

dP~ Za 


' °< an. ~ °> z t ~ °> ~ °- 


3P X 




(40) 


Making use of these relations, we find from (14) and (29) that the intensity 
Ey at Py due to a charge e a at P % is given by 


^ _1/ 3 3 0 0\r 1 e a Wn 1 

1 ap.aiJL 2y}yj(X| 1 -x 1 x,)iJ 


e, (Py X„ - P a X U )\(Z^ Z ai ) - (< A-<,X 1 ,)|(V 1 Z i + V l Z ll ) 
*rm (XU-XyX t )i 

(41) 

It will be noted that identity (40), which we did not arrange for beforehand, 
avoids the threatened appearance of too high a power in the denominator 
of (41), and so leads to the inverse square law, as we shall now Bee. 

For | P x | <c< x , | Pj | we have tyX^UX lt ~0, and if also | V x | <c, 
| V, | <c the value of Ey is given approximately by 


Ej — 


^(<jPj —<jP t ) 

l«,Pi-<iP,l'‘ 


(42) 
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(43) 

independent of time. This is as inverse square intensity directed from e, 
towards e v i.e. a repulsion, and so identifies our symbol E as in accordance 
with the empirical Coulomb law. 

Formula (41) should give the exaot relativistic form of the law. To see 
the meaning of the exact formula, choose 0 at P s , bo that P, = 0; then 
«i*Y,= 0 , Z t = Z tl =» t a and X t = t\. Accordingly (41) becomes 

El "vpW*' (44) 

the inverse square law with a velooity factor depending on both Bource- 
velocity V s and the velocity V! of the teat-charge e 1 . 

It is to be noted that the exact relativistic form of the inverse square law 
for electrostatics is different from that for gravitation (Milne 1937 c, p. 9 ). 
It may be mentioned further that whilst inertial masses are essentially of 
the same sign, and so (as shown in previous papers) gravitational forces are 
essentially attractive, there is no restriction on the sign of charges e, and 
so both attraction and repulsion are permissible. 

14. Mechanical force due to electric intensity. In the t-description, the 
measure of intensity must be sharply distinguished from the measure of the 
mechanical force to which it gives rise. By ( 12 ) this mechanical force has 
a component contributed by E 1 of amount 

"■■iifivi' (45) 

For | P x | <ctj, | Vj | <c, this is approximately 

Fi-^Ej. (40) 

Hence by (44) the mechanical force on e x due to a charge e, at rest at the 
origin is given by 

F » . *1 F| 

1 1 VoiPTr 

in which the secular faotor (t x /<o) should be noted. 


(47) 
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Let be the r-measure of Fj. Then by the general dynamical theory 
(Milne 19370 , p. 338 ) for local phenomena 


#1 ~to Fl ' 

Accordingly, using (35'), 


(48) 

(49) 


Thus in r-measure the secular factor disappears, and we get the usual 
inverse square expression for 4^ This showH that as far as electric intensities 
are concerned, the empirical laws relating to mechanical effects employ 
r-measure. 


15. Magnetic intensity. It will be found that identically 

( S _i._ s0 

whiM ^Z, = 0, 0, 0, 1^-0. 


Hence by (14) and (29), after some straightforward differentiation it is 
found that 


H * 1 i(^i V,+^Vi )A(-y,p l -x l ,p I ) 

1 (x^-xjy 


(51) 


This, the complementary formula to (41), should give in relativistic form 
the magnetic intensity H x due to a charge e, at P t moving with velocity V 2 , 
as measured by a test-charge e 1 at I\ moving with volocity V!. It will be 
found to give new features in the description of a magnetic field. 

Consider the form which (51) takes for local phenomena and small 
velocities. For | | P 2 1 | V x | <e, | V, | <c, it gives 



IT e.l(V 1 + V,M(*,P 1 -f 1 P l ) 
KP.-^Pil’ ’ 

(62) 

or, for = t % . 

H,^i(v 1+ v,, n |;5|L. 

(53) 

The exact form of (51) for P, = 0 is found to be 



H ‘-«iTFi i(V ' +v>, ‘r^p- 

(54) 
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Both (153) and (64) differ from the classical form of the law giving the 
magnetic field due to a moving oharge, usually called the “law of Biot and 
Savart”. Biot and Savart’a law states that, apart from relativistic refine¬ 
ments and corrections duo to “ retardation ” effects, the magnetic intensity 
due to a charge e, at P t moving with velocity V, relative to the observer, 
as evaluated at position is given by 


Pi~P« 

IPi-P.I* 


(66) 


Our formulae (63) and (64) differ in having iCV^ + V,) in place of V,. In 
the classical empirical law, the magnetic field of a moving charge depends 
on the velocity of that charge but not on the velocity of the test-charge 
used to measure the field; in the present deductive treatment, the magnetic 
field of a moving charge depends both on the velocity of the source-charge 
and on that of the test-charge. 


16. In the classical theory, a magnetic field is measured by the mechanical 
force on an isolated magnetic pole at the point considered. But isolated 
magnetic poles do not exist, and in a fundamental account of electro¬ 
magnetism we must aim at proceeding without introducing them. This we 
have done—our deductive procedure has thrown up no entity which could 
be taken to represent an isolated magnetic pole In our work, a magnetic 
field first appears as a constituent of the external force acting on a moving 
test-charge, and (63) and (64) may be taken to be the consequences. 


17. Consider some examples of (63) If we take the test-charge at rest 
relativo to the moving oharge, wo have Vj = V„ and then (53) gives just the 
classical formula. But if Vj + V„ writing 

KVi+vj-v t +KV 1 -v t ) i (66) 

we see that (53) gives the classical contribution together with a contribution 
proportional to the relative velocity of tho two charges and equal numerically 
to just one-half of what would be calculated by a crude application of the 
classical formula to the relative velocity. 

The physical interpretation of these results is clear. A magnetic field is 
originated by charges in motion. If a test-charge has a velocity unequal to 
that of a given source-charge, the relative motion of the two will originate 
a magnetic field at the test-charge, which will contribute a constituent to 
the mechanical force acting on the test-charge. Thus the magnetic field 
due to a given source in given motion, at some given point, as reokoned by 
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a given observer, may be resolved into two parts, one due to the motion 
of the source relative to the observer (this is the classical contribution), and 
one due to the relative velocity of test-charge and source-charge. 

This disoussion makes it doubtful whether the classical formula (55) 
correctly takes into account the two relative motions concerned, namely, 
the relative motion of observer and source and the relative motion of 
observer and test-charge; (56) appears only to bo correct for zero relative 
motion of test-charge and source-charge. I suggest that (55) should be 
replaced by (53). I have considered carefully whether there is any possible 
modification of the analysis determining the superpotontials which would 
lead to a result in accordance with the usual Biot and Savart law, but 
I can find no escape from the present conclusion. It may be noted that 
(51) and (41) display (Hj, E,) as of the form S^, (§ 2 ), with 

Q = -(Z n V t + Z t \ l )/Y\Yl and R = XjPj-Z^P,. 

The usual form of the Biot and Savart law is scarcely capable of being 
brought into 6-veotor parallelism with the inverse square form for E v 


18. If, now, the intensity of a magnetic field H, at depends on the 
velocity of the test-charge used to measure it, how comes it about that 
physicists can in fact find definite measures for magnetic fields ? To answer 
this, consider (53) more closely. The magnetic intensity Hi at P l due to a 

Bystem of moving charges e„..., e,.e„ at P v .., P„ .... P n moving with 

velocities V„ ..., V„ ..., V n will be given, neglecting rolativistic refinements, 

by 

i(Vi+v.) T ^>- <67) 

whilst the electric intensity E x will be given, by (43), by 


Hence 


Hi 


Ei 


Pi-P , 

iPi-p.r 




P.-P.L.+ 

|Pl-P„| S + 


1V,aE, 

2 c ' 


(57') 

(58) 


In this, the first term is just one-half what would bo calculated for the 
magnetic intensity from a direct application of the empirical Biot and 
Savart law. We may call it ilHJciu,. 

Now the electromagnetic systems whose external magnetic fields are 
measured by physicists usually have the property that they behave at 
external points as if electrostatically neutral. Examples of such systems are 
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afforded by permanent magnets and conductors carrying currents. For 
such systems we have E x = 0. Relation (58) then beoomes 

H, - (® 0 ) 


We see that for such systems there is an objective value of H, independent 
of the velocity V A of the test-charge used to measure the field. Hence the 
field can be described, and its value stated, without mention of the 
magnetic field in such cases possesses a determinate intensity. 

The apparent outstanding exception is Rowland’s classical experiment 
( 1876 , 1889 ) on the magnetic field produced by rotating a charged disk. This 
is usually taken to demonstrate the validity of Biot and Savart’s law as 
applied to a charged system. But it must be remembered that Rowland 
measured the field by means of a small magnet. By (59), such a small 
magnet must on our treatment be credited with twice the number of 
elementary circulating charges it would have on the classical theory. This 
cuts out our factor £ arising in our treatment of the field of the revolving 
disk-charges, and so Rowland would get agreement with the Biot and 
Savart law. (For a small magnet, the mean value of Vi in (57) is zero, 
hence (57) gives one-half the classically calculated value.) 

It will be clear that as long as we use test-magnets to measure fields 
(magnets whose moments have been measured by their mechanical effects) 
our formulation of the Biot and Savart law makes no difference in the 
resulting values of H,, for electrostatically neutral systems. A difference 
oomes m only when we calculate backwards to the charges originating the 
field (or to their velocities). It is clear that wo must look for experimental 
discrepancies with the classical theory only in the interiors of systems of 
moving charges, or when the field-measuring apparatus is an isolated 
charge. Such systems are found producing the magnetic fields in the 
interiors of atomic or molecular systems, where the difficulties met with in 
applying classical electromagnetism are notorious. 


19. In the simple valenoe-electron model of an atom, the series-eleotron 
is moving in the field of the core. The oore may be considered to be a charge 
at rest relative to the observer, and the series-electron may be considered 
to be the test-charge. Applying formula (53) with V, = 0 , Vj + 0 , we get 


(60) 


H I Pi ~ 

‘ ^ ‘ ir.-p.r 

This again is just one-half what would be calculated classically by regarding 
the series-electron as at rest and the core as moving with relative velocity 
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V x and so generating a magnetic field at the electron. In 1926 Uhlenbeck 
and Qoudschmidt in this way applied the classioal formula for the magnetic 
field at the electron due to the motion relative to the core, and obtained 
doublet separations for the corresponding lines twice those observed. This 
is in accordance with (60), and may be taken as experimental evidenoe in 
favour of (53). The factor £ was explained by L. H. Thomas ( 1926 , 1927 ) in 
a somewhat complicated paper on the kinematics of an electron with an 
axis, as arising from Lorentz transformations to the successive frames 
defined by the successive positions of the moving electron. Thomas’s 
explanation, like ours, arises from the fundamental embodiment of Lorentz 
transformations in the analysis, but we have not found it necessary to 
assign an axis to the electron. Our explanation has arisen in an unforoed 
and entirely unforeseen way, and does not turn on the particular properties 
of the electrodynamic system considered; instead, it turns on a proper 
treatment of the relativity of magnetic fields combined with a proper 
epistemological consideration of how such fields can be known to an 
observer who has only charges and not magnets at his disposal. 

Since 1927, the effect has been supposed to be explainod by the attribution 
of spin to an electron. If electron spin is considered as an ad hoc assumption 
introduced to explain certain experimental facts not otherwise explained 
by classical electromagnetism, then it has no placo in our rational kinematic 
treatment, which is concerned only with the consequences of a simple 
energy-assumption, and we have seen that certain phenomena at least can 
be understood without it, if other phenomena are found still requiring it, 
it must be formulated in such a way that its introduction does not disturb 
explanations naturally arising in tho treatment which does not make use 
of it. If on the other hand electron spin is considered as a rational deduction 
from classioal electrodynamics, it could equally well be deduced in some 
appropriately modified form from our rational reformulation of electro¬ 
dynamics. This is beyond the soope of the present paper. It may be remarked 
that in the Zeeman effect, for whioh electron spin was largely invented, 
each electron’s spin makes a contribution; in our form of the Biot and 
Savart formula each electron, possessing its own velocity V x , contributes 
to the magnetic field in which it finds itself. The manifest difficulties of the 
conoept of electron spin, with its assignment of structure to an entity whose 
detailed equilibrium is not further considered, need not here be enlarged on. 

20 . The factor £ turns up in other magnetic phenomena. For example 
(Stoner 1930 ) experiments on the gyromagnetic effect suggest that the 
magnetization of ferromagnetics is entirely due to the “intrinsic spin” 
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of the electrons, and that their orbital moment is not effective. The present 
investigation suggests that the contribution of the orbital motion to the 
magnetic moment is one-half that calculated classically from the usual 
formula, and that the hypothesis of eleotron spin is unnecessary; this may 
be seen by noting that for an oscillatory path near a fixed point P v the 
time-mean of will be zero, and so the mean value of i(V 1 +V t ) will be 
just JV„ which is effectively the same as saying that the magnetdo moment 
will appear halved. 

21. Formula (53) leads to a fundamental change in the oonoept of a 
magnetic field at a point. In general, not only does a magnetio field only 
exist when there is a test-charge at the point to measure it, but the value 
of the magnetic intensity depends on the velocity of the test-oharge relative 
to the observer, the exception being when the given system of moving 
charges behaves as if electrostatically neutral, in which case the intensity is 
one-half that calculated classically. It may be expected in consequenoe that 
the field-equations of electromagnetism may require modification. We shall 
determine the “field-identities” satisfied by our Ej and H x in Part II; the 
remarkable circumstance will emerge that though the value of Hi depends 
on V lt the forms of these field identities do not involve V x explicitly. An 
account of tho relations satisfied by E x and H x is thus possible whatever 
velocity V t is assigned to the test-charge. In the case of the field arising 
from a single moving charge e s alone, we could always choose V x = V, and 
so get the classical value of H t ; but when the system consists of a set of 

charges e,.e n , no such choice is possible, and the general formula is 

necessary. The electrostatic intensity E x depends normally on V 1 just as 
H x does, but the terra in Vi is numerically insignifioant. 

It may be remarked that the emergence of (43) and (53) from the definition 
(14) of E x and H x affords a delicate test of the appropriateness of our ohoices 
of <f> n and since the value of Hj, for example, arises entirely from the 
terms in 1/c* in the numerator of <p iV 

22 . Mechanical force, due to magnetic field. From (12), the component of 
mechanical force due to a magnetic field H x for | P x | and | V t | << c 
reduoee to 

<»!> 

a secular factor being required in (-measure as in the component due 
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to the eleotrio field. The mechanical force due to the magnetio effect of a 
charge e, at P, moving with velocity V, is then approximately 

P 1(^1 + V«) A (1*1 ~ P«) /g£\ 

1,1 c*< 0 VlA IPj-P.I* ' } 

The secular factor disappears in r-measure. 

This completes our identification of the symbols e, as representing charge, 
<t> as representing energy, Ej and H : as representing electric and magnetic 
intensities, and the corresponding expressions giving the mechanical forces. 
The factor J in our choice of and 0 12 was of course made to make the 
unit of c come right in the energy formula the subsequent appropriateness 
of the other formulae is then not under our control. The revised formula 
for a magnetio field may l»o considered as the result of a mathematical 
experiment in the deductive method. 

Summakv 

The paper offers a purely kinematic formulation of the phenomena of 
electromagnetism. It proceeds by first examining the most general type of 
external forces after gravitational forces which are encountered in the study 
of the dynamios of a particle m the presence of the substratum or smoothed- 
out universe. Such external forces mvolve mention of 6-veotors, and the 
form of the resulting force is obtained m a form holding good for all 
epochs and for all distances from the observer. For the present epoch and 
at small distances it reduces to the Larmor-Lorentz formula for the 
ponderomotive force on a moving charge. A scalar multiplier emerges in the 
treatment which is afterwards identified as charge. A 0-vector is then 
derived by appropriate differentiation of an undetermined scalar with 
regard to the co-ordinates of two events, one being the source of the field 
and the other the event of the measurement of the field. With this it is 
possible to obtain the relativistic equations of motion of two oharged 
particles in one another’s presence, and to deduoe the associated energy 
equation. By requiring the radiation to vanish when the accelerations 
vanish, it is found possible to fix all undetermined scalars completely. 
It is then possible to evaluate the “field” due to a given charge in given 
motion, at a given external point, as measured by the force on a test- 
charge in given motion, and by comparing the theoretically derived 
formulae with the observed experimental laws to identify the various 
symbols introduced. The inverse square law of Coulomb is obtained in 
exact relativistic form. But the law expressing the magnetio field at a 
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distanoe r from a given charge e, moving with a given velocity V, relative 
to a fundamental observer 0 is found to contain mention of the velocity Vj 
of the test-charge measuring the held; in detail, the classical Biot and 
Savart law H = (ejc) V, Ar/| r | s is found to be replaoed by 

H-(« 1 /c)i(V 1 + V,)Ar/|r|». 

The two agree for V! = V t , but the new formula gives half the classically 
calculated field for V, = 0, as required by Uhlenbeok and Goudsohmidt 
and as found by a different method by L. H. Thomas. 
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On the equations of electromagnetism 
II. Field Theory 
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(Received 20 July 1937 —Abbreviated and revised 29 December 1937) 


1. The object of the following paper ih to enquire what general relations 
are satisfied by E x , H x , the electric and magnetic intensities as measured by 
a test-charge at P x at epoch t x moving with velocity V x , all relative to a 
given observer 0, when it is in the presence of a system of moving oharges 
e„ (2 < 8 < w) which at events (P„ t H ) have velocities V, 

2 . We begin by generalizing formulae previously obtained for a system 
of two charges moving in one another's presence. The electric and magnetic 
intensities E x , H, at P x are given by 


(Ex), 

(»i)x 




(1) 

(!') 


where 

and 


X x 


0.1 


1 e, Z t Z A 

2 


t\-P'ijc\ X, = fl-PJ/c*, A'jg = tjt B — P x . P,/c*, 
Y x = l-V?/c*, i;= 1 — VJ/c*, 

Z, = t,-P a . Vg/c*, Z A = tg-Pg. Vj/c*. 


( 2 ) 

(3) 

(4) 

( 5 ) 


The field (H f , E t ) at any other oharge of the system is to be calculated 
similarly from all the other charges of the system together with the teat-charge 
6 j at (P x , tj) moving with V x . It is an essential feature of our treatment that 
the test-charge is considered as an intrinsic part of the whole system. The 
events (P„ t,) are formally independent. We shall later find the relations 
between the <,’s required to evaluate the field in any actual case, but it is a 
feature of the “field identities” about to be obtained that they do not 
depend on imposing any particular relations between the <g’s. 

The mechanical forces on the charged particles are to be obtained by 
equations of the type (12), (12') of Part I, which contain the normalization 
constant The equations of motion of each particle, of mass m v are then 
[ 333 ] 
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given by equations of the form (3), (3') of Part I. Forming the associated 
energy equations and reducing them as in Part I, we may oombine them 
to yield the relation 




(6) 

where 


(7) 


0-2^,.. (»■ + «) 

(8) 

and 

le,e, Z n Z tr +Z r Z t 
~ 2 ct 0 (x*,-x r x.)W r ry 

(») 


In equation (6) it is to bo understood that dtjdt is put equal to unity after 
the differentiations have been performed. 0 is to be interpreted as electro¬ 
magnetic energy. 


Field identities 

3. We shall use the notations div, curl in the senses 


the differentiations being with respect to the space-co-ordinates X 1> y v z x of 
the event at which E 1( H* are evaluated. We use grad similarly* 

By (1) and (l 1 ) we have 

eO, (10 ) 

and 

(curl Ei), - dz.ctjj dy.dt,)] 

igr*/ay, L 


1W, 

C 0t x ' 


( 11 ) 


* Strictly speaking we should write div 1( ouri 1( grad 1( but the suffix 1 may be 
understood. 
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4. Identities (10) and (11) contain no mention of the charges e* 
giving rise to the field, or of their positions, epochs or velocities, or of the 
velocity V t of the test-charge e l , although E x , H x depend on V, as well as 
on the sources. We can if wo like now drop the suffix 1, and so we arrive 
at identities whioh are identical with two of Maxwell’s equations. The 
satisfaction of (10) and (11) does not depend on the structure of the ^ tl ’s 
but only on the general tensor forms of Ej and H l . 

5. In our formulation, relations (10) and (11) are identities, whereas in 
Maxwell’s formulation they are empirical laws determined as inductions 
from experience. The Maxwell equation corresponding to (10) expresses 
the non-existence of isolated magnetio poles, the Maxwell equation 
corresponding to (11) expresses Faraday’s law of electromagnetic induction. 

0 . We proceed to oxamine whether Maxwell’s other two equations are 
satisfied in our formulation. We have by (1) 

divF -I V V 5 PV.1 8 V.1~1 

1 ~ 3*11.3*1 fy, dx, ?hJ 

-Ui D ^'~‘-a£f, D .' DA ]' (12 > 

1 3* 

where we have written □} = V? — ^ 

V.-V.-i/j. 


(ourlHj),-^ 1^*1^ 0 Zj [J^Adzydx, dx&J] 

or (oor.H 1 -i|l) > =-| i lQ!fe + ^[| i D 1 .D lfc ]. (13) 

7 . The further reduction of identities (12) and (13) thus depends on the 
structure of the $ n ’s. From our gravitational work we are already familiar 
with the identity 
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We now find, as an entirely unforeseen identity, that* 


and accordingly that 






On the other hand, □ 1 . We find in fact that 


c i • = 


_ 1 _ 1 ^ll^ l ^nl ~ + % n Z u ) 

2yty*c* (xi^x.xj 


( 14 ) 


That this does not vanish identically is most readily seen by taking the 
origin at P„. But Dj. D H <p n is a very small scalar, since the loading term in 
the numerator (the term in vanishes identically. We shall put 


2 (15) 


where % is a scalar symmetrical in the suffixes 2. 

moreover on symbols suffixed 1 

,n and depending 

8. Identities (12) and (13) now reduce to 


_ 10% 
div E x = - jjj- 1 , 

C 

(16) 


(17) 

Hence (curl^-J^- 1 , divE^ 


constitutes a contravariant 4-veotor. Eliminating the scalar % from (16) 
and the three relations of type (17) by cross-differentiation, and dropping 
the suffix 1 as no longer necessary, we have the two vector identities 

8I * ddi ' rE+ c4[ om ' 1H -rl]- 0 ' 

(18) 

o «t'[ o "rlH-|f]-0. 

(19) 


* The number of spaoe-dimensions, 3, plays an essential part in the derivation 
of this identity. 
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Rewriting ( 10 ) and ( 11 ) with the suffix 1 dropped, we have 


div H = 0 , 

( 20 ) 

l 

curl E = - 

c at 

( 21 ) 


Relations (IK), ( 10 ), (20), (21) are the field identities replacing Maxwell’s 
equations in the present treatment 


9. Maxwell’s equations themselves at any point in free space, i.e. at 
any point where we can put a test-oharge to measure the field, consist 
of (20) and (21) together with 


divE- 0 , 

( 22 ) 

curl H - 1 = 0 , 

c dt 

(23) 

which correspond in a sense to (18) and (19). 


It will be seen that whenever ( 22 ) and (23) 

are satisfied, so are (18) 

and (19). But if (18) and (19) are satisfied, (22) and (23) art, not necessarily 
satisfied. The right-hand sides of (22) and (23) are m our treatment not in 

general zero, being given by 

Ida 

,l,vE 

(24) 

18E J 

curl H— = grad a. 

c cl 

(25) 


Thus our (18) and (19) impose less severe restrictions on E and H than the 
classical (22) and (23). 

We may now recall that Maxwell’s two equations ( 22 ) and (23) stand on a 
different footing from the other two ( 20 ) and (21), as pointed out by Lorentz 
( 1916 ). In Maxwell’s formulation ( 20 ) and ( 21 ) represent definite experi¬ 
mental facts, whereas (23) is a pure hypothesis, the hypothesis of the 
displacement current (in free space), and ( 22 ) encounters difficulties, since 
it would appear to proclaim the non-existence of charges, as ( 20 ) does of 
poles. It is therefore not surprising to find that the two equations of 
Maxwell which were hypothetical in character, and to which Lorentz drew 
attention, do not appear in the same form in our deductive treatment. 
Owing to the smallness of the scalar a, the exact relations (24) and (25) 
will appear to observation very nearly the same as the usually adopted 
equations ( 22 ) and (23). But, from a strictly logical point of view, (24) and 
(25), or their consequenoes (18) and (19), would appear to be preferable. 
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It must be remembered that in our treatment H (and to a lesser extent E), 
which measure the actual field experienced by the moving teet-oharge, 
depend on the velocity of the test-charge, whereas in the classical theory 
H and E are conceptual quantities existing at every point and independent 
of the velocity of the test-charge. In our work H and E nowhere have a 
moaning until the test-charge is introduced and its velocity specified : H and 
E are functions of V la But identities (18) and (19), like the structurally 
simpler ones (20) and (21), contain no explicit mention of and hold good 
for any value of V lf provided this is treated as a constant in carrying out 
partial differentiations. 

Another difference is that in the classical theory the properties of the field 
are deduced from the “field equations” (20),.... (23), whereas in our 
treatment (18),..., (21) are end-products. In the classical theory, to 
determine the motions of charges an equation of mechanical foroe (obtained 
from the Larmor-Lorentz ponderoraotive formula) is superposed on the Bet 
of field equations; in our treatment we begin with equations of mechanical 
foroe, and so derive the forms of the super-potentials <f> tl and <f> u . Our 
treatment seems epistemologically preferable, since to be both logically 
and epistemologically satisfactory the analysis should begin with the 
mechanical effects through which alone E and H can be known. Since no 
entity exists corresponding to an isolated magnetic pole, it is unsatisfactory 
to define H through the force on a unit pole, as the classical theory does; 
instead, we have introduced H through the force on a moving charge. 

Our field identities (18), ..., (21) hold good in i-time and ^-measure, and 
were derived from mechanical equations of motion employing t-measure 
for the Larmor-Lorentz mechanical force. Our analysis pays in fact due 
regard to the circumstanoe that all phenomena, electromagnetic or other¬ 
wise, take place in a universe which (in ^-measure) is expanding, and whioh 
possesses everywhere a local standard of rest; and the analysis respects 
Mach’s principle, according to whioh all frames of reference employed must 
be described with regard to the actual distribution of matter in the universe, 
represented in idealized form by the substratum. The classical treatment, 
in ignoring the expansion of the universe, can only be supposed to hold good 
at best locally, and similarly it can only be supposed to hold good for 
epochs close to the present epoch, since it ignores the distinction between 
f-measure, for which Lorentz invariance holds good, and r-raeasure, whioh 
is appropriate to mechanical equations of classical type. There would in 
fact be grave difficulties in attempting to generalize the classical electro¬ 
magnetic equations as they stand to other epochs than the present one and 
to distances not small oompared with the radius of the universe; for the 
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field equations of the classical theory are stated in {-measure, whilst the 
Larmor-Lorentz mechanical force formula is correct in r-measure. Except 
for {=»r={ 0 , the field identities (18),.... (21) would take a different form 
in r-measure. The present method, of beginning systematically in {-measure 
in flat-space, with the {-form of the mechanical foroe, appears to be the 
only way of attaoldng the problem. It 1 b only in this way that we ascertain 
a posteriori that Maxwell’s equations, or rather the modified set to whioh 
we have been led, employ {-measure. 

10. The substantial agreement of our deductive set (18).(21) with 

the empirical set (20),. .,(23) is further evidence for the identification of 
our abstract symbols E, H with the electric and magnetic intensities of 
experimental physics; identity (21), for example, guarantees that in spite 
of our modification of the Biot and Savart law, all effects of electromagnetic 
induction are properly accounted for. The actual experimental evidence in 
favour of Maxwell’s equations (22), (23) is however indirect, consisting as 
it does in the fact that the set (20), ...,(23) yield wave propagation of E 
and H. We must now enquire whether our set (18),.. ,(21) yield wave 
propagation. 


Wave propagation 

11. Expanding the left-hand side of (19) we have 
graddivH-^ = 0. 

Substituting from (20) and (21) we get 

□ 8 H = 0. (20) 

ThuB H obeys the wave-equation. Again, (18) may be written 

, ./13H\ 13*E . 

curl curl E + V S E + curll--^-1- ** 0, 

whenoe, using (21), we get D 8 E = 0 (26') 

Thus E also obeys the wave-equation. Further, a satisfies the wave- 
equation. For, returning for the moment to the use of suffixes, we have 

□i«i = □! i □ i • □.&!=i°i- 3 o (2<o 

in virtue of (14). 
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Retardation effects 

12. The fact that £, H satisfy wave-equations allows us now to connect 
an event (P x , < x ) with events (P„ t t ) at the relevant oharges by the usual 
retardation formulae. All our field identities are explicitly independent of 
any formulation of this connexion, but in practical calculations of E and H 
the connexion is required to link up our abstract scheme with experience. 
We shall not go into this in detail, but the effect on the fundamental 
denominator (XJ.-JIfyX,)* is worth considering. 

The symbols P„ t t must refer to the retarded position and epoch of the 
charge e 4 , and accordingly 


Hence ^P, - f,P x = f x ( P, _ P,) + ?' I P i_ P « I. 


Then since A’?,- X x X 0 
some vector algebra leads to 
(AJ l -X.X 1 )* = 


(f.Pj-^P,)* (PjAP,,)* 

~ ‘ c* c* ’ 

MPj.-Pi ir, pt-tp.-Pi ii 

« "L ^ip.-PiiJ’ 


(27) 


the radical disappearing. Wlien we choose the origin at the test-partiole, we 
have P x = 0 and we get simply 


(A« 1 -A,A 1 )* = « 1 |P,|/C, (28) 

where P, is the retarded position.' Whenever | P x [ <$cl v i.o. for all looal 
phenomena, we have approximately 


(A* 1 -A,A 1 )*~« 1 |P,-P 1 | /c. • (29) 


V ECTOR-POTENTIAL 
13 Define a covariant 4-vector (Aj, A x ) by 

A - A - v 3 ^* 1 


By (1) and (1') we then have 

_aA x _aA 1 

= 3P X c3<j = 

and H x = curl A x . 


_3Aj 

edti 


(30) 


(31) 

(32) 
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Then divA,-^ 1 = jr 

(33) 

Further, by (14), Of A, - °i*. 1 « 0, 

(34) 

Msi-* 

(34') 

We can now as before suppress the suffix 1, and employ a covariant 
vector-potential (A, A,) giving the covariant 6-voctor (H, E) by the formulae 

E = grad^-^, H = curl A, 

(35), (35') 

div A —=-‘ = a, 
cdt 

(30) 

□ 2 A = 0, DM, = 0. 

(37) 


These formulae bring out the difference between our treatment and the 
classical formulation. In the classical theory there is initially an arbitrariness 
in the vector-potential, an arbitrariness which is conveniently removed by 
imposing the condition* 

d,vA 's =# - 

In our treatment there is no such arbitrariness, and the right-hand side of 
the last equation is not zero, but, by (36), just a, which is a definite function 
of the charges present. It will be seen that whilst the formal possibility of 
representing E and H by a vector-potential arises from our original de¬ 
finitions of E, H in terms of the super-potentials the wave propagation 
property of A depends on the detailed structure of the 0 #1 ’s. We nowhere 
consider "fields” in the abstract, but only such fields as can arise from 
definite distributions of charge. The vector-potential is an intermediary 
between the super-potentials <f> tl and the scalar a. 

It is clear that A t or is the negative electrostatic potential for a 
“stationary” field. It should therefore stand in a simple relation to the 

interaction energy 1 e i with the other charges in the field. For a set 

• See, e.g. Lorents (1916, p. 239). Our sign convention for A t differs from his, 
but ours brings out the analogy between the space- and time-co-ordinates in the 
expressions for E and H. 
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of stationary charges we find by actually carrying out the differentiations 
and choosing the origin at P t that 




The existence of this relation is a general cheek on the correctness of our 
formulae for <p tl and 0^ v 


PfiOFAGATION OF LIGHT 

14. The faot that E,H,(A,A,) and a satisfy the wave-equation in 
/-measure now shows that our treatment is compatible with the usual 
electromagnetic theory of light, provided /-measure is used. This suggests 
that a photon is propagated with a constant frequency when the frequency 
is reckoned on the /-scale. This is in accordance with an investigation due 
to Whitrow ( 1936 ), who discussed the photon by purely kinematic methods 
without appeal to electromagnotio theory, and established the propor¬ 
tionality of photon-energy to photon-frequency on the /-scale. We shall 
show in an Appendix that a Bohr atom has a constant energy W on the 
/-scale, and hence that it emits and absorbs a frequency which is oonstant 
on the /-scale. Wo have to reconcile this with the r-measure employed in 
ordinary physics. When /-measure is employed, the red-shift in the spectrum 
of a distant, recoding fundamental particle appears as a Doppler shift. We 
shall now examine how the same phenomenon is regarded in r-measure. 

Let n be the measure of a photon-frequency on the /-scale, v the measure 
of the frequency of the same photon at the same epoch on the r-scale. Then 
since measures At, At of the same small interval of time on the two scales 
are connected by 

At _ At 

T ~ V* 

w„h.v. r-Tr’rJ ' 38 > 

Now let a photon of frequency fig on the /-scale be emitted by a distant 
fundamental particle (or extra-galactic nebula) at epooh Zo=t 0 , and be 
received by the observer at epoch t x or t x , where 


Ti=folog^ + Z 0 . 


(39) 
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Wave-lengths l or A on the two scalee are oonneoted with the corresponding 
frequencies by \v=c=ln. By (38) the emitted frequency satisfies v 0 *= n 0 , 
and A,—c/v 0 =c/n„. On the r-scale, the fundamental particles appear as 
relatively stationary, and there is no Doppler shift. Sinoe frequencies are 
transmitted unchanged, the receiving observer, who has made no allowance 
for Doppler shift, will reckon the received wave-length as A#. 

Now consider the similar atom at the rocoiver. This will be absorbing 
the same frequency on the f-scale, and so the observer will call this frequency 
»! or v x on the two scales, where n x — n 0 , and by (38) 


>> 1 = (40) 

Hence he will reckon the wave-length shift-ratio as 

__ wavo-longth calculated as received _ 

wave-length absorbed by a similar atom at epoch of reception 


Ai I'o t 0 tt 0 

or by (39) s = e (T i“W«. 

But if A is the (fixed) distance of the emitter on the T-Bcale, 


(41) 

(42) 


r 1 =r 0 +d/c = < 0 +/l/c. 

Hence a = e^. (43) 

This is precisely the value found by a ^-calculation directly from the standard 
Doppler-effect formula in an earlier paper (Milne 1937 , equation ( 22 )). We 
see that on the f-scale the observer calculates the red-shift as a pure Doppler 
effect; on the T-scale, by (40), he considers the frequency of the standard 
atom at himself as steadily increasing, so that light emitted by a distant 
atom at an earlier epoch has apparently a lower frequency and so a longer 
wave-length at the moment of reception. 

We know from earlier work that if | P x | is the measure of a distanoe on 
the t-scale at epoch t v | II 1 1 the measure of the same distanoe on the r-scale 
at the same epoch, then 

i p ii-j’i n ii- <«> 

If | P x | is constant, j II 1 1 decreases with epoch inversely as tj. Thus the 
foregoing shows that a wave-length A! on the r-scale behaves just like a 
“distanoe”. 
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If the standard metre-rod is defined as a fixed number of wave-lengths, 
it should accordingly be decreasing on the r-scale, constant on the t-scale. 
But if it is defined as a material rod, consisting of a fixed number of atoms 
held together by electrostatic forces, we shall Bee in the Appendix that it 
should be increasing on the 1 -scale, constant on the r-soale. It follows that 
the number of wave-lengths contained in the material standard metre at 
any instant should be increasing at the rate of about one part in 2 x 10 * per 
year. 


Cosmological considerations 

15. It is relevant to the above calculation to point out here that the 
concurrent use of the t- and r-scales in this manner completely removes 
the difficulties encountered by Hubble in his reoent book ( 1937 ). Hubble 
considered that either the red-shift must be attributed to a motion of 
recession, or else, if the nebulae are considered as stationary, it muBt be 
attributed to some entirely unknown cause new to physios. We now see 
that these are not two distinct possible phenomena, but different descriptions 
of the same phenomenon according to the scale of time adopted. In further 
confirmation, it may be pointed out that Hubble’s observations disclosed 
a density-distribution of nebulae increasing outwards if recession is adopted, 
and a homogeneous distribution if recession is denied. This is just what 
is predicted on the present treatment. In l-measure, corresponding to 
recession, the substratum gives an observable “world-picture” with a 
density-distribution increasing outwards; in r-measure it was shown 
(Milne 1937 , p. 181 ) that in tho hyperbolic spaoe appropriate to this measure 
the density-distribution is striotly homogeneous. 


Energy and electromagnetic radiation 

16. In calculating the energy of a system of charges two points must 
be attended to. First, there is now no such thing as a test-oharge, and gj is 
an intrinsic part of the complete system, ej, ..., e n . Secondly, to introduce 
a measure of “the energy of a Bystem at an instant”, we must adopt some 
standard of simultaneity for the different charged particles in the experience 
of the given observer. Having fixed the observer 0, we fix as his standard of 
simultaneity ^ = t, =... = t n « t. This is not an invariant relation, as the set 
of events selected varies from observer to observer.* Other observers will 

* The same difficulty does not appear in r-measure, since r is on invariant, 
behaving as a Newtonian time. 
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choose "simultaneous” events differently, although using the same con¬ 
vention. Thus although expression (8) for the energy 0 is invariant for all 
observers for a given set of events (P^)... (P B ,< B ), it takes different 
numerical values for different observers on inserting ^ = t t *•... ■» t n =» t , since 
the particles will be in different places P t for the same value of t for different 
observers. This accounts for the fact that though (0) is derived from 
invariant relations, and holds good identically even without making use of 
“retardation ” formulae, it is not itself an invariant relation. The right-hand 
side represents the negative rate of radiation of the system, but until 
“energy at an instant” has been defined, the phrase “rate of radiation” 
is meaningless. 

It is to be notioed that we have nowhere assumed the conservation of 
energy. Energy can only be defined in terms of mechanioal work; the 
terms were shown in earlier papers to represent the accumulation 

of mechanical work performed on the particles of masses m,, positions P t , 
epochs t, and velocities V, by the total external forces acting together with 
the pull of the substratum itself, the term 0 was then added to make the 
total stationary when the accelerations V, vanish. But the right-hand 
side of (0) may a priori be negative or positive. It would be irrelevant to 
ask “Where does the energy come from?” when the right-hand side is 
positive; energy is a construct, not a concept with which we have direct 
acquaintance. 

17. We now notice that our abandonment of the concept of an electro¬ 
magnetic field as existing at a given epooh at a given point independently 
of the velocity of the test-charge used to measure it, and its replacement by 
an analysis making E and H functions of the velocity V of the test-charge, 
render it impossible to represent an electromagnetic field as a state of the 
“aether”, even for a fixed observer. And since E and H do not exist as 
measurable quantities until the velocity V of the test-charge is stated, 
(E , +H*)/8nr integrated through space has by itself no physical meaning. 
Hence in our treatment we cannot expect electromagnetic energy to be 
measurable by a volume integral. Instead, we measure it by (8). This 
imm ediately avoids the old difficulty of the infinity of the self-energy of a 
point-charge on the classical theory, since in (8) energy is attributed only 
to pairs of charges. 

As a consequence we have no Poynting theorem; (0) replaces it. In the 
classical derivation of Poynting’s theorem, the rate of performance of work 
on the charges present is calculated and converted into volume and surfaoe 
integrals by replacing the charge-density p by (div E)/4 tt. In our treatment 
there is no p, but only point-chargee, and we have no relation divE = 4np 
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at our disposal (of. (22)). Consequently the mathematical manipulations 
leading to Poynting's theorem are not possible. 

But (3) fulfils all the duties of Poynting’s theorem. It would prima facie 
resemble it more olosely if we made the hypothesis of the purely electro¬ 
magnetic origin of mass, which would be equivalent to putting each m, in 
(6) equal to zero. But this, besides being an ad hoc hypothesis, is not 
desirable on logical grounds, for inertial mass emerged in our kinematic 
treatment at a muoh earlier stage than electromagnetic phenomena—which 
indeed were only capable of discussion after gravitation had been dealt 
with. Since gravitational mass was proved equal to inertial mass m„ to 
put the inertial masses m s equal to zero would exolude the possibility of 
attributing gravitational effects to whatever emerged in the subsequent 
treatment as electromagnetic mass. 

Classical electromagnetism results ultimately in a conflict with ex¬ 
perience: it predicts that a set of oharges moving with accelerations V, 

should radiate energy at a rate proportional to ’* An atom in a 

stationary state contains accelerated charges but is not radiating, in contra¬ 
diction, as is well recognized, with the prediction of the classical theory. 
Now the classical result is obtained by applying Poynting’s theorem, whioh 
essentially involves a belief in continuous distributions of charge of finite 
space-density; in our treatment, whioh gives a rigorous account of point- 
charges, instead of Poynting’s theorem we have (0), which makes the rate of 
change of energy a linear, not a quadratic, function of the accelerations. 

It would make the present paper too long to attempt an exhaustive 
discussion of the right-hand side of (6) and its comparison with the classical 
theory. I shall however consider briefly a particular case 

Take the case where only two oharged particles are present. Then we have 


Hence 


Hence 


(fi-rfi ?! Z A + ZiZl 

” ict, (Xft-X&mYl 

1 30 yjc* (ZuP' + Z^/c* 

03V,- 7, Z VX Z X ^Z X Z X • 

30 01-vjc M’.+tfYi 
V^cL 7, 


Mxh J' 


Putting f, = tf = t. 


30 0["Vi/c Pi + P.1 
3 Fi~cL Y i 2ct J 


Larmor 1900, Abraham 1914, Riohardson 1916. 
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The aeoond term in the square bracket is negligible in ordinary experienoe. 
Hence approximately 


^ 00 8* V..V.-1 

l ’av x ,- sv, C *L y x + y, J* 


(45) 


By (6), this should be the negative rate of radiation of energy. 

Now let one of the charges, e t , be the nucleus of an atom at rest, so that 
Vi = 0 , and let the other, e v be an electron moving in a “circular” orbit* 
round e,. Then the acceleration V ’ 1 is perpendicular to the velocity V x , and 
Vi.Vi-0. Accordingly by (0) and (45) the Bum of the mechanical and 
electromagnetic energies remains constant, and the system is in a non¬ 
radiating, i e. stationary, state. This is in accordance with the hypotheses 
of the quantum theory, in contrast to classical electromagnetic theory. It 
will be noticed that we have calculated the energy exactly as in Bohr’s 
original calculation, treating the electron as a massive point-charge. 

For an elliptic orbit, 0 oc 1 /| rl.V! « r, V t = f oc - r/j r | 3 , and the negative 
rate of radiation for | r | <c, is proportional to 

_ 1 L£ 

I r 11 r |* 

-ill 

~ 2 dt r*' 


The mean value of this in an orbit is zero, and so an elliptic orbit is also a 
stationary state. The actual “energy" fluctuates. 

The difficulty encountered on the classical theory, of how radiationless 
periodic systems containing accelerated charges can exist, is removed on 
the present theory as far as these examples go. Actual radiation must 
therefore be associated with interruptions of strictly periodic motion. An 
obvious example in which our treatment gives non-zero radiation is the 
oase of a cathode ray particle entering matter, when the high speed electron 
has a linear deceleration. In this oase V x is in the opposite direction to V x , 
and the term V x . makes a non-zero contribution. Hence such a particle 
should radiate, as it does in the form of X-rays. 

Sinoe the classical theory appears to give the right order of magnitude 
for the radiation when radiation is occurring, it is desirable to compare the 
actual rates of radiation on the two theories. To illustrate orders of magnitude, 
consider the following particular case. If an electron - e is in motion about 

* The secular ohange of radius with t m ^-measure is of course of no significance 
in the present calculation, which is concerned with short timo-mtervals. 
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a nucleus + e with acceleration /, velocity v, at distance r, the classical rate 
of radiation is b t » f e*/*/c*. On our treatment the rate of radiation depends 
on the scalar produot of the vectors corresponding to /and v, and fluctuates 
with zero as its mean value over the orbit; its numerical value b t at any 
instant, by (45), lies between 0 and vf\4> |/c*. Since |0|-»e*/r, the ratio 
b % \b x lies numerically between zero and something less than ev/rf. Now / 
is oomparable with v a /r. Henoe bjb x lies numerically between zero and 
something less than, but of the order of, cjv. For a nearly ciroular orbit it 
remains small, but it increases with the elliptidty. For a highly elliptical 
orbit, the classical radiation occurs principally near perihelion, and here v 
approaches the order of magnitude of c. This is sufficient to show that 
whilst the radiation is differently distributed over the orbit in the two cases, 
the orders of magnitude of the absolute values are not widely different. 
On the present treatment the total radiation over a complete orbit is zero, 
so that possibly actual radiation is to be associated either with the in- 
completed portions of orbits interrupted by a transition or with the transition 
itself. More detailed calculations would be required to investigate this, 
but space forbids. It is at least satisfactory that completed orbits give zero 
net radiation. If discrepancies are found in the aotual amount of the 
radiation, it should be remembered that we are treating electrons as points, 
whilst the classical calculation, which uses Wiechert’s formula for the 
retarded potentials, depends essentially on treating an electron as a small 
region of finite charge-density (Richardson 1916, p. 244), though it is 
incapable of dealing with the foroes (neoessary to hold the electron together) 
which are implied by this view. Whatever view we take of the structure 
of ultimate particles, either they are for purposes of analysis infinitely 
divisible or else they reduce to a system of singularities. The present 
treatment should give the theory of pure singularities, whether the electron 
is an ultimate singularity or not. 

18. In the present treatment "energy ” is not conserved from moment to 
moment, and the field itself is not the seat of the energy, but a mechanism 
for transferring energy from one particle to another. The theory thus 
amounts to an embodiment in analysis of the views put forward in 1924 by 
Bohr, Kramers and Slater, though in origin it is quite different, being a 
logical construct based on the hypothesis of zero radiation for non-acoelerated 
systems and on a proper epistemological treatment of E and H and their 
mechanical effects. 
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Gravitation and electromagnetism 


18. I conclude the paper by showing how to handle in relativistic form 
problems in whioh gravitational and electromagnetic fields ooour together. 
The only technical difficulty is the construction of an appropriate measure 
of external foroe. We use the f-scale of time. 

Let x be the total gravitational potential due to condensations in the 
substratum, as constructed in previous papers. (The field of the substratum 
itself is of course taken into account through the form of the equations of 
motion.) Let E, H be the electrio and magnetic intensities at a particle of 
mass m and charge e when its position vector is P, epoch t and velocity V. 
Then we seek to determine a scalar a such that the external force (F, F t ) 
can be represented by 


F 

F t 


0P H 


ZeJ 

^oL 


VaH-1 1 V 

■ c" Jy* +a r*’ 

(40) 

1 J « 
jyi +a yi- 

(46') 


When these are inserted in the equations of motion (3), (3') of Part I, the 
energy equation (7) (Part I) yields 




(47) 


The other energy equation (6) (Part I), when we use the faot that x is 
homogeneous in P and t of degree zero, yields 

e[-E.(Vf-P) P a V. H~1 Id. , . 

<. L - -Trr-J - yiSt [mc * + *>■ < 49 > 

When E«=0, H = 0 we get from (47) and (48) 


-4 iw, 


the standard value for a for a purely gravitational fiold. When x * 0, we get 
1 d. ... 

as in (9), Part I. The contrast between the last two relations brings out 
the difference between gravitational and electromagnetic fields. 
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Equation (48) may be written in the form 

and so exhibits the rate of change of kinetio energy plus gravitational 
energy as the rate of performance of work by the Larmor-Lorents foroe 
in pushing the particle with velocity (V—P jt) relative to the local standard 
of rest—the whole modified by the secular factor (t/t 0 ). 

20 . When the gravitational and electromagnetic fields are due to a given 
set of massive charged particles, we use a separate epoch co-ordinate t, for 
each particle m t , and a separate coefficient a,. The gravitational potential 
inX-HXr. 1 - forming the energy equations for each partiole in the presence 

of the remainder, we find the analogue of (47) to be 



and the analogue of (48) to be 




(60) 


Multiplying the last equation by Y\dtjdt and adding n similar equations 
we get 




+ dt 


= imitate of performance of electromagnetic work]. 


The right-hand side may be reduced as in Part I, and we get eventually as 
the grand energy equation 

i\j”- c ' s+x+0 ]~ (61 > 

The right-hand side is the negative rate of radiation, which is obtained at 
the joint expense of the mechanical, gravitational and electromagnetic 
energies. In the last equation it is supposed that we have taken 

t^t, = ... = *„ = *• 

The equations preceding this are invariant in form on transformation from 
any fundamental observer to any other, and the whole set constitutes a 
unified relativistic treatment of gravitation and electromagnetism. 
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Appendix 


The Bohr atom. Dirac's cosmological relation 


1 . As an example of the foregoing results, a simple Bohr atom will be 
treated according to the f-dynamics and 1-electrodynamics. 

Consider an electron of charge -e moving in the neighbourhood of a 
massive nucleus of charge + Ze. The electrostatic force of attraction in 
1-measure, by ( 46 ) and ( 43 ) (Part I), is - (tjt 0 ) Ze l jr % . The vector equation 
of motion is equivalent to an equation of radial acceleration and an integral 
of angular momentum. The former is 

m(t-r 0 *)= -m r ~ ~, ( 62 ) 

neglecting relativistic refinements and assuming the nucleus at local rest. 
The system is “semi-isolated” (Milne 19370, p. 326), and its angular 
momentum is accordingly proportional to t. We therefore equate its angular 
momentum to (zh 0 / 2 n) (tjt 0 ), whore z is the azimuthal quantum number 
and A 0 is the value of Planck’s constant corresponding to the choioe t 0 of 
our normalization constant, thus zh 0 /2n is the angular momentum at epoch 
t = f„. In doing this we are of course appealing to quantum rules outside 
our strictly kinematic synthesis. We then have 

(63) 


As shown in an earlier paper (Milne 1937c, p 17) in connexion with 
spiral nebulae, the solution of ( 62 ) and ( 63 ) corresponding to circular 
motion in the r-dynamics is 

r = r - 6 = 1 <0 

°L’ 2 irmiit’ 


(54) 


where 


r ° = 4 nhnZt v 


(65) 
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In {-measure the orbits are equiangular spirals, and rcct. This is oonsistent 
with the description of the substratum, for the substratum had zero linear 
dimensions at {=0, and necessarily always contains the atom. On the 
r-scale the orbits are circular, of constant radius p given, by (36'), Part I, by 

P - r*j - r 0 . (66) 

The atom thus behaves as a “rigid ” body on the r-soale, and a material 
rod built up of such atoms held together by electrostatio mechanical foroes 
will also be “rigid” on the r-scale. It will therefore be expanding uniformly 
on the {-scale. It follows that if the nucleus of a distant “ receding ” nebula 
were imagined joined to ourselves by a material “rigid” rod, the end of the 
rod would maintain coincidence with the nebula.* This is in agreement 
with the “stationariness” of the nebulae as reckoned on the r-scale (Milne 
19376, p. 178). Moreover, a material “rigid” pendulum will keep T-time. 

In spite of the variation of {-radius, the energy of the atom remains 
constant. In {-measure, the kinetic energy T is given by 

T = W+rtf») = imrj[i+(i)V]. 


The first term in the square bracket, arising from the small outward com¬ 
ponent of the spiral motion, is relatively negligible, and so approximately 

2n hnZH i 
= z'H ■ 


By formula (33), Part I, the electrostatic energy is 
Za l t 47 

*— Ti,— «i- 

Hence the total energy is given by 


W = T+4>~- 


inhnZh* 


const., 


(67) 


as on the Bohr theory. 

When the atom undergoes a transition, the energy lost is transferred by 
the mechanism of the field-changes to some external system, and can be 
reokoned in the meantime as the energy of the liberated photon. If A W is 


This question was originally suggested to me by Dr F. Simon. 
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its energy, it was shown by Whitrow (1936) by kinematic arguments that 
its frequenoy n on the f-scale satisfies 

* universal oonstant. (58) 

Assuming this constant to be h Q , we get the Bohr formula, with the frequenoy 
reckoned on the f-scale. 


2. A referee has drawn my attention to the circumstance that the above 
calculations appear at first sight to violate the correspondence principle. 
For by (54), the rotational frequenoy 6/2n in f-measure is proportional to 
1/f, whilst the frequency n of the photon in f-measure is constant. The corre¬ 
spondence principle asserts that for z large and At- 1 , the two frequencies 
should be equal. The explanation arises from the fact that the correspond¬ 
ence principle iB an empirical relation between the dynamical frequencies 
of a mechanical system and the optical frequencies Rational dynamics as 
usod in physics is stated m terms of the r-scale of time, and the calculated 
meohanical frequencies are expressed on the T-scale. On the other hand, we 
have shown in Part II that the oleetromagnetio elements satisfy the wave- 
equation on the f-seale, and the frequency of an electromagnetic vibration 
will be propagated as a constant on the f-scale; moreover the purely 
kinematic considerations advanced by Whitrow show that the frequenoy 
of a photon is constant on the f-scale. The two scales and all corresponding 
measures agroo when the normalization oonstant f 0 is chosen to be the 
present value of t, but for other values of t we shall expect the correspondence 
principle to take the form that in specified circumstances the mechanical 
frequency on the r-scale is equal to the optical frequency on the t-scale. 

in this form, the correspondence principle is satisfied by the simple 
Bohr atom just considered For if w( = f)j2n) is the mechanical frequency 
on the f-scale, co the same frequency on the r-scale, then 


t 6 t _ 4 nimZh* 
W = W t 0 “ 2n t 0 ~ 


const., 


(59) 


by (54) and (55) Hence for z largo, At = l, 


AW 

a) — - -». 

h 0 


(60) 


This puts the correspondence principle m a very remarkable light In 
oonnecting mechanical with optioal frequencies it is the one bridge con¬ 
necting the two scales of time. With the interpretation we have given, it 
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puts in evidence a fundamental distinction between matter and radiation. 
Natural mechanical time-keepers keep r-time; natural optical time-keepers 
keep f-time. On the hscale, radiation in the universe is to be considered 
as reddened by recession; on the r-scale, atoms in a stationary universe 
emit and absorb radiation of a frequency v » n{tjQ which becomes faster 
or bluer as the atom ages. It is not a fanciful speculation to see in the 
interplay of radiation keeping f-time with matter obeying the olassioal laws 
of mechanics on the r-soale a phenomenon giving rise to the possibility of 
change in the universe in time, and so an origin for the action of evolution 
in both the inorganic and organic univorses 


3. We now consider Dirac’s cosmological relation (1937) in the light of 
the treatment of electrodynamics given in Parts I and II. The measure e of 
a charge was introduced via a normalization constant t 0 , such that on the 
t-scale the number e agrees with the ordinary electrostatic measure at the 
epooh t = t 0 . The number e is of course a constant, but we should write it 
as eo to indicate its dependence on f 0 . If we change the value of the normaliza¬ 
tion constant, then the number e 0 is changed. To calculate this, we reoall 
that the mechanical force between two equal charges e 0 on the f-soale, when 
at distance r at time t, is 

t 0 r* 


by (47), Part I This must have the same value whatever value ib chosen 
for fj, and so if < 0 is changed to t lt e 0 is changed to e v where 


cj _ e] 
t 0 " h 


(61) 


Thus the ratio e§/< 0 is independent of the value used for 
Similar considerations apply to Planck's constant. We have dofined h a 
as 2 ir times the angular momentum in the first Bohr orbit at t = t # . At time 
t the angular momentum is then (h 0 /2n) (//t 0 ), and this must be independent 
of the choice of normalization constant Hence if h x corresponds to t lf 


^0 _ ^1 
*o~ h' 


(62) 


It must not be supposed that h or e change with the time.* They are 
constants in any given calculation, for all t, but their values depend on < 0 . 


* The possibility of h varying with the time has been considered by Chalmers 
and Chalmers (1934), Nemst (1935) and others, but the present treatment is quite 
different. 
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It now follows that the fine-structure oonstant* hc/Zne 1 is independent 
of the normalization oonstant (q, as it should be, since it is a pure number. 
We have in fact by (61) and (62) 


A„ = A 1 
4 


(63) 


Similarly the energy W of the Bohr atom just considered is independent of 
ohoioe of t 0 , sinoe it involves ej/AJ. On the other hand, the r-measure of the 
radius, namely r 0 , involves Ag/cJ, and so is proportional to the value chosen 
for *<,. This must be carefully distinguished from the circumstance that the 
t-measure of the radius increases proportionally to t. The same situation 
arises with regard to the r-measure of the length of a “rigid” rod For 
r ' B P( t l t o )> an< l so pcct 0 . Tire number of wave-lengths contained m a given 
material rod is independent of t 0 ; for the wave-length l, from ln = c,n=*AW /h 0 , 
is also proportional to < 0 . 

We are now in a position to consider Dirac’s relation. The gravitational 
attraction between a proton of mass m p and an electron of mass m e gives 
rise to a mechanical force F g given in 1-measure by 



F = W 

0 r * ’ 

(64) 

where 

y = c*f/Jf 0 , 

(66) 


and M 0 is the mass of the (fictitious) homogeneous universe. Its value 
determined from y 0 = 0-66 x 10 -8 at the present epoch 1 = 1 0 = 2 x 10* 
years ™ 0-6 x 10 17 seconds isM 0 = 2-4 x 10“ grams. (Thesame valueisgiven 
by M 0 = $7r(cl 0 ) 8 /> 0 , where p 0 = 10 - * 7 gram, cm. -5 is the present mean 
density of the matter in the universe near ourselves.) The ratio a of M 0 to m p 
has the value 

« = —f5x 10 79 . (66) 

m v 


The electrostatic attraction between the proton and electron gives rise 
to a mechanical force F e given in i-measure by 


< 67 > 

where eo is now the charge on the electron. Henoe the ratio /? of the electro¬ 
static to the gravitational attraction is given by 


= F e = egjfp _ 
3 F g cH t m p m t ' 


i 2-3 x 10“. 


* Professor Dirao kindly directed my attention to this point. 


(68) 
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Dirac drew attention to the fact that a is approximately the square of /S. 
Assuming the relation to be exact we get 

5 -[W <M) 

From this Dirac concluded that MqCC t 1 , and inferred a continual creation 
of matter in the universe. But such an inference is not justified. Delation 
(09), if true, gives M 0 as a certain multiple of whioh is independent 

of the choice of normalization constant (q. The value of t 0 for the (-unit of 
charge to agree with the present electrostatic unit is the present value of t, 
but t 0 is a constant in all calculations. Observers at a later epoch would be 
led to assign the same value for M 0 . It is clear in fact that no inference 
implying the creation of matter could possibly ariso in our treatment, since 
the dynamics is based on counting observations which satisfy Boltzmann's 
equation. 

If in (69) we put M 0 = e a / 0 /y 0 , we get 

y 0 cH a mlm p = eg. (70) 

This relation involves only constants, and is independent of choice of t 0 , 
since cjoc/j, y 0 oc t 0 . From this the value of f 0 may be derived We find 

( 0 = 2-15 x 10 w sec. = 0-7 x 10» years, 

whioh is of the observed order of magnitude of the present value of (, as 
it should be. A theoretical derivation of (70), if possible at all, might disolose 
a factor like it. 


Summary 

Following the mathematical treatment of the preceding paper, a 
physical discussion is given in which it is shown that the concept of an 
electromagnetic field (£, H) as existing in free space independent of the 
circumstances of the test-charge used to measure it must be abandoned. 
Instead it is replaced by the concept of a pair (£, H) which depend on the 
velocity V of the test-charge at the point concerned usod to measure it. 
Nevertheless “field identities” are found which are satisfied at each event 
by the (E, H) as measured there; these identities are explicitly independent 
of the velocity V of the test-charge employed. These are stated as 
equations (18), (19), (20), (21). Two of them coincide with two of Maxwell’s 
equations, namely those expressing the non-existence of isolated magnetio 
poles and Faraday’s law of electromagnetic induction. The remaining two 
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are modifications of Maxwell’s other two equations for free space. They 
imply wave-propagation of E, H, and admit the existenoe of a vector- 
potential. 

With the abandonment of the concept of a field as existing in free space 
independent of the velocity of the test-charge used to measure it, the 
expression of electromagnetic energy as a volume integral must be 
abandoned also. Instead we have an expression for the electromagnetic 
energy associated with the different pairs of charges present in the field, 
calculated mechanically. The sum of this and the mechanical energies of 
the moving massive particles varies with the time according to a linear 
function of the aooelerations of the charged partioles in one another’s 
presenoe. The latter vanishes in certain well-defined circumstances, or has 
a mean value zero, and this gives rise to the phenomenon of non-radiating, 
i.e. “stationary”, states. Radiation occurs in oertain cases of accelerated 
motion, but not for periodio systems. The role of tho field is then the Bame 
as that put forward by Bohr, Kramers and Slater, namely that energy is 
not located in the field but that the field is the mechanism for oonveying 
energy from one set of oharged particles to another. 

A unified treatment of gravitational and electromagnetic phenomena is 
briefly sketched, and the energy formula obtained. A simple Bohr atom is 
treated on the present formulation of electrodynamics. Dirao’s cosmological 
relation is considered. 
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The crystalline structure of steel at fracture 

By H. J. Gough, D.Sc., F.R.S. and W. A. Wood, M.Sc. 

(.Received 20 December 1937) 

[Plates 6—9] 

In a previous paper (Gough and Wood 1936) were described the results 
of a research into the characteristics of deformation and fracture of a mild 
steel (0-1 % C) under statio and fatigue stresses, in which precise methods 
of X-ray diffraction were used in a systematic study of the changes pro¬ 
duced in the crystalline structure by five stressing systems. It was 
established, for the first time, that failure by static and cyclic stressing was 
characterized by exactly the same kind of progressive deterioration of the 
crystalline structure, fracture in all cases being associated with a break¬ 
down—complete or partial—of the crystal grains to a mass of crystallites 
having a limiting size of between 10-* and 10 -# cm. and a completely 
random orientation. Under static stressing the sequence of changes in 
structure were successfully studied, while, using cyclic stresses, the 
separate and combined influences of the range of stress and the superior 
stress of the cycle were investigated, also the essential differences on the 
structure between the effects of safe and unsafe ranges of stress were 
clearly established. 

The present paper describes the results of an investigation undertaken 
in the hope of obtaining a clearer insight into one of the features revealed 
by the previous research. In addition to a complete fragmentation of the 
structure into the limiting size of crystallite, it was considered that a state 
of marked lattice distortion in the fragmented material was also a necessary 
condition of the fracture Btage, but, as stated in the previous paper, the 
recorded radial broadening of the reflexion spots could not be ascribed 
with certainty to the presence of distortion in the lattice of the crystallites. 
It is very difficult to accept the view that the fracture stage is reached as a 
consequence of fragmented structure alone, for the employment of severe 
deformations to obtain cold-worked materials possessing increased hardness 
and increased nominal strength is common practice. These considerations 
suggested that further light might be thrown on this very important 
problem by the investigation of a material similar to that used previously 
but commencing with a structure which had already been brought to a 
fragmented oondition by cold-rolling. 

[ 358 ] 
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A supply of mild steel, in the normalized oondition, was obtained, some 
of which was cold-worked by rolling so that a reduction in cross-sectional 
area of 49 % resulted. The structure of this cold-rolled material was found 
to be entirely fragmented, thus being very suitable for the required purpose, 
as the characteristics of deformation and fracture would not be confused 
by further fragmentation and should thus afford direct information on the 
conditions of the initiation of fracture. Simultaneously with the investiga¬ 
tion of the material in this deformed condition, further work has also been 
carried out on the steel in its normalized state: an improved X-ray 
technique was devised so that the behaviour of the same identical grains 
could be followed through successive stages of an experiment. 

Throughout the present experiments the fatigue method of testing has 
been used, as possessing the unique advantage that a progressive fracture 
can be produced after a great number of applications of the same stress 
conditions, thus enabling the onset of fracture to be examined at as many 
stages as desired. Of the many types of cyclic stressing available, choice 
fell upon that of reversed direct stresses as one by which specimens of the 
present material can be fractured without undergoing any appreciable 
change in external shape or dimensions. 

With regard to the tests made on the normalized material, while the 
essential process of deterioration of structure is as established in the 
previous paper, the improved X-ray technique has established that 
repeated cycles of a safe range of stress do not, os fatigue stresses, produce 
any appreciable effect on the crystalline structure directly the safe range 
of stress is exceeded, however, a complete modification of structure results. 
Another very informative feature established by these tests is that the rate 
of deterioration of structure, due to an unsafe range of stress, decreases as 
the test progresses until a stable state is approached but not quite reached: 
the rate of deterioration accelerates during the last stage of the test and 
fracture results. These structure characteristics, which resemble other 
fatigue characteristics, suggest that the prooess of fragmentation is 
essentially of the nature of a strengthening effeot, assisting the material to 
resist or retard further changes due to the applied stressing system. If a 
state of equilibrium is actually attained, fracture would be indefinitely 
postponed. 

Although the above are matters of interest, major importance is attached 
to the results of the examination of the cold-rolled steel. Under safe stress 
ranges, no ohange whatever in the structure could be detected. But under 
unsafe ranges of stress, a most interesting effect was observed. The 
material initially gives an X-ray spectrum consisting of a continuous ring. 
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Ai the test proceeds, a progressive drop occurs in the intensity of the ring 
relative to the background, but there is no further radial diffusion, which 
would indicate further break-up of the crystallites, nor any evidence of a 
state of preferred orientation. The effect is only to be accounted for by the 
incidence of heavy lattice distortion in the crystallites. 

The experiments thus appear to have shown conclusively that the 
fracture stage of the steel represents the incidence of a certain condition of 
severe internal stress in the previously fragmented material, thus carrying 
to a further stage the work described in the previous paper. 

The details of the experimental work will now be given. 


Material 

The material used for the investigation was a mild steel* which, on 
analysis, proved to have the following composition: C, 0*12%; Si, 0-22%; 
Mn, 0-62%; S, 0-008%; P, 0-018%, Ni, 0-06%; Cr (trace). It was thus 
very similar to, although not of the same batch, as the steel used in the 
previous research (Gough and Wood 1936). The steel was supplied by the 
makers in the form of J in. diameter bar and was stated to have been 
normalized at 900° C.: a metallurgical examination made at the N.P.L. 
showed that the structure was typical of a low carbon steel in the hot- 
rolled condition. Some of the tests to be described were made on the 
material in the normalized condition as received. To provide cold-worked 
material, a bar of this normalized Bteel was cold-rolled so that its diameter 
was reduced from $ to f in., giving a reduction in area of 49 %: this reduc¬ 
tion was effected in thirteen passes, two through each of five holes and a 
further three passes through a sixth hole. No subsequent heat treatment 
was applied to the cold-rolled material which was tested in that oondition. 
These two states of the steel will be referred to as the “normalized” and 
“cold-rolled” conditions. 

Static Tensile Properties 

The principal static tensile properties of the steel in each condition were 
determined by tests made in a Dalby Autographic Recorder: the diagrams 
obtained are reproduced in fig. 1, while the deduced data are as follows: 

(1) Steel in normalized condition (specimen 2 A13, diameter 0-600 in.) 

Upper yield stress, 18-0 tons/in.*; lower yield stress, 17-2 tons/in.*; 

* N.P.L. Reference Mark: JPH, 
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altmate tensile strength, 28*2 tons/in.'; breaking stress (on final areal 
68 tons/in. 1 ; elongation at fracture (on 4 in. gauge length), 33}%, reduc¬ 
tion of area at fracture, 72%; “ cup and oone ” type of fracture. Attention 
is drawn to the drop of stress at the yield point (see fig. 1 a), a usual 
characteristic of mild steel. 

30 
25 
20 
15 
10 
5 


?f 

S 3 

ft 

It 



(2) Steel in cold-rolled condition (specimen 1C1, diameter 0-374 m ) 

No yield point- ultimate tensile strength, 56-6 tons/m.*, breaking stress 
(on final area), 73 tons/in *; elongation at fracture (on 3 in gauge length), 
6 %, reduction of area at fracture, 51 %, “cup and cone ” type of fracture. 
The absence of a yield point and the form of diagram obtained (see 
fig. 1 6) are characteristic of cold-rolled steel. 

Incidentally, data such as are given above are usually interpreted as 
indicating that the cold-rolling operation has conferred additional strength 
or hardness above that exhibited during a tensile test made on the material 
when in the normalized condition, but this has not been demonstrated in 
the above case. For considering the cold-rolled condition merely as an 
intermediate stage in the deformation of the original material and making 
correction for the change in diameter suffered in the cold-rolling, then the 
ultimate tensile strength and reduction of area at fracture of the cold- 
rolled Bteel become 28-0 tons/in.* and 75%, respectively, as against 
28*2 tons/in * and 72 % for the normalized condition. These figures corre¬ 
spond within the accuracy of the experiment, while the recorded figures of 
68 tons/in* and 73 tons/in, 1 for breaking strength—which need no correction 
for change in area—again agree sufficiently closely as to afford no real 
evidence of strengthening by cold-rolling. 


VoLCLXV. A. 
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Fatigue test methods 


It was decided that, in the present tests, the progressive changes due to 
fatigue should be complicated by superimposed plastic deformation as little 
as possible; stress cycles of reversed direct loading (alternating tension and 
compression), having a numerical average value of zero, were therefore 
selected for application. As a result, none of the specimens exhibited any 
measurable change in dimensions after test, the diameter of each was 
carefully measured, at every stage of test, using accurate optical projection 
methods. The fatigue tests were earned out in a well-known form of 
olectro-magnetic tosting machine at a frequency of 2200 stress cycles per 
minute circular specimens (see fig. 2 b, Gough and Wood, 1936 ) were 
employed, the diameters being 0-217 and 0-172 in. for the normalized and 
cold-rolled conditions, respectively 



Elongotion % on 3 inch 
gougs langth • 8dioma 
Jf'io. 1 6 


Method of X-ray examination 

The X-ray technique used was that of the back-reflexion method as in 
the previous work with, however, two important modifications. First, the 
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X-ray spectrometer was adapted so that a specimen, examined at stages 
during its history, could be photographed each time at exactly the same 
point on the surface. It was possible, as a result, to follow the behaviour 
in detail of the same set of grains. This represents a definite advance on 
earlier X-ray technique, especially in the case of normalized material from 
which the incident beam is diffracted into a senes of separate reflexion 
spots. Any process causing dislocation or rotation, throwing a grain out of 
the reflecting position, is thus directly emphasized when photographs 
taken at successive stages are compared. On the other hand, since the 
number of reflexion spots involved is large, if photographs taken at 
different stages of a test are identical, spot for spot, the method shows, 
with a very high degree of sensitivity, that no change has taken place. 
The second feature utilized an effect first noted m other work on heavily 
deformed metals. It has been known for some time that the cold working 
of a metal affects the efficiency of diffraction for X-rays An appropriate 
wave-length for cold-worked mild steel is the Co-K radiation, which there¬ 
fore was employed in these experiments. 


Results 

For each condition of the steel, the procedure adopted was, briefly, as 
follows. A series of endurance tests was first carried out, each individual 
test being made without interruption, in order to establish definitely the 
limiting range of stress for an indefinitely large number of stress cycles. 
In the majority of cases the specimen was submitted to X-ray examination 
before and after test only, thus giving information regarding the total 
changes produced. The limiting ranges thus being established, further 
specimens of each type were tested at stress ranges slightly greater and, 
also, slightly less than the limiting range, each test being interrupted at 
regular (logarithmic) intervals for an X-ray examination m order to make a 
careful study of the progressive changes in structure which occurred. It 
may be mentioned that previous experience—confirmed by the present 
tests—had shown that during such interruptions, involving periods of rest, 
some degroe of “recovery ” takes place so that the total endurance of such 
a specimen subjected to such an interrupted test usually exceeds that of a 
specimen tested without interruption. 

The results of the endurance tests which were not interrupted are as 
stated in Table I, from which it is seen that the limiting fatigue ranges of 
the metal in the normalized and cold-rolled conditions were clearly defined 
at ± 11-6 tons/in. 1 and ± 19-7 tons/in. 1 , respectively. [These are nominal 
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values reckoned on the cross-sectional areas of the specimens before test. 
It has been pointed out that the apparent ultimate tensile strength of the 
cold-rolled material, when corrected for the reduction of area suffered in 
the cold-rolling operation, agreed very closely with the ultimate tensile 
strength of the normalized material. Using the same correction, the 
fatigue strength of the rolled material would be estimated at 

± 11-0 x ~ - ± 22-7 tons/in. 4 . 

The experimental value obtained is ± 19-7 tons/in.* only, suggesting that 
the intrinsic fatigue strength of the metal has actually suffered deterioration 
during the operation of cold-rolling.] 


Tablk I. Results ok fatigue tests made without interruption 




Nominal ap¬ 


Deduced 



plied range 

Total number of 

limiting 


Reference 

of direct 

cycles endured* 

range of 

Condition of 

mark of 

stresses 

(millions of 

stress 

stool 

specimen 

tons/in.* 

cycles) 

tons/in. 1 

Normalized 

2A0 

±13 

1-040 B ] 



2A7 

±12* 

2 172 B 



2A8 

±12 

4 148 B 

±110 


2A9 

±H| 

0118 B 



2A10 

±111 

31 012 U j 


Cold-rollod 

1A1 

±20 

0-330 B 



1A2 

±24* 

0-390 B 



1 A3 

±23 

0-912 B 



1A4 

±22 

1 098 B 

. ± 19-7 


1 Ad 

±21 

0-898 B 


1A0 

±20 

2-230 B 



1A9 

±19* 

41-008 U 



1A7 

±19 

63-570 U 



* B denotes specimen cracked or fractured at end of test. U denotes speoimen 
remaining unbroken at end of test. 


The results of the uninterrupted fatigue tests are shown, diagrammatic- 
ally, in fig. 2. 

Turning to the X-ray examination, it is not necessary to describe the 
results of the examinations made on the specimens whose histories are 
recorded in Table I, as the features disclosed are fully covered by the 
characteristics now to be described of those specimens which were examined 
at progressive stages throughout each test. With the exception of fig. 11 
all the X-ray photographs reproduced with this paper were taken at posi- 
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tiona on the specimen through which the final fatigue fracture did not pass. 
Photographs taken at the fracture show fragmented structure of which a 
sufficiently representative number of photographs were reproduced with 
the previous paper. 



Normalized condition 

Considering, first, the results obtained on the steel in the normalized 
condition, the application of the improved X-ray technique disclosed 
features of interest which were additional to those described in the previous 
paper on very similar material. These may be discussed in relation to the 
results obtained on the following typical specimens, representing the 
behaviour of the crystalline structure under repeated cycles of reversed 
direct stress (a) at a range (±111 tons/in *) just less than the fatigue range 
(± 11-7 tons/in.*), and (b) at ranges (+ 12 and ± 13 tons/in.*) just above 
this critical value. The particulars of the specimens used and of the stages 
at which an X-ray determination was made are summanzed in Table II. 

Specimen 2 >111. This specimen was unbroken after 10 7 cycles of 
±111 tons/in.*, after which the test was discontinued. In tho initial 
condition the specimen consists entirely of large perfect grains giving on the 
X-ray photograph, as shown in fig. 3, a system of sharp separated reflexion 
spots. The photographs obtained at each of the five stages of the subse¬ 
quent history were exactly the same, spot for spot, despite the very large 
number of reflexions involved. It is only necessary to reproduce the 
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photograph obtained after 10 7 cycles, fig. 4, for comparison with the original 
structure of fig. 3. This result therefore demonstrates, with a degree of 
sensitivity not hitherto employed, that repeated cycles of a safe range of 
stress do not, of themselves, produce any effect whatever on the crystalline 
structure, in connexion with this statement it will be recalled that, under 
the present mode of stressing, the specimen exhibits no measurable overall 
change in dimensions, so that this result is not complicated by the effects 
of any superposed plastic deformation and this observation applies also to 
the following specimens. 

Table II. Interrupted tests made on specimens op steel in the 

NORMALIZED CONDITION 

Strew range 

Specimen tons/aq. in. Stages of X-ray examination (cycles) 

2A 11 ±lli After 0, 10*. 10*. 10», 10* and 10’ (unbroken) 

2A12* ±12 After 0, 10», 10*, 10*, 10*. 2x10*, 3x10*, 

4 x 10», 10 7 , 3 03 x 10 7 (fractured) 

2 A16* ±13 After 0, 10*, 10*. 10 s , 10*. 2 x 10*. 5x10*. 

5 604 (fractured) 

* The total endurances of those specimens are greater than would be predicted 
from the results given in Table I and fig. 2 which relate to tests earned out without 
interruption. In our expenonce, this increased endurance is always a oonsoquenco 
of interruptions and rest penods. 

Specimen 2 A12. This specimen, tested at +12 tons/in *, represents a 
very interesting case. The initial photograph, fig. 5, is of the standard 
type for the normalized material, showing sharply defined reflexion spots. 
Fig. 6, obtained after 10* cycles, however, shows a complete change in the 
identity of the spots recorded: the replacement of the original spots by 
fresh ones indicates a modification tn structure which could not be detected 
by earlier technique. Further changes of this nature were also clearly 
visible after 10 4 and after 10* cycles. A further examination made after 
10 * cycles revealed only a small further change and the rate of change in 
the process of deterioration of structure was obviously slowing up to such 
an extent that changes in the features of the photographs taken after 
10 *, 2 x 10 *, 3 x 10 *, 4 x 10* and 10 7 might easily escape attention. Figs. 7 
(after 10* cycles), 8 (aftor 10* cycles) and 9 (after 10 7 cycles) will sufficiently 
illustrate these characteristics. there is a distinct although slight difference 
between figs. 7 and 9, although little between 7 and 8. This specimen, 
which finally fractured after 3 x 10 7 cycles, was tested at a range of stress 
(± 12 tons/in.*) which only slightly exceeded the limiting safe range of 
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stress (±11*7 tons/in.®): the material is clearly subjected to a critical stress 
oondition. The initial comparatively rapid rate of deterioration, decreases 
until a stable state is nearly, but not quite, reached. This rato accelerated 
again during the very last stages of the test as shown by fig. 10, which 
represents the structure after failure of the specimen at 3-03 x 10 7 cycles, 
the structure of fig. 10 is entirely different from that of fig. 9. The fracture 
of the specimen took place at a position some distance away from the spot 
to which all those photographs relate. This resumption of activity in the 
last stages of test is reminiscent of the changes in hyBterotic behaviour 
under fatigue stressing as shown by strain and temperature measurements. 
The fatigue range of strain or stress should be regarded as marking a 
dividing line between those conditions under which the structure of the 
material can or cannot attain a really stable condition' with a very 
uniform material, the limiting range is clearly marked, with less uniform 
material, this is not the case and the S/N curve often exhibits some 
considerable “scatter” of results in this region. 

Specimen 2 Alb. The object of the test made on this specimen also waH 
to trace out the changes occurring under an unsafe range of stress of a 
value (± 13 tons/in *) slightly greater than that UHcd in the previous 
experiment on specimen 2 A12. The structure at a selected spot was 
examined before the experiment, after its conclusion (when fracture 
occurred after 5*504x10® cycles) and at six intermediate stages, as 
recorded in Table II. The X-ray photographs obtained after 10®, 10*, 10®, 
10 * and 2 x 10® cycles also showed clearly that a progressive change was in 
progress, the changes, as before, occurring at a decreasing rate but not 
slowing up to anything like the same extent as in specimen 2 A12 With 
regard to the last stage of the test immediately leading to fracture and 
marked by an increase in the rate of modification of the structure, this 
stage must have been confined in the present instance to the last 0*504 x 10® 
cycles of the test: although progressive changes were definitely visible 
after 2 x 10® cycles, the next examination made after 6x10® cycles showed 
very little further change, yet the specimen fractured at a total endurance 
of 6*504 x 10® cycles. It does not appear to be necessary to reproduce 
photographs taken from this specimen. The essential features observed 
were exactly those previously illustrated. 

Thus, the present tests made on the normalized steel and using the 
improved and more sensitive X-ray technique, confirm the previous con¬ 
clusion that the repeated applications of a range of stress less than the 
limiting fatigue range do not, in themselves, necessarily produce the 
slightest change in crystalline structure of the material. In addition, these 
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tests have disclosed that, under an unsafe range of stress, the deterioration 
of the structure caused by repeated cycles is very marked at the commence¬ 
ment of the test and then proceeds at a diminishing rate until just before 
actual fracture occurs. The smaller the excess of the applied stress range 
over the limiting range of stress, the nearer the approach to a state of 
complete stability under the applied loading. 

The actual process of grain fragmentation by the dual processes of grain 
dislocation and the formation of crystallites is, of course, exactly as 
described in the previous paper. The new technique, whereby the 
behaviours of individual grains have been studied, has enabled these 
characteristics to be identified with the disappearance of some reflexions 
and the appearance of new reflexions corresponding to the dislocated 
grains, it has also established definitely that, under some cases of fatigue 
stressing, the fragmentation is confined to occasional grains. 

Cold-rolled condition 

Turning now to the fatigue characteristics exhibited by the steel in the 
cold-rolled state before test, typical specimens of this material were also 
examined at various stages of test under stress ranges in the neighbourhood 
of the limiting fatigue range which, it will be recalled, had the value of 
± 19-7 tons/in.*. Detailed reference may be made to the results of the 
typical studies made on the two specimens whose cyclic histories are 
summarized in Table 111. 

Tablk III. Interrupted tests made on specimens of steel in 

THE COLD-ROLLED CONDITION 
Stress range 

Specimen tona/in.' Stagos of X-ruy examination (cycles) 

1A8 ±191 After 0, 10*, 10 s , 10 s , 10*. 10’, 1107x10’ 

(unbroken) 

1A10 ±201 After 0, 10*. 10*, 10 s , 10*. 2x10*, 3x10*, 

11 374 x 10* (fractured) 

Specimen 1 A 8 represents the behaviour of specimens which withstood 
without fracture the applied cyclic stresses. The initial state gave the 
diffuso diffraction ring of fig. 12. The crystallites into which the grains 
are broken down, and which are resjionsible for the continuous ring, muBt 
occupy at least the greater part of the volume, for even if any reflexions 
from existing largo grains are present, they are entirely submerged by the 
continuous ring. From other work on cold-worked metals it has been 
pointed out (Wood 1935 ) that there is a limiting lower size, for a given 
metal, beyond which the size of the crystallites cannot be reduced by further 
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working. This limit appears to have been reached in the present cold- 
worked steel. 

As with the normalized steel, the examination showed that the applica¬ 
tion of cyclic stresses having this safe range produced no sign of change of 
any kind. To establish this fact, it is sufficient to compare the initial state 
of the material, as shown in fig. 12, with figs. 13 and 14 taken after 10 s and 
10 7 cycles As far as can be seen, they are identical. The cold-worked 
specimens, therefore, obey the same criterion for safety as the normalized 

Specimen 1 A10 . This specimen shows the effect of repeated cycles of a 
range of stress ( ± 2Q\ tons/in. 1 ) which exceeds the fatigue range (± 19*7 
tons/in.*). The initial state, reproducer! in fig. 15, was similar to that of the 
previous specimen. But under cyclic stressing, progressive changes took 
place leading to a final state which was very different from the original. 
After 10 s cycles, the X-ray photograph, as reproduced in fig 16, showed a 
marked drop in intensity of the ring relative to the background. There was 
a further large decrease after 10 * cycles, to Buch an extent that, at the last 
stage before fracture, it was only just possible to pick out the ring from the 
background. The effect is illustrated in the photographs reproduced in 
figs. 17-20 inclusive, which show the condition of the structure after 
10®, 2 x 10®, 3x 10® and 1-14 xlO 7 cycles, respectively. These represent 
therefore, the progressive changes, leading to fracture, found in the crystal¬ 
line structure of a material which, prior to the experiments, had been cold- 
worked sufficiently to prevent any appreciable compensating effects due 
to further fragmentation of the grains. 

An estimation was made from microphotometer measurements of the 
magnitude of the intensity change. The X-ray tube used had a double 
window, one of which was used for photographing the test specimens and 
the other for a standard specimen, so that the efficiency of the tube could 
be checked. Actually there was no change during the tests. The processing 
of the negatives was standardized so that the measurements were on the 
same basis: the measurements obtained are as stated in Table IV, which 
gives the difference in density* between the [>oak of the diffraction ring 
and the background. 

Table IV. Progressive changes in density between beak of 

DIFFRACTION BING AND BACKGROUND 

No. of cycles ... 0 10 s 10* 10* 10* 2x10* 3x10® 

Intensity diff. ... 0 21 014 0 13 013 0 07 0 05 0 03 

• D = log IJI, whore D = density, Z 0 = intensity of light transmitted through oloar 
film, I = intensity transmitted through point where measurement is taken. 
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There is thus a final drop of 86 % in the intensity. This is far beyond any 
experimental error, which would be of the order of a few per cent. 

As in the fatigue specimens, the same weakening of the diffraction ring 
is exhibited by the material when fractured by static tensile forces: 
figs. 21 and 22 relate to specimen 1C1 and illustrate the effect. Fig. 21 
shows the state of the material at the fracture position, where the specimen 
underwent local reduction of area, while fig. 22 was taken at a position 
where the specimen had suffered general elongation only. 

Apart from the above intensity changes, there were no other changes 
observed in the diffraction ring. In particular there was no further radial 
diffusion, which would have accompanied further break-up of the crystal¬ 
lites. Also, there was no departure from the original uniform distribution 
of intensity round the circumference; no state of preferred orientation of 
the crystallites had been created. The effect observed is only, therefore, to 
be accounted for by the incidence of heavy lattice distortion in the 
crystallites. This distortion appears to lie characterized by a “staggering” 
of the atoms about their normal positions in the crystal lattice, a process 
which would lead to the observed fall in intensity in a manner analogous 
to the influence of elevated temperature. 

The experiments thus appear to possess considerable significance as 
affording a direct explanation, supported by physical evidence, of the 
conditions at fracture of a metal. The stability of the atomic arrangement 
in the metal is the result of equilibrium between the positivo ions and the 
surrounding electron distribution. Permanent deformation of the metal 
produces, in the first place, a process of grain dislocation and fragmentation 
leading to a structure consisting entirely of a mass of crystallites having a 
limiting size and completely random orientation, But the attainment of 
this condition is not the criterion of fracture ‘ in fact, although it is doubtful 
if the metal is really “strengthened ” by such cold-working, it can certainly 
withstand, without plastic deformation, a greater strain or range of strain 
than in its initial state. There is also little doubt that this process of 
fragmentation, even m its early stages, has an influence on the stability of 
the atomic structure as shown, for example, by the well-known effect of 
cold-work in lowering the recrystallization temperatures of metals: the 
strain conditions at the boundaries of neighbouring crystallites of different 
orientation are probably responsible. But the investigation shows that the 
stage when fracture is imminent is approached only after the structure has 
become completely fragmented. Further cold working does not result in a 
further reduction in stze of the crystallite but probably leads to a progres¬ 
sive distortion of the intrinsic structure of the crystallites themselves, the 
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structure as a mass continuing to exhibit random orientation. Whether 
that is the correct explanation or not of the setting up of severe internal 
strains, the experiments have clearly demonstrated the progressive 
deterioration in the regularity of the atomic structure and electron 
distribution and, therefore, a disturbance of the equilibrium of the 
structure producing localized regions of weakness at which fracture can 
be initiated under the action of external forces whose magnitude would 
appear to be quite inadequate if the material were homogeneous and 
possessed the full theoretical strength. 
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l. Introduction 

The essential contribution of Heisenberg to the theory of ferromagnetism 
was in showing that those effects which had been correlated by means of 
the formal molecular field hypothesis of Weiss could be interpreted as 
arising from interchange interaction between electrons in atomB, of the 
same type as that involvod in the formation of homopolar molecules. The 
Heisenberg method of approach has, however, proved in many ways less 
convenient in the detailed treatment of ferromagnetism than the method 
initiated by Bloch for the theory of metallic properties generally, in which 
possible energy states are derived for electrons treated as waves travelling 
through the whole crystal The first approximation m this collective 
electron treatment is that of free electrons, for which the energy is purely 
kinetio, the number of states per unit energy range then being proportional 
to the square root of the energy. The effect of the periodic fiold of the lattice 
is to modify the distribution of states, giving rise to a senes of energy 
liands, separate or overlapping. Elaborate calculation is necessary to 
determine the form of these bands with any precision, though in general 
near tho bottom of a band the energy density of states depends on the 
energy in the same way as for free electrons, but with a different pro¬ 
portionality factor, this holds also near the top of a band, the energy being 
measured downwards from that limit. The salient characteristics of metals 
depend on the electrons in unfilled bands. In particular, in the ferro¬ 
magnetic metals, iron, cobalt and nickel, the ferromagnetism may be 
attributed to the electrons in the partially filled band corresponding to 
tho d electron states in the free atoms. The exchange interaction is such 
that, at low temperatures, instead of tho electrons occupying the lowest 
states in balanced pairs, there is an excess of electrons with spins pointing 
in one direction, giving rise to a spontaneous magnotization. The decrease 
of energy due to the exchange effect with increase in the number of excess 
parallel spins is accompanied by an increase due to the electrons moving 
to states of higher energy in the band. The equilibrium magnetization 
[ 372 ] 
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depends on the number of electrons, the form of the band, the magnitude 
of the exchange interaction, and the temperature, and must be calculated 
on the basis of Fermi-Dirac statistics. The primary purpose m this paper 
is the determination of the form of the magnetization temperature curves 
for bands of the standard type and for a range of values of the exchange 
interaction energy. Before discussing the particular problem more fully, 
the relation between the present and some of the previous work will be 
briefly indicated. 

The advantages of a collective electron treatment for ferromagnetism 
were pointed out some years ago in a paper (Stoner 1933) in which it was 
shown that such a treatment enabled an immediate interpretation to be 
given to the non-integral values of the atomic moments of the ferromagnetic 
metals, and of the variation of the moment with small additions of non¬ 
ferromagnetic metals in alloys Little was then known about the form of 
the eleotronio energy bands in transition metals, and the treatment was 
necessarily qualitative. Considerably greater precision in formulation 
became possible on the basis of a suggestion by Mott (1935), having a 
general justification, on the form of the energy bands in the ferromagnetic 
metals. In nickel, in particular, it was suggested that a narrow d band was 
overlapped by a much wider a band, and that the top of the Fermi distri¬ 
bution came at a point corresponding to 0*6 oleotron/atom in the a band, 
with a deficit of the same number in the d band, this number corresponding 
to the observed saturation moment of nickel at low temperatures. (It may 
be noted that “holes” in bands are to a large extent magnetically equi¬ 
valent to the same number of electrons m otherwise empty bands, as is 
more fully discussed elsewhere (Stoner 1936 a)) This general idea of Mott 
has been developed successfully in a number of directions (cf. Mott and 
Jones 1936). A first step in the quantitative treatment of the effect of 
temperature on tho magnetic properties of metals was the determination 
of the temperature dependence of free electron susceptibility (Stoner 
I 93S> 19366), the results obtained are applicable not only to free electrons 
but also to electrons in unfilled bands with the same type of energy distri¬ 
bution of Btates. Series expressions were derived appropriate to high and 
low temperatures, and values for the intermediate temperature range were 
found by graphical interi>olation. In a subsequent discussion on spin 
paramagnetism in metals (Stonor 1936 a) a simple method of taking into 
account the effect of interchange interaction was described, the method 
being applicable to the determination of the temperature variation of the 
susceptibility of a ferromagnetic above the Curie point. Shortly after¬ 
wards the treatment was extended to deal with the spontaneous magnetiza- 
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tion below the Curie point and the general character of the modifications 
resulting from the use of Fermi-Dirac, in plaoe of classical, statistics, was 
determined. It was found, however, that the method previously used, 
involving series calculations for high and low temperatures, and graphical 
interpolation, was inadequate to give numerical results of satisfactory 
precision, the lack of precision being most marked for the temperature 
range which was often of greatest interest as including the Curie point 
region. For precise numerical results, an accurate evaluation of a series of 
the basic Fermi-Dirac functions was indispensable. An extensive table of 
Fermi-Dirac functions is now available (McDougall and Stoner 1938) and 
this provides the necessary starting point for much of the computational 
work involved in the present paper. 

In the meantime two pajwrs have appeared by Slater (1936a, 6) on 
the ferromagnetism of nickel, the first of which deals with the theoretical 
calculation of the low temperature saturation moment, the second with the 
temperature variation of the magnetization. An estimate is made of the 
form of the electronic energy bands, based on extrapolation of calculations 
for copper by the Wigner-8eitz method, the results confirming the essentials 
of Mott’s suggestion, a theoretical calculation is also made of the magnitude 
of the exchange interaction. Numerical calculation then shows that the 
exchange effect is large enough to produce ferromagnetism, and there is 
fair agreement between the calculated exchange energy and that deduced 
from the observed Curie temperature. In the second paper numerical 
calculations are made of the free energy at a series of temperatures as a 
function of the magnetization, the equilibrium magnetization at each 
temperature being that for which the free energy is a minimum. The 
minima are very flat, and in view of the computational difficulties, all that 
can be said is that there is probably agreement with experiment to within 
the error of calculation. The method used does not seem adapted to a 
precise determination of the magnetization as a function of temperature, 
but the computational difficulties are undoubtedly very formidable when 
the energy distribution of states in the band is known only in the form of 
numerical calculations 

With the assumption of a “standard ” energy distribution of states in a 
band, precise calculations of the magnetization as a function of the 
temperature may be made by the methods to be described. Owing to the 
peculiarities in the forms of the electronic energy bands of particular 
metals, it cannot be claimed that the results will necessarily be strictly 
applicable to any actual ferromagnetic. For the results to be applicable 
with fair approximation, however, it is merely neoessary that the band 
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form should approximate to the standard type over part of its range, up 
to and somewhat beyond the top of the Fermi distribution. As far as can 
be judged from the graphical representation of the form of the d band in 
nickel, computed by the Wigner-Seitz method, the approximation is here 
reasonably close; the energy density of states near the top of the band 
(the portion here relevant) being roughly proportional to the square root 
of the energy measured downwards (see Slater 1936a, fig. 1, p. 539). It 
is difficult to say how far the general character of the results iB likely to be 
affected by special peculiarities m the form of bands, but thiB question 
opens up such a wide range of possibilities that it is hardly profitable to 
pursue it, except with reference to more detailed information about the 
band form for a particular metal. The choice of the standard band form 
has the formal advantages that precise calculations are possible covering 
a wide range of variation of the relevant parameters, and that in the limit 
the results pass over into those obtained on the basis of classical statistics. 

In the treatment it is convenient to introduce the parameters e„, O', 0 
and £; e 0 being the maximum particle energy at absolute zero (or the 
energy difference between this and the top of a band, when the “holes” 
in a band, rather than the electrons, are relevant) in the absence of 
exchange interaction, kO' a measure of the interaction energy, as explained 
more precisely below, 0 the Curie temperature at which the spontaneous 
magnetization becomes zero, and £ the relative magnetization, i.e the ratio 
of the number of excess parallel spins to the total number of potentially 
effective spins (corresponding in nickel, for example, to the number of 
holes in the d band). The general problem is to determine £ as a function of 
T. The parameter O' is so chosen that with classical statistics, O' = 0 \ with 
this statistics, as is well known, £/£ 0 is a unique function of TjO, and 
£o=l A single series of calculations is therefore sufficient to determine 
the £, T relations for any value of kd'. (Such calculations have previously 
been carried out, Stoner 1931 ) With Fermi-Dirao statistics an additional 
parameter, e„, is involved, and the work neoessary to cover an adequate 
range of values of 6 ' and e 0 is very much greater It is appropriate to 
consider £ as a function of kT/e Q , and to aim at obtaining sets of values of 
£ corresponding to different values of kd'je 0 . It seems not to be practicable, 
in general, to obtain these values directly, and the procedure adopted as 
most convenient has been to calculate kO'je 0 corresponding to different 
values of £(0, 0-1, 0-2, ...) at a senes of values of kT/e 0 (0, 0 - 06 , 0-1, ...); 
from these results, it is then possible, by inverse interpolation, to obtain 
curves of the more usual form for particular values of kd'/e 0 . Further, for 
comparison with the classical T /0 curve, a series of £/£,, T /0 curves 
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may be obtained for a series of values of W/e 0 . The classical curve 
corresponds to kd'/e 0 -»-oo. 

The theory is developed so as to cover the paramagnetism above the 
Curie j>oint as well as the ferromagnetism below, siuoe this must also be 
considered in any discussion of actual metals. The theoretical formulae 
are given, when appropriate, in a form suitable for numerical computation. 
Computational details are briefly described, and the results given in tabular 
and graphical form The results corresponding to classical statistics are 
included, as a standard for comparison. A considerably higher degree of 
precision has been aimed at than might appear necessary for any direct 
comparison with experiment for two reasons. One is that only a limited 
number of results can be given within the ranges of two variables, and any 
interpolation which may be required is hazardous unless the initial values 
are of adequate precision; the other is that the differences between numbers 
to be compared are often small, rendering a rather high precision necessary 
in the numbers themselves if the comparison is to be significant. Further, 
owing to the character of the functional relations involved, m some parts 
of tho range the attainable precision in the final values obtained, which 
are of experimental interest, may be less by several powers of ten than that 
of the values of the basic functions used, so that for these ranges, at least, a 
much higher precision is essential in the basic computations than that 
desired in the final results. 


2. General theory 

The system to be considered is a set of N electrons in a partially filled 
electronic energy band. Tho magnetic moment may be calculated from 
the general formula 

M = -(dFldH) TV , (21) 

where F is the free energy. With Fermi-Dirac statistics, 

F - NIcTrj+Si, (2-2) 

where Q = -fcT^logtl + expfy-fe. + O/fcT}], 

the summation being taken over all the energy states The energy e f 
is taken to include the whole of the energy except that due to the exchange 
interaction which involves dependence on the magnetization as a whole, 
and that due to an external field. The corresponding terms make up 
e' which may be written 


€ t = £j +€j. 
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The effect of exchange interaction is to introduce a term proportional to 
the square of the magnetization (for a fuller theoretical discussion, 
reference may be made to Slater 1936 a; see also Stoner 1936 a), so that the 
corresponding energy |>or unit volume E e , may be expressed as 

E„ = \olI s . 

Since ^E v j?I = - a/, 

the energy of an olectron with spin antiparallel and parallel to I is given 

by 

6i = ±/tal. 

Let M be the resultant magnetic moment of the N electrons, £ the relative 
magnetization, and n r the number of electrons per unit volume. Then, 



£ = M/Np, 

(2-3) 


<5i = ±/i*an e £. 


This will be written 

‘1 ~±m- 

(2*4) 


Thus W, as used here, is a measure of the exchange interaction energy, 
and is such that 2 kd% is the difference in energy for the spin parallel and 
antiparallel to the magnetization, while the difference in energy per 
electron m the completely magnetized state (£ * I) and the demagnetized 
state (£ = 0) is \k0'. (It will bo shown below that O' > U, where 0 is the 
Curie temperature except in the classical limit, when O' - 0, kO’ will be 
referred to as the interaction energy coefficient, that part only of the 
interaction energy which depends on number of excess parallel spins being 
understood.) Considering now the effect of the external field, the electron 
may bo treated as though the spin is orientated parallel or antiparallel to 
the resultant of the external field and the effective internal field due to 
exchange interaction, so that 

£ i = e i + e a = ± (*0'£ + /*// )• 

Let v(e) be the number of states per unit energy range for one direction of 
spin; then 

SI = - kT J v(e) log[l + expfy - (e - lcO'£-fiH)lkT}] de 

v{e) log[ 1 + exp{?7 —(f + kd% + /iH)/kT}]de. (2*6) 


Vol. CLXV. A. 
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It is convenient to introduce the abbreviations 

x = cjkT; ft = kO%!kT - (O'/T) £,/?'= fiUjkT. (2-6) 

For bands of the standard form, 

v(e) = oe*. 

and with e 0 as the maximum electron energy when the electrons are in 
balanced pairs in the lowest energy states, 

JV = 2J ae*de = |o4> 

giving v(f.) = (2-7) 

Substituting (2-0) and (2*7) in (2-5), 

Q = -lNkT(krit 0 )^xi[\og{l+oxp( V ~x+fl+ft')} 

x{l + exp (y-x-ft-ft')}] dx. 
This formula is simplified by integrating by parts, since 

J o ** l°g{ 1 + exp(^—«)} dx = ~~ - = f Ffa). 

Thus, Q = - lNkT(kTle 0 )*[F t ( V +ft+ft f ) + F t (j,-fl-ft')] (2-8) 

Making use of the relation 

. <*•> 

expressions are obtained for M and N from the formulae 
if = ~(dFldH) T f r - -(0 QldH) l T r , 
and N = - (1 /IcT) (dQ/dt /), 

in the fonn 

M = lN^kTle o m( V +ft+ft')-t\( v -ft-p')], (210) 

N = lN(kTle o nF i { V +p+p') + i\(r,~p-P')]. ( 2 - 11 ) 

These are the two fundamental equations of the present treatment, from 
which more convenient forms appropriate to the various special cases 
may be derived, as will be shown. The function F^ij) is one of the Fermi- 
Dirac functions which have been tabulated for a wide range of values of the 
argument (McDougall and Stoner 1938), while outside the range covered 
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by the tables it may be accurately computed by using a few terms of senes, 
which have also been given. Since the other functions are not further used 
in this paper, the subscript will be omitted, and also, where there is no 
ambiguity, the argument, i.e. 

i\(V) = m = *'■ (2*12) 

Series expansions 

The series expansions required are generally based on the two series 
expansions for F(t/), one appropriate for ?/ < 0 (corresponding approxi¬ 
mately to kTle 0 > 1) and the other (as asymptotic series) for tj^>\ (approxi¬ 
mately kTle 0 4, 1). 

For i) < 0, F( V ) = ^ i b r e'*, (2-13) 

where b r = (- ) T ~ l jr % . 

For 1 , F(j) = §?«{I + £0*9 ») , (2-14) 

where «2r = 2c*.(2) ($)(-*) .. (£-2r), 

and c , r = 

It may be noted that 

e, = jr*/12, r 4 = 7w 4 /720, 

as these forms often enable the api>earaiice of formulao to be simplified. 

The series (2-13) and (2-14) have previously been fully considered, a dis¬ 
cussion having been includod of the number of terms to be taken in (2 14) 
to obtain the best approximation (McDougall and Stoner 1938), and the 
methods for proceeding from senes in t) to series in (kT/t 0 ) have been 
described (Stoner 1935, 1936a, b), so that it will usually be sufficient in the 
sequel to give the final senes expressions without details of their derivation. 
As extensive use is made ot the inverse senes derived from (2* 13) and (2-14) 
it may, however, be well to give these 
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where 




1_V3 


6 V 2 _fW® 

+ 32' 30 


= 0-353 553 39, 
= 0-057 549 91, 
= 0-005 763 96. 


For 1, writing y = {fF(^)} 1 , 

V «Sf{l- * r }» 

where = c, = ^ = 0-822 467 03, 

°4 ™ l c i + l c 4 =»”* = 1-217 613 64, 

2477T® 

= 5 c 1 + 5 ® <c * c 4 + ¥b B c # = 25920 = U ^86 22 - 


3. Paramagnetism 


(i) Without interaction 


When the exchange interaction effect is zero (/? = 0) the relative magneti¬ 
zation is given by 


_ F(v+n- *\r,-P) 

^/* F(7+/?')+F( 7 -/?')’ 


(3-1) 


where 


p' = 


In the limit (e 0 /kT)~> 0, F{ij)-> JnM, and the classical result is obtained: 


£ = tanh/r. (3-2) 

Provided that /?' is small, so that only the first power in II need be con¬ 
sidered, 

£ = /?'(F'/n (3-3) 

giving in the classical limit (for which F'/F-* 1), the well-known result 

MjH = Np'lhT. (3-4) 

It is usual in dealing with experimental results on paramagnetism to con¬ 
sider the inverse of the susceptibility as a function of temperature. In 
presenting the theoretical results with Fermi-Dirao statistics, it is con- 
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venient to consider kT/e 0 as the variable, rather than T, since F and F' are 
functions of kTje 0 , and to express the relation (3*3) in the form 


1 fill _kT F 
S' e 0 “ e» F" 


(3-5) 


the quantity on the left being pro}x>rtional to the inverse of the suscepti¬ 
bility. The theoretical curves corresponding to this relation have been 
approximately computed (Stoner 1935,1936 6 ) using the methods indicated 
in § 1 . 

(u) With interaction 

Provided that the magnetization is proportional to the external field, 
p and /?' may both be treated as small, leading, in place of (3-3), to 


c=(/*+/n (rm (3-0) 

where /? = (O'jT) £, so that 


C 


jiu r_ 

kT'F 


/( 


1 - 


0' F'\ 
T‘ F)' 


(3-7) 


The relation for the inverse of the susceptibility, corresponding to (3-5), is 


1 /iH = F 10' 
T “ e o * F' "«o ’ 


(3-8) 


This equation expresses in convenient form the conclusion which was 
previously drawn (Stoner 19360 ) that the effect of positive interchange 
interaction is to decrease by a constant amount the inverse of the suscepti¬ 
bility as calculated with neglect of interaction. From the computed values 
of the susceptibility without interaction, those for the susceptibility above 
the Curie point can therefore lie immediately obtained for any valuo of 
kO'je 0 It may be noted that in the classical limit, (3-8) iH equivalent to 
the Weiss law. The Curie tem|ierature, 0, is the temperature at which, in 
this approximation, the ratio of field to magnetization becomes zero, so 
that, from (3-8) 

O' 10 = FjF'. (3-9) 


It may bo noted that the dej>cn<lence of O' on 0 is the same (apart from 
constant factors) as that of the inverse of the susceptibility, without inter¬ 
action, on T] the relation with (3-5) is brought out by writing (3-9) in the 
form 

W^kT F 
e o * e 0 F'" 


(3-10) 
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4. FeBBO MAGNETISM. GENERAL EQUATIONS 


The equations determining the spontaneous magnetization in the 
absence of an external field (/?' = 0) will now be considered. These are 
(2-10) and (2* 11), which may be written in the form 



(4-1) 


(4-2) 

and the equation defining /?, 


fi = (fl'/TO 

(4-3) 


As a preliminary to an account of the method of dealing with these 
equations, it will perhaps be useful to refer briefly to the methods applicable 
in the much simpler classical problem. In the classical limit (e 0 /kT~>0) 
the two equations (4 1) and (4*2) reduce to the single equation 

£=tanli£ (4-4) 

the simultaneous equations (4-2) and (4*4) then determining the magneti¬ 
zation. It is readily shown (see below) that, m thiB limit, O' = 6, and it is 
possible to determine £ for a given value of TjO by seeking the value of /? 
satisfying 

tanh ftl/i = TjO. (4-5) 


ami from this finding £ from (4-3). The numerical results may be given as a 
table of values of £ at equal intervals of TjO, generally the most useful 
form. It is, however, more convenient to determine 0/T for a given value 
of £ directly from the equation 


0 tanh-^£ 


2 £ 


i 1 + £ 

108 1—r 


(4-6) 


This method would ordinarily be applied to give values of T/0 at equal 
intervals of £, a form which is less familiar and which has some dis¬ 
advantages. The first method, howevor, is virtually impracticable in the 
Fermi-Dirao problem, and it is the analogue of the second which has been 
applied. 

The ultimate aim with the equations (4-1), (4-2) and (4-3) is to obtain £ 
as a function of kT/e 0 for a series of given values of k0'je o . It is a simple 
matter to calculate the values of £, kT/e 0 and Icd'/e 0 corresponding to a given 
pair of values of r/ and /?; but to obtain in this way an adequate series of 
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pairs of values of £ and kTje 0 corresponding to a given kd'je 0 would involve 
an amount of labour in computation and interpolation which would be 
prohibitive unless only rough values were required. The method finally 
adopted was to make the primary evaluations those of kd'je 0 for given 
values of kT/e 0 and £. From (4-1) and (4-2), 



‘(i+a 

(4-7) 


V-C) 

(4-8) 


From these equations (ij ft) and (rj-ft) may be found by inverse inter¬ 
polation from the F(q) tables or by the scries (2-15) and (2-16) outside the 
range of the tables, for given values of kTje 0 and £ Hence tj and ft may be 
obtained, and from ft , using (4-3), the corresponding value of O'jT and so of 
kd'/e . 0 . From a table of values of kO'je 0 at appropriate intervals of kT/e 0 for 
a given £, the value of kTft 0 for that £ for any required value of k6'/e 0 may 
then be found by inverso interpolation. The above outlines the method 
which is generally appbeable. For certain parts of tho range, however, 
the computational work may be greatly reduced by making use of relations 
obtainable in the form of series expansions, which are of additional value 
for checking purposes Apart from their use as aids to computation, these 
relations are of value in bringing out some of the essential characteristics 
of the numerical results; more particularly in showing the character of the 
change in the de{iendonco of magnetization on temperature resulting from 
the substitution of Fermi-I)irac for classical statistics. These relations are 
developed in tho noxt section. 


5 Ferromagnetism series expansions 
(i) The Curie temperature 

The Cune temperature, 0, is tho temperature at whicli the spontaneous 
magnetization becomes zero. For £ (and ft) small, the left-hand sides of 
equations (4*2) and (4-3) may be expanded in a Taylor series, and by 
division 

£ = {ftF> + (/P/6) F m ...}j{F + (/P/2) F"...}. 

In the limit £->0 (involving /?->0), 

£ = /?(F 7 F)=,( 07 T)(F'/F)£, 
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the temperature T for which this equation is satisfied being the Curie 
temperature, 0; so that 

070 =» F/F'. (5-1) 


This derivation is an alternative to that given above (see equations (3-9) 
and (3-10)) based on a consideration of the equation for paramagnetism 
above the Cune point. 

The series forms of the relation (5-1) for high and low temperatures are 
readily obtained. 

For kffje Q > 1, using (2-13), 

070 = 1 + (5-2) 

r-1 


where 




y 3 jn\k0) ' 


Tliis series expression shows that 070->-l for e o /£0-> 0, and that the ratio 
increases as fc0/e o decreases (Numerical values of related coefficients more 
convenient for computation are given below, equation (5*6).) 

For kOle. 0 <3 1, using (2*14), 



(5-3) 


where a" t = 0-548 311, a\ = 2-435 227. This expression is derived from the 
asymptotic series (2-14), and the kOje 0 range for which it may be usefully 
applied is not appreciably extended by the inclusion of further terms. The 
relation shows at once that there is a lower limit to kf)'/e. 0 for the occurrence 
of spontaneous magnetization at any temperature For ferromagnetism to 
ocour at all (i.e. for kd/e 0 > 0) a necessary condition is 

M 7«« > f (5-4) 


(ii) W/e 0 09 a function of kT/e 0 and £ 

The relation betwoen kd'je^ and kdje 0 (i.e kT/e 0 for £ = 0) is a special case 
of the more general relations between kOje 0 and AT/e 0 for any value of £. 
The procedure in obtaining the more general series expansions is similar, 
the starting [mint being equations (4*7) and (4-8). From these, inverse 
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Beries are obtained for (rj + /}) and (y - /?) and by subtraction a series for /? 
and benoe for O'jT (since fi = (O'IT) £). The senes appropriate for 
kT/e 0 > 1 will first be considered. For i)+fi<Q, from (2*15), 

where the coefficients are those already given, and 




Similarly e*-* = y,|l+ £ b’ t y\ j, 

where 

Taking loganthms, and subtracting, 

Expanding the second term, and dividing by 2, 

% “ 2| l0fi 1- f +6iy + (2fr * -6i * )y * 

+ (^-W 2 b[ + b{*)y*... 

= ^ log i ~l +h 'y +b *y 2+b * (l+my3 ’ (6,5) 

where the coefficients b’ are those already given in (5-2) for the series for 
O'/d. On expanding the first term, 

W3-S*S- 

it becomes clear that (5 5) reduces to (5-2) for £->0. For computational 
purposes it is convenient to express (5-5) as a senes in e 0 JkT: 

where 


bl = -0-005 602 36, 
b” = +0-000 189 50. 
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The first term in (5-6) corresponds to the classical result (4-0). The most 
interesting point about the expression (5-6) is that it shows that, although 
O'/T may differ greatly from the classical value, unity, for T = 0, the 
increase in O'fT with £, for T constant, approximates closely to the classical 
increase (for e 0 /kT-> 0) provided that £ is not too large: 

+ • (5 ' ?) 

This result greatly facilitates computation for the larger values of kTje 0 . 
(The coefficient of £* ranges from 0*000 063 1 for kTjt 0 - 1*0 to 0*000 002 8 
for kT/e 0 = 2*0, the precision obtainable by this method for kTle 0 > 1*0 is 
comparable, or higher, than that obtainable by the general computational 
method, except pjssibly for £ > 0 0.) 

A similar procedure may lie followed for kT/e 0 1, making use of the 
asymptotio senes expansion (2 10). The following expression is obtained. 

a/* - 2(f) {=(*,-*,)-<*r‘-V) -*,-•) 

where 2 , .(e./tJ’Hl + f) 1 , 

For £ 4 1, neglecting terms beyond those in £* and (fcT/e 0 ) 4 , 


Iff 

f o 




(5*8) 


a formula agreeing, for £ >0, with that denved for kO'lt 0 in terms of 
kO/f 0 (5*3). It is of interest to consider the form of the expression appro¬ 
priate for iT/e 0 -> 0 Provided that kTjt 0 < (1 - £)*, retaining terms up to 
that in (l*T/fc 0 ) z , 

<m» 

Proceeding to the limit, this expression shows that at absolute zero £ may 
have a maximum value less than 1 unless k9'/e 0 exceeds a certain oritical 
value. Denoting the value of £ at absolute zero by £ 0 , 
iff 1 

—- % { (1 + &) , - (1 -&W. (5*10) 

giving £o< 1 for k6'/e 0 <2~ i . 


Thus the value of £ 0 ranges from 0 to 1 as kd'je 0 ranges from { to 2~* 
(=» 0*793 701). 
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Binomial expansion of (5-10) gives 


W 

e o 


I( i +|8+,4«4 


Comparison with (5-3) then yields the approximate relation 




2 12 
= 2~7 V 

_ 2J2, 
3tt 


-*«)• 

4'-44 
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(5-11) 


(5-12) 


showing that the (’hrri© temperaturo is closely projiortional to the maximum 
magnetization, for small values of £ 0 (and so of kO/e 0 ). The approximate 
relation may lie expressed numerically by 


kOj 6 0 = 0-300 105 £ 0 . 


(5*13) 


(iii) Magnetization near the Cune point 

Even in the classical problem it is not possible to obtain convenient 
expressions giving £ as an explicit function of T/0 for the whole of the range, 
but useful expressions may be given for T/6-> I The analogues of these 
appropriate for k0je a > l and k0/e, o l will now be derived. The classical 
method is to express £ first as a power series m p, this method may be fol¬ 
lowed with Fermi-Dirac statistics, but as it involves subsequent elimination 
of ij, it is simpler to proceed directly from the expressions alroady obtained 
for kO'/e 0 as a function of FT/e 0 and £. As the later terms in the series 
expansions are unwieldy, and are not required for computation, the leading 
terms only will lie considered. 

For kff(e 0 > I, £ < 1, the use of equations (5-2) and (5-0), retaining terms 
up to those in y or (eJkT) 1 and £*, yields 


T 

6 


3 o\7T/ \\k&J \kT]y 


or, for {1 — (Tjd )}-> 0, 


r«P_1 =3 /,_ 1 K\'l 

Lto w»i 1 3V(2 n)\k0)f- 


(5-14) 

(5-15) 
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For computational purposes it may be noted that 


1 

3V(2»r) 


0*132 981. 


The classical result is obtained for the limit eJkO-rQ; in general the slope of 
the £*, (TjO) curve at the Curie point is less than that given by classical 
statistics. 

For k0jf Q < 1, £->0, the result obtained, using (5*3) and (5-8), is 


£ s 


27 n 3 
2'12 




(5-10) 


giving 


‘ d? "I 

d{TjO)\ T jB-*x 4 \e 0 / 

= 22-200 010 (fc0/e o )». 


For the low values of kdje 0 for which this result applies the slope of the £*, 
(T/0) curve will be much less than that corresponding to (5*15). In this 
region £„ is small compared with unity and it is legitimate to substitute for 
kO/e Q from (5*12), loading to an alternative approximate expression, 

F-£!{!-(*m (6*17) 


which gives 


mm 

Ld(T/0)Jr/s->i.{.-*o 


The numerical results given later show that (5*17) holds, as a formula for 
T/6, to an accuracy of within 1 % up to Co = 0*0 for Cl Co <0*0 (see Table III, 
fig. 3). In the range for which (5*15) is applicable, Co = 1. The slope of the 
(£/£<>)*> (T/0) curve for TjO -> l thus changes from 3 to 2 as kOje. 0 changes 
from high to low values. The change, however, is not monotonic, the 
numerical results showing that values somewhat lower than 2 occur in the 
intermediate range 


(iv) Approach to saturation 

It is hardly possible to obtain convenient series expressions for the 
approach to saturation at absolute zero having more than a very limited 
range of applicability; for the values of the temperature and magnetization 
are such that, in general, entirely different forms are appropriate for the 
approximate expression of the basic functions F(ij+/}) and F(ij-fi), and 
the approximation given by simple expressions is not usually very close. 



Collective electron ferromagnetism 38C 

Provided that £q = 1, it is clear from (4-7) and (4-8) for £->&, 

Using (4-1) and (4-2) an approximate expression for the magnetization is 


e=i- 


} nv-j) 

‘*'(n+PY 


which, for 1, becomes 


or, approximately, 


i terms of T and O' ms 


(5-18) 


(5-19) 


An expression for {ij - ft) in terms of T and O' may be obtained by using the 
relation 


For (v+P)< this gives, approximately, 



Substituting for (ti+ ft) m (5* 19), 

l- 2 (l + 


2/2V/ i!L \ 


(5-20) 


which reduces, in the limit, to the classical result 
£ = 1 - 2fl -w l T ~ 1 — 2e~ 3 °i r . 

This expression will be appropriate for eJkO' -> 0 For (rj+ft)%> 1, 


and substitution in (5*19) gives 



(5-21) 


The index of the exponential remains negative provided that kO'je 0 > 2~ l , the 
condition previously given, (5-10) for £0 = 1. It would not be expected that 
this expression would pass over into (5-20) for increasing values of kd'/e 0 , for 
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the two expressions are derived from approximations to which 

break down completely in the range between 1 and {rj+fi)<0. 

The dominating factor in both expressions, however, is the exponential. 
Writing (5-21) in the form, 




it is evident that the rate of decrease of the magnetization with increase of 
temperature near absolute zero is greater the smaller kO'jt 0 At the critical 
value of kO'/t 0 for complete saturation (£ 0 = 1) at absolute zero, the approxi¬ 
mate expression is 


S=1- 





(5-22) 


This expression, it should be emphasized, is of very specialized applicability, 
and even for the value of kd'fe 0 for which it applies (kO'je 0 = 2 _i ) the tem¬ 
perature range of approximate validity will be very restricted. It does, 
however, mark the transition from the range of values of kd'/t 0 for which 
the approach to saturation is exponential in character to that in which it 
may appropriately be represented by a power Keries. 

For Ic8'je 0 < 2 - *, £<,< I, under these conditions, for £T/e 0 -»-O, (i j+P)P 1 
and (17-/?) > 1, and formulae for the variation of magnetization near 
absolute zero may be obtained from the relation (of. (5 0) and (5-10)) 

< 1 +jW , -(L-i*£ a+CML-Q! 

71“ (kT\ a (Jl+O^-OHDJ 

w'Ur < 

Wntmg f 0 - £ = x, for x/£ 0 -► 0, the result obtained may be put in the form 


Co 2'2 


1 "• 


(5-23) 


m 


2C)(i+£)»-(i-m, 


27 \ '(!-£»)» " 


;i (i+0*-(i-m 


The value of/(£ 0 ) vanes little from unity for the range 0 < £ 0 < 0-9. For 
£o' >0 >/(£o) -* 1 '»the value decreases slowly to a minimum of about 0*991 for 
So between 0*8 and 0-7, increases to 1*044 for = 0*9, and subsequently 
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more rapidly (see Table IIIa). Since the above result may be 

written, for £/&,-> 1, 


For £„->-0, substitution from (5-12) then gives 


(5-24) 


(5-25) 


as an expression valid for £/C 0 ->- 1 ** well as for £/So * 0, as shown above. 
For &0/e o - ► 0, therefore, the variation of magnetization over the whole range 
0 ^ kTje 0 ^ kdje Q is represented by the simple expression (5 25). It should 
be noted that the kdjf 0 range for which the expression (5-24) is a valid repre¬ 
sentation of the approach to saturation is much wider than that for which 
the simple relation (5* 12) between 0 and £„ holds. Since an expression m 
terms of (T/6) is more immediately illuminating than one involving £o and 
k Tlt 0 , it may finally be noted that for tho whole range for which 

< 1 (kO'Je 0 < 2~*) 

the temperature dependence of tho magnetization for £/£,)-> 1 may be 
represented by 

«/«"-! -«(W, (5'2«) 

where « - ”■■ £ ■ (“JV<W 

of approximate value 1. (Tho subsequent computational results show that 
up to £ 0 = 0*8, a < !• J) For comparison with the computational results, the 
following form is useful 

W)«y{ !-(»*}*. (5-27) 

From the above treatment, for f 0 < J, 
forC/6,-o, r >i, 


for£/£„- 


2V2 (e. 0 _Q 






Values of y obtained from this formula are given in Table III a; the com¬ 
puted values are given in Table III and shown graphically in fig. 3 (see 
p. 403). 
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6. Computational details and results 
(i) Relation between £and (TjO) for (e 0 jkd)-+O 
In the limit t o /I’0-> 0 the present treatment gives the results of the simple 
quantum modification of the Weiss molecular field theory (or, equivalently, 
of the first approximation in the Heisenberg treatment) Table I gives the 
corresponding values of £ as a function of TjO, and of TjO (and also 6/T) as a 
function of £. An adequate table of this kind seems desirable in itself, and 
it serves here the particular purpose of providing a standard of comparison 
for the results as a whole. A four-place table of £ as a function of TjO has been 
given previously (Stoner 1931 ); the values have been recomputed with 
higher precision, by the method indicated in § 4 (equation (4-5)), using the 
tables of Hayashi ( 1926 ) for the hyperbolic functions, and the usual methods 
of interpolation. The values of TjO as a function of £ can be readily obtained 
(see equation (4-0)) as Hayashi has tabulated the function tanh -1 x Either 
method of tabulation, by itself, has drawbacks as a representation of the 
functional relation between £ and TjO, but the two methods together enable 
the whole range to be covered fairly adequately without extremely small 
intervals. The awkward ranges, in either form of the table, may be dealt 
with more conveniently by the use of senes expansions, than by tabulation 
at very Bmall intervals. 

Table I. Magnetization as a function of temperature, and tem¬ 
perature AS A FUNCTION OF MAGNETIZATION, IN THE LIMIT (e^jkd) -> 0 
CORRESPONDING TO CLASSICAL STATISTICS 



£, relative magnetization, 

0, Curie temperature. 


T/o 

£ 

£ 

TjO 

0/T 

0 0 

1-000 000 

0 0 

1-000 000 

1000 000 

01 

1-000 000 

01 

0 006 058 

1 003 353 

0 2 

0 990 909 

02 

0 986 521 

1 013 603 

03 

0 907 414 

0 3 

(1 909 244 

1 031 732 

04 

0-985 624 

04 

0 944 178 

1 059 122 

0-60 

0 957 504 

0 50 

0 910 239 

1 098 012 

0-55 

0 035 620 

0 55 

0 889 419 

1 124 330 

0-00 

0 907 337 

0 00 

0 805 017 

1 155 245 

0 6.5 

0-872 005 

005 

0 838 387 

1 192 767 

0 70 

0-828 036 

0-70 

0 807 102 

1 239 001 

0-76 

0 775 510 

0 75 

0 770 848 

1 207 273 

OHO 

0 710 412 

0 80 

0 728 191 

1-373 205 

0 85 

0 020 501 

0 85 

0-070 009 

1-477 827 

000 

0-525 429 

090 

0-011 322 

1 635 709 

0 05 

0 379 484 

0-95 

0 518 021 

1-028 100 

100 

0 000 000 

1 00 

0-000 000 

oo 
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(ii) kd'/e^aaa function of kT/e 0 and £ 

In the method followed here the primary computations are those of the 
reduoed interaction energy coefficient, kO’/e 0 , as a function of the reduced 
temperature, kTje 0 , and the relative magnetization, £. The fundamental 
procedure is that described in § 4 It may be illustrated by details of the 
computation of kO’(e Q for kT/e 0 = 0-4, £ = 0-0 (A) and 0-5 (B). 

A. kT/e 0 = 0-4, £ ■ 0-0. 

F( V +/J) - F(r,- 0 ) = F( V ) - 1 ^)* = 2-03523. 

By inverse interpolation in the F(i}) table (McDougall and Stoner 1938 ), 
7 = 2-10087. 

By direct interpolation in the F'(ij ) table, 

F'(if) = 1-33483. 

Whence O'IT = F/F' = 1-07420, 

k8'/c 0 = 0-78968. 

It may be noted that this value of M'/e 0 corresponds to a Curie tem¬ 
perature 6 , where kd/e 0 = 0-4. 

B. kTle 0 ■ 0-4, £ ■ 0-5. 

^ ( 7+/? ) -|(^) ,(1 +0 = 3 -» 628 6 . 

By inverse mterpolation, 

ij+/J= 2-98528, 17 -/?* 0-91178. 

Whence, /? = 1-03675, 

6'IT = /?/£ = 2-07350, 
kd'le 0 = 0-82940. 

The values of k8'/e 0 for £ — 0-0 were obtained by the procedure A at 
intervals of 0-1 over the range 0-1 < kTle 0 < 2 - 0 . The procedure B was used 
for £ - 0 - 1 , 0 - 2 , ..., 0-9, 0-95 for the range 0-1 « kT/e 0 < 1-0. The method 


VoLCLXV. A. 


36 



394 


E. C. Stoner 


used for inverse interpolation was the two-machine method of Connie ( 1936 ). 
In the’ course of this and subsequent stages of the work many hundreds of 
inverse interpolations must be made. The method described in connexion 
with the tables of Fermi-Dirao functions (MoDougall and Stoner 1938 ), 
involving the use of an inverse Taylor series, is appropriate for immediate 
application to the values tabulated (F(ij) and derivatives up to F"(rf)). 
The method has advantages over those involving direct interpolation for 
estimated interpolates, requires only one machine, and is not unduly time 
consuming if only a few values are needed. If many inverse interpolations 
are required, however, the Comrie method is very much quicker, even if it is 
necessary to draw up difference tables for the tabulated function. The 
method is particularly convenient if differences beyond the third may be 
neglected, or if the fourth difference is sufficiently small that it may be taken 
into account by modifying the second difference by the “throw-back” 
method. In most of the present work the first and third and the modified 
second differences were used, and usually the error in the inverse interpolate 
was then within that due to uncertainty in the last digit of the tabulated 
function. Under these Conditions the time required for inverse inter¬ 
polation, using two machines, is little greater than that for direct inter¬ 
polation. Use is made of the values of the Besselian interpolation coefficients 
tabulated by Comrie. For full details of the method reference may be made 
to Comne’s account. 

For the range m which the required inverse interpolates were most con¬ 
centrated, it was found advantageous to draw up an inverse table, giving 
if at equal intervals of F(if), and to use direct interpolation for the particular 
values required. This table covered the range O’30 < F(if) < 6-0 (corre¬ 
sponding to 1-03593 < if < 4’11739) with the following ranges and intervals: 
0-30-1-00 (0 02 ); 1-00 - 2-50 (0-06); 2-5-0 0 ( 0 - 1 ). Outside this range, 
inverse interpolation was carried out directly using the if, F(if) table. 

The values of kd'/e 0 for kT/e 0 = 0 for the different values of £ (these 
particular values are referred to as £„) were found by the use of equation (5-10) 
and are given in the first line of Table II. 

For kT/e,, > 1 - 1 , the values of kO'le 0 are more readily calculated by the 
method indioated in connexion with equations (5-6) and (5-7). The value for 
£ « 0-5, for example, is obtained by adding to the computed value of 
(0' /T) for £ =* 0-0 the “classical” difference between (P/T) for £ = 0-0 and 
£ ** 0-5 (obtained from Table I), and the small correction term in (e # /ifcT)l£* 
of equation (5-7). A comparison with the values obtained by the standard 
method for kT/e 0 =» 1-0 shows that the maximum error in ff jT in the range 
covered will not exoeed 0*5 in the fifth decimal place (this being the error for 
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kT/e o ■ 1*0, £ “ 0-95) and will usually be very much less. The values of 
ife^/e# for £ = 0’0 for kT/e 0 > 1*0 were computed both by the standard 
method and by the series (6-6). At lcTje 0 = 1*0, the two values differed by 
0*5 in the fifth place. As kTje 0 increases, the precision attainable by the 
standard method decreases (it is limited by the accuracy to which F'(if) is 
known) while that of the series method (using a fixed number of terms—those 
of equation (5*fl)) increases. The series values are slightly high, the error 
will be approximately proportional to (e„ (kT) 6 , and assuming that it is 0*5 
in the fifth place at kT/t 0 = 1 * 0 , it will become less than 1 in the sixth place 
for kT/e 0 > 1*4. By the use of the two methods the values of k0'/e 0 over the 
range l* 0 ^fcT/e 0 < 2*0 were obtained with a probable accuracy of within 
2 or 3 units in the sixth place, the rounded five-place values given should 
be correct to one unit in the last place. 

The interval of 0 * 1 in kT/e 0 can bo reduced to 0*05 without difficulty for 
kT/e 0 > 0*4. For smaller values of kT/e 0 , however, the higher differences are 
large, and interpolation is inaccurate. Values of k6'/e 0 were, therefore, also 
computed for kT/e 0 = 0-05, 0* 15,0-25 and 0-35, the last agreeing throughout 
to within 0*3 in the fifth place with the values found by interpolation. For 
kT/e 0 =■ 0*05 the values of except for £ = 0 * 0 , were outside the 

range of the F(ij) table, and tho values of (rj+fi) were obtained by the use of 
the series relation (2-lfl). A check on the values for £ = 0 0 is obtained by 
the use of the series relation (5*3) for kO'je 0 . (This formula (5-3), it may be 
noted, though convenient, is of limited applicability It is satisfactory up 
to JkT/e 0 = 0-05, the error then being within 1 in the sixth place, but even 
for kT/e 0 = 0 * 10 , the error is about 4 in the fifth place ) 

The rounded values given in Table II are believed to be correct to 1 unit 
in the last (fifth) place. This is probably the limit which can be consistently 
attained throughout the table, in so far as the values are derived from the 
published F(if) values. Using tho values on which these were based the 
accuracy is greater—probably to within 2 units in the sixth place; a check 
by the method of differences indicates that this degree of accuracy is 
attained in the values on which Table II is based, but little useful purpose 
would be served by encumbering Table II with an additional doubtful 
digit in each entry. It may bo added that the computation of values of 
kd'/en for £ > 0*95 would in general be somewhat laborious, as F{Tj+f}) and 
F(y—(}) would usually (ie outside the range of the tables, and two rather 
troublesome series calculations would be required for each value of kO'/e^. 

The general character of the relations shown numerically in the table is 
shown graphically in fig. 1, in which kd'je^ is plotted against kT/e 0 for 
£ - 0 * 0 , 0*5, 0*8 and 0*95. The corresponding classical relations are also 
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shown by the straight lines of slope OjT (Bee Table I). This figure shows in 
perhaps the most immediately significant way the character of the modifica¬ 
tion resulting from the replacement of classical by Fermi-Dirae statistics. 
The curve for £ ** O-Ois of particular interest as it gives the relation between 
the reduced Curie temperature {k$je 0 * &T/e 0 for£ = 0-0) and the magnitude 
of the interaction energy coefficient. (It corresponds to the first oolumn of 
Table II.) Moreover, the height of this curve (W'/e 0 ) is proportional to the 
inverse of the susceptibility in the absence of interchange interaction; and 
by lowering the ourve by an amount hd’/e 0 , so that it intersects the kTje^ 
axis at kdje 0 , the curve to the right of the intersection gives a representation 
of the variation with temperature of the inverse of the susceptibility above 
the Curie point. 



Fie. 1. kO'/e, as a function of kT/e, and £ for £ = 0-0, 0 8, 0-8 and 0 95. W, inter¬ 
action energy coefficient, t,, maximum Fermi zero point energy, without interaction. 
£, relative magnetization. The numbers on the curve* give the values of £. The 
Btnught lines are asymptotes to the curves and represent the classical relations between 
$ and T which hold for -> 0. 

For kd'jea < 2/3, spontaneous magnetisation does not occur, while for 
2/3 < Wje Q < 2~*, 0 < £ 0 < I where £0 is the maximum value of the relative 
magnetization, that at absolute zero. Thifl effect has no classical analogue. 
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It is shown in fig. 1 by the different heights at which the different £ curves 
meet the kO'je Q axis. The relation between Wje 9 is shown in fig. 2. 

The curve corresponds to the first line of Table II, but is plotted so as to 
bring out the character of the inverse relation. 



Fiq. 2. & as a function of £,, relative maKnetization at abxolute zero. 

For £„ = 0 0, JW7e # = 2/3, for £,= 10, W'/e # = 2"». 


(iii) iT/e 0 as a function of k8'je 0 and £ 

The variation with temperature of the spontaneous magnetization of a 
material characterized by a particular value of the interaction energy 
coefficient led' and the Fermi zero point energy e 0 may be determined by 
inverse interpolation of Table II. It is necessary to determine, for each value 
of £, the value of kT/e 0 corresponding to the particular value of kd'/e 0 . 
(This corresponds, graphically, to a determination of the values of kT/e 9 at 
the points of intersection of horizontal constant kO' fa line with the curves of 
fig. 1.) The precision with which the inverse interpolation may be made is 
limited, ultimately, by the precision with whioh the kO'je 0 values have been 
oomputed. For the higher values of /fcT/e 0 for each valuo of £ in Table II 
this attainable precision is roached by the method of inverse interpolation 
described above. For the lower values, however, the higher differences 
become so large that the method is inacourate. This difficulty affects mainly 
the range of kO'/e „ for which the relative magnetization at absolute zero, 
&>, is less than unity, and it is convenient to oonsider this range separately, 
partly for this reason, and partly because a method of presenting the results 
slightly different from that used for the higher values of kO'je 0 seems 
appropriate. 




Collective electron ferromagnetism 


(a) 2/3 < M'/e, < 2-*. 

As has been shown, spontaneous magnetization does not occur for 
kO'le 0 <l, while for kO'je 0 <2 ■-*, £,, is less than unity. For this range it is 
appropriate to consider the magnetization relations for suitably Bpaoed 
values of rather than of jfc0'/e o ; the values of kT/e Q have therefore been 
determined for different values of £ (the values in Table II) for a series of 
values of £o ( 0 - 0 , 0 * 1 , 0 - 2 , ...). The results are given in Table III. For the 
value of kd'/e „ for which £„ reaches the value unity (kd'/e 0 = 2'* = 0-793701) 
the value of kTje 0 for which £ = 0 is 0-4065. As this is the highest kT/e^ 
value for the range, inverse interpolation is required entirely in the first 
part of Table II. In this region the first differences are small (as will be 
immediately apparent from the curves of fig. 1 ) which limits the attainable 
precision of the inverse interpolate, and the higher differences are large (or 
not available for the first few entries) which renders the simple method of 
inverse interpolation inaccurate. The second difficulty could be overcome 
by reducing the intervals in Table II, but as this cannot be done accurately 
by interpolation in this part of the table, a very considerable number of 
additional computations (of the typo A and B of (ii)) would be required. 
The procedure adopted was to make inverse interpolations by the simple 
method (extrapolating the differences where necessary on the assumption, 
of approximate validity, that the functions are even in the argument 
kT/e 0 near kT/e 0 = 0 ) and to recalculate kd'/e 0 from the approximate values 
of kT/e 0 so obtamod. The values of d(k0' je^)/d(kT/e 0 ) can be found with 
sufficient accuracy from Table II (using Comrie’s tables for computing 
derivatives from differences) to correct the approximate values of ( kT/e 0 ). 
The approximate and corrected values occasionally differed by I in the fourth 
decimal place for kT/e, 0 < 0 - 1 , but usually by much less. 

The values of kd'/Cq corresponding to given values of £ 0 can be found 
(by equation (5-10)) without difficulty (using Barlow’s tables) to seven 
decimal places; but in general the values of k6'je 0 on whioh those given in 
Table II are based cannot claim an accuracy greater than 1 in the sixth place. 
This applies in particular to the values for £ = 0 , the accuracy of which 
depends on that of F'(rj). (The accuracy of the values for £ > 0 depends on 
that of F(i) +/?) - F{i) - fi), which is in most cases considerably greater than 
F'(ij), but has the same absolute uncertainty, so that the relative un¬ 
certainty is considerably smaller.) Assuming an uncertainty of 1 in the sixth 
place in the kd'/e 0 values, there is an unavoidable uncertainty in the kT/e^ 
values found by inverse interpolation, which would range, for £ = 0 , from 
about 3 in the fifth place for the first entry in the table (kT/e 0 = 0-0300) to 
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about 2 in the sixth place for the last (kTfe 0 =» 0-4060). With referenoe to 
the first of these, it seems somewhat surprising, though the reason is 
obvious on consideration, that a value can be given correctly to only 3 
significant figures when it is derived from functions (the F[i/)) which have 
been evaluated correctly to 8 significant figures (using 0 or 10 in the com¬ 
putations). The values for kT/e 0 on which those in Table III are based for 
£„ > 0-3 are, however, probably correct to at least 1 in the fifth place, and 
for the few entries for £„ < 0-3, more accurate evaluations of the basic func¬ 
tions have been made, using the series (2-13) and (2-15). Not only, therefore, 
should the values of kTje 0 be correct to within 1 in the fourth place (as given), 
but also the other values tabulated (which are based on the six place values 
of kT/e 0 ) should not be in error by more than 1 in the last place. It should 
bo stated that owing to the peculiar character of the variation of the 
functions the application of the method of differences to the tabulated 
values in this range can in general give only a very rough cheok. 

The second entry in the columns 0 <£<£,, for each value of £„ gives 7/0, 
or (kTle^Kkd/e^), jfc0/e o being the value of kT/e 0 for £ =* 0. The third entry 
gives 7 = (7/0)/{l — (£/£ 0 )*}* (see equation 5-27), and so gives an unmediate 
indication of the extent by which the form of tho magnetization-temperature 
curve differs from that given by the simple formula, 

(7/0)* =* 1 -(£/£„)*• ( 6 - 1 ) 

It has been shown that for the range in which < 1 , y -*■ 1 for (£/£ 0 ) -*■ 0, 
and further that y approaches 1 for the whole range of values of £/£, as 
approaches zero. This is borne out by the oomputed values in the table. 
A theoretical formula for y for £-*£ 0 has also been given (equation (5-27)); 
the corresponding values (using the oomputed values of kdje^) are shown in 
Table III a, these serving to supplement the computed values for £<£9 
shown in Table III. The set of values is sufficient to indicate the character of 
the deviations from the simple magnetization-temperature relation ( 6 - 1 ) 
over the whole range. Some of the results are shown graphically in fig. 3. 
(Since 7 has been determined only for integral values of 10 £ the form of the 
curves is not determined with any precision in the £/£„ range between 
(So — 0-1 )/£, and 1 for the higher values of £,. The curves do not provide 
information additional to that in the tables, but serve to bring out its 
character.) Curves are not shown for the smaller values of £q (0-1, 0-2 and 
0-3) but it is evident from the values in the tables that these lie below that 
for £q = 0-4. For all values of £/£„, 7 at first increases and then decreases 
with £„, but the change occurs in such a way that for £, > 0-6 the variation 
over the £/£o range is not monotonic, and a minimum appears in the curves. 



(1) kTJe^, (2) TjO, (3) {Tj6)j{\ — In the column £ = O-O, the value ofkT/^tBgn 
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Table III a. Some magnitudes characterizing the magnetization 
RELATIONS FOR THE RANGE 2/3 < kd'/e^ < 2~* 

For explanation of the symbols £, and 6, and for the values of W'/s# And W/«», 
see Table III. The second oolumn shows the deviation from linearity in the relation 
between 1 W/e, and £,- (2 ^/2/3ff = 0-300105.) The values in the column (£/&)*/{ 1 - (T/0)} 
are approximations to the negative slope of the (£/&)*, (T/tf) curve at the Cune point. 
The coefficient y is defined by 

Z70 = y{i-(f/&)«>‘. 

In the calculation of the values for £/&, -* !,/(&) w required, and also the values in 
cohimn 2. (Soo equations (5-23) to (5 27).) 

W 

(fcfl/e ,) l -( T / fi ) 

& 2^2' for £/£.= 0-1 

0 0 (1-0000) (2 00) 

0-1 0 0999 2-00 

0-2 0-9995 2-02 

0-3 0-9980 2-03 

0-4 0-9945 2-04 

0 5 0 9915 2 02 ' 

0-6 0-9936 1 95 

0-7 1 0059 1-88 

0 8 1-0353 1-81 

0-9 1-0989 1-74 

0-96 1-1617 1-74 

1-0 1-3545 1-84 


Table III b. Approximate values of Tjd as a function of £/£o 
for icOjeq -> 0. In this limit T/0 ~{1 -(£/£o)*} 4 

£/& (1-(£/£,)•>* 

0-0 1-000 000 

0 1 0-994 987 

0-2 0-979 796 

0-3 0-953 939 

0-4 0-916 515 

0-50 0-800 025 

0-55 0-835 105 

0 60 0-800 000 

0-65 0-759 934 

0-70 0-714 143 

0-75 0-001 438 

0-80 0-600 000 

0-85 0-520 783 

0*90 0-435 890 

0-95 0-312 250 


/(&) 
(1-0000) 
0 0993 
0-9986 
0-9960 
0 9947 
0-9928 
0 0912 
0 9925 
1-0022 
1 0442 
1-1230 


y for 
£/&-*! 
(1-0000) 
1 0004 
1-0012 
1-0036 
1-0082 
10122 
1 0109 
0 9979 
0-9048 
0 8905 
0 8123 


1-00 


0-000 000 
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The indications are that this minimum persists, becoming more pronounced, 
and occurring closer to £/£o = 1 as £q increases in the range of led'fa corre¬ 
sponding to £,< 1. The approximate representation of the magnetization 
curves by a formula of the type (6-1) becomes increasingly less appropriate. 
The result to be mainly emphasized, however, is that even up to Co = 0-7, 
y never differs from unity by as much as 2 %, bo that in this range, the very 
simple expression (6-1), considered as a formula for (£/£ 0 ) gives a surprisingly 
close approximation to the magnetization as a function of (TjO) over the 
whole temperature range in which spontaneous magnetization occurs. In 
view of this approximate validity of the formula (6-1) over a fairly extended 
range, the values of {1 -(£/£o)*}* are given in Table III a, this table being 
complementary to Table I. It may be noticed that in the limit here con¬ 
sidered, (T/0) is the same function of (£/£o) as > 8 (£/£o) of (T/0), so that one 
set of pairs of values corresponds to the two sets in Table I. 



Fla. 3. Curves showing the deviation of the magnetization-temperature relation 
from that given by the formula (£/&)* = 1 - {T/0)*. y = ( T/0)/{l - (£/&)'}* j £, relative 
magnetization; relative magnetization at absolute zero. The numbers on the 
curve givo the values of £». 

The second column in Table III A shows that the relation between and 
kdje o is linear to within 1 % up to Co = 0-7, there being‘agreement to this 
extent with the approximate formula (6*13). At first the ratio ( kOje „&,) 
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decreases, as indicated by (5*12), though rather more rapidly (illustrating 
the failings of formulae based on the asymptotic series expansions), and 
subsequently increases. The values in the third oolumn give an approxima¬ 
tion to the slope of the curve at the Curie point. (These were determined by 
calculating the ifeT/e,, values corresponding to £/£<, “ 0-1 .first approximations 
being obtained by interpolation from Table III. For reasons already dis¬ 
cussed, high precision cannot be claimed for these values.) The slope at first 
increases slightly from the limiting value 2, decreases to a minimum, and 
finally increases; this increase continues with increase of kd'/e 0 beyond the 
range under immediate consideration, eventually approaching the value 3 
in the classical limit (corresponding to ejkd'-y 0 ) 

(6) kd'je 0 > 2~* = 0-793701. 

In the range of values of k0’/e o in which the interchange interaction is 
sufficient to produce complete saturation at absolute zero (Co = 1), it is 
appropriate to consider the character of the magnetization curves for a 
series of suitably spaced values of Wje 0 . In Table IV are given the values of 
IcTfa for £ =« 0-0, 0-1,0-9 and 0-95 for values of kd’je^ at intervals of 0-1 
from 0-8 to 2-0. These are obtained by inverse interpolation from Table II. 
The differences are such that, except for the smaller values of Jcd'/e „ and the 
larger values of £, the values of kT/e 0 obtained by the use of the Comrio two- 
machine method as described above should be as accurate as the precision 
of the tabulated values of Table II allows. This was tested by carrying out a 
direct calculation (by the procedure B above) with the kT/e 0 values found 
for £ = 0-9 and 0-95 for the kO'/e 0 range 0-8 to 1*2. It was found that the 
corrected and approximate valuos agreed to within 1 unit in the sixth place, 
except for kO'je 0 = 0’8, showing that in general in the range covered by 
Table IV it is unnecessary to carry out the lengthy “recalculations” which 
are required in connexion with Table III. The values in Table IV for 
kTjtg should be correct to 1 unit in the fifth plaoe (as given), and the other 
values tabulated (based on six-place fcT/e 0 values) should not be in error by 
more than I or 2 units in the last place. The method of differences, however, 
is applicable only as a rough check, particularly for the entries corresponding 
to the higher £ and lower W/e 0 values. 

The second entry in the columns £>0-0 for each value of kd'/e 9 gives 
TjO. The third entry gives the ratio of Tjd to the value (T/d)# corre¬ 
sponding to the classical limit (Table I). The sequence of values of these 
ratios for a given k&'j€ 0 gives an immediate indication of the character of 
the magnetization temperature curve by comparison with the standard 
classical curve, while the manner of approach to the classical type of curve 
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is shown by the sequence for given values of £. The values of T/6 for a given 
£ are smaller than the classical values, and the ratio (J’/(?)/(3’/0) rf is smaller 
the larger the value of £. For a given £, the ratio decreases more and more 
rapidly with decreasing kd’/e „, becoming zero at the values of kd'/e o shown in 
the first line of Table II. The variation for a given value of £/£, is the same 
as that for a given £ down to the limiting value for which £„ = 1 (kd'/e 0 =* 
0*793701), below this value of kd'/e 0 , however, the ratio falls to a minimum 
and subsequently increases, and, after passing through a Blight maximum, 
finally attains a limiting value corresponding to the T/6 value shown in 
Table IIIb. (The occurrence of the secondary maximum as well as the 
minimum is indicated by the numbers on which the curves of fig 3 are based.) 

In detail the variation in the character of the relation between T/d and 
£/£o as kd'/e ® decreases from high values to the limiting value of | (corre¬ 
sponding to a decrease of kd/e 0 from high values to zero) is remarkably 
complex The salient points are that the £/£„, Tjd curves always fall below 
the classical curve, the difference being most pronounced (if the ratio of the 
T/d values is considered) for the larger values of £, the change proceeds 
monotonically until kd'/e 0 reaches the oritical value which »just sufficient 
to produce saturation at absolute zero; the curves for lower values of kd'/e 0 
may lie in part or wholly above the curve for this critical kd'/e o, finally 
approaching the form indicated by the numbers in Table IIIb. 

(iv) Graphical representations 

The general character of the relations expressed by the values in Tables III 
and IV is most readily appreciated with the aid of graphical illustrations. 
In fig. 4 a number of curves are given showing £ as a function of kT/e 0 for a 
series of values of kd'/e 0 . The falling curves give the spontaneous magnetiza¬ 
tion below the Curie point, while the rising curves on the right give (pH /£e 0 ), 
a quantity proportional to the inverse of the susceptibility above the Curie 
point. As these quantities are obtained simply by subtracting kd'/e 0 from 
the values given in the column £ = 0-0 in Table II (see equation (3-8)) it is 
unnecessary to tabulate them explicitly. These inverse susceptibility curves 
approach asymptotically a series of parallel lines, of slope unity, passing 
through the points kT/e 0 = kd'je 0 on the kT/e Q axis. 

Since with the simple form of the classical statistical treatment £/£ 0 is a 
unique function of T/d, it has beoome usual to plot these quantities as found 
experimentally with ferromagnetics with a view to comparison with theory. 
With Fermi-Dirac statistics, the curves differ according to the value of kd'/e 0 ; 
a series of such curves is shown in fig. 5. The values of kd'fe 0 correspond to 
those in fig. 4, except that the classical curve (kd'/e 0 -*• oo) is drawn in plaoe of 
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that for Jfcfl'/fio " 1*4. For Tj6<l, all the curves corresponding to values of 
kd'le 0 greater than that required to produce saturation lie between those 
shown for fc0'/ € o = 0 794 and oo; and similarly for the curves corresponding to 
the inverse of the susceptibility. The inverse susceptibility curves approach 
parallel asymptotes, of slope unity, passing through the points on the 
T/d axis. An adequate representation of the differences in the £/{* °urves for 
values of kd'/e „ such that &,< 1 is hardly possible in this form; the curve 
shown for = 0-5 differs inappreciably for T/d < 1 from the limiting curve 
for £(,->0. Although the curves below the Curie point for this range of 
kQ'/e^ values are very similar, the inverse susceptibility curves are sharply 
distinguished from those for the range for which £ 0 = 1, and from each 
other, in that the slope of the asymptotes is equal to £0 instead of to unity; 
this is due to the absolute saturation moment (corresponding to oomplete 
alignment of the available electron spins) being greater than the attainable 
saturation moment at absolute zero. 



Fio. 4. Spontaneous magnetization below and inverse of susceptibility above the 
Cuno point as functions of kT/e,. £, relative magnetization. The numbers on the curves 
give the values of kd'/e,. The two curves on the left correspond to kd'/e, values giving 
& ss 05 {kd’/e o = O-08O41O) and the critical value for complete saturation at absolute 
zero, — 10 {kd'/e, = 0-793701). Tho falling ourves (scale on left) give the spontaneous 
magnetization below the Curie point, the rising curves (scale on right) a quantity 
proportional to the inverse of the susceptibility {x oc £/H). 

The curves of the type shown in fig. 5 (or the numbers on which they are 
based) are particularly appropriate for purposes of comparison with expert- 
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function of T/0. £, relative magnetization; relative i 
values of WJ'/e,. (See also caption of fig. 4 ) The limiting 
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ment, for the data required for the construction of the corresponding experi¬ 
mental curves are obtainable directly from measurements of magnetic 
characteristics (i.e. without a knowledge of the Fermi zero point energy, 
£ 0 , which would be required in constructing experimental curves of the type 
shown in fig. 4). The theoretical curves give an immediate indication of the 
nature of the differences in observable magnetic characteristics which may 
be associated with differences in the ratio of the interaction energy coefficient, 
kd', to the Fermi energy, e 0 . 

7. General discussion 

The results of the present treatment of ferromagnetism, as embodied in 
Tables I-IV of § 6 , and in the formulae of §§ 3-5, are, formally, sets of rela¬ 
tions consistent with the premises involved in the initial equations (§ 2 ). 
A comparison of the results with those found experimentally should provide 
evidence as to whether the premises are appropriate as approximate repre¬ 
sentations of the physical conditions in ferromagnetics. The value of the 
treatment is not, however, to be measured simply from the degree of agree¬ 
ment obtainable w a casual comparison. The value lies rather in the com¬ 
pleteness of the scheme obtained of possible magnetic characteristics con¬ 
sistent with basic relations of a very simple type, those relations being of a 
kind indicated by more general theory, the development of which is inde¬ 
pendent, at least in principle, of the particular applications being made. 

Any adequate discussion of experimental results in relation to the scheme 
would involve the consideration of other factors, such as those concerned 
in the various “domain” effects in ferromagnetics, which would rather 
confuse the immediate questions at issue besides extending the paper very 
considerably. A straightforward comparison of the theoretical results for 
the variation of magnetization with temperature below the Curie point can¬ 
not be made, for the experiments do not yield directly, with any certainty, 
the values of the spontaneous magnetization, with which the theory deals 
(cf. Stoner 1936 c). Even if allowance could easily be made for domain 
effects, however, it would be desirable to defer the fuller consideration of the 
experimental results until a more rigorous treatment of electronic specific 
heats in ferromagnetics has been developed. This would enable further 
information to be obtained about the Fermi zero point energy, e 0 , which, as 
far as the magnetic results alone are concerned, has rather the character of a 
parameter adjustable to obtain the best fit. Although use has been made of 
provisional estimates of ^ for nickel derived from the specific heat (of. 
Stoner 193611 ) a much more satisfactory treatment of this problem can be 
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developed without undue difficulty on the basis of the computational results 
which have now been obtained. With this additional information it may be 
anticipated that a much less arbitrary comparison with experiment will be 
possible. 

Excluding detailed consideration, a few general comments on the 
relation between the theoretical and experimental results are appropriate. 
In previous comparisons of the experimental magnetization curves below 
the Curie point of nickel, iron and cobalt (Tyler 1930, 1931, Stoner 1931) 
with the classical theoretical curve (the curve labelled oo in fig. 5), it has been 
found that there is general agreement in form. The experimental curve, 
however, falls more rapidly at low temperatures and near the Curie point, 
crossing over the theoretical curve in the region of TjO values of 0-6-0-7. 
The low temperature discrepancy is brought out by the fact that the 
experimental results are better represented by a law of approach involving 
T* or T* rather than exp( - djT). This is in line with the present treatment. 
It is only for very large values of the interchange interaction (or strictly of 
the ratio kd'/e 0 ) that the Fermi-Dirac curve approximates at low tempera¬ 
tures to that given by classical statistics, while for lower values of k6'/e 0 the 
approach to saturation is better represented by a law involving a power of T, 
ultimately T x . Near the Curie point the curves for different values of kd'Je „ 
do not differ greatly from each other; but since all the curves lie below the 
classical curve for the whole range, while the experimental curve lies above 
for the last part of the range, it is apparent that other factors must be 
involved than those considered in this treatment. It is possible that the 
discrepancy arises from neglect of domain effects, a neglect analogous in 
some respects to neglect of local order effects in order-disorder phenomena 
in alloys, the consideration of which leads to important modifications in the 
Curie point region. 

For temperatures above the Curie point the difficulties connected with 
distinguishing between the “true” and “apparent” magnetization dis¬ 
appear. The curvature of the 1/*, T lines which is unmistakably shown by 
the observations, and which is inexplicable on the basis of classical statistics, 
is an immediate consequence of the present treatment; at the same time, 
the approximate linearity over long ranges, which is also established 
experimentally, emerges from the detailed computations (see figs. 4, 6). 
Moreover, it follows from the theory that the value of the saturation 
moment deduced from the paramagnetism above the Curie point (by 
applying the usual Weiss law relations) will in general differ from that 
indicated by the magnetization at low temperatures. This will hold even 
when there is complete saturation at absolute zero (£9 = 1), for the slopes of 
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the approximately linear portions of the 1 lx, T corvee are in general leee 
than those of the asymptotes (so that higher saturation moments would be 
inferred), and the apparent discrepancy will be even greater if complete 
saturation is not attained (£o< 1). 

Attention has previously been drawn to the insufficiency of a positive 
interaction effect as a condition for ferromagnetism (Stoner 1936 a); the 
interaction energy coefficient must exceed a oertain critical value (/W'/fio > I )• 
The further point that saturation at absolute zero is incomplete unless a 
seoond critical value is exceeded (k 6 'le 0 > 2“*) is of particular interest, as 
showing that the number of “ holes ” in the electron bands concerned may be 
appreciably greater than that indicated by the magnetization. This possi¬ 
bility has been noticed and briefly discussed by Slater (19366). The 
quantitative treatment of this particular effect given here, it may be noted, 
follows entirely from an elementary application of Fermi-Dirac statistics, 
though the precise forms of the magnetization temperature curves can be 
determined only by the rather elaborate computations. 

It is perhaps desirable to refer again explicitly to the fact that the 
particularities in many of the relations obtained, such as that between 
kO'je 0 and (see fig. 2) are dependent on the form of energy band assumed, 
in which the energy density of states is proportional to the square root of 
the energy, measured from an appropriate zero. It seems unlikely, however, 
that the general character of the results should be critically dependent on 
this precise form. The treatment has the advantages that it enables the 
changes to be followed over the complete range of parameters which would 
be relevant in almost any treatment, and that it links up with the familiar 
and useful Weiss treatment of ferromagnetism (whioh is, in fact, a speoial 
case), with the theory of spin paramagnetism of free electrons, and with 
the general theory of metals as treated by the method of collective electron 
energy bands. 

I have pleasure in acknowledging ray indebtedness to the Government 
Grants Committee of the Royal Society for the loan of a Brunsviga calcu¬ 
lating machine. 


Summary 

After a brief survey of the problem of ferromagnetism (§1), general 
equations are obtained, using Fermi-Dirao statistics, for the magnetic 
moment if of a number N of electrons in an unfilled energy band of standard 
form, for which the interchange interaction effects give rise to a term in the 
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energy expression proportional to the square of the magnetization (§ 2). The 
relative magnetization, £ (= M/N/i), is expressible as an implicit function 
of the reduced field, /cHje 0 , temperature, fcT/e 0 and interaction energy 
coefficient, kd'je 0 , where e 0 is the Fermi zero energy without interchange 
interaction. Particular limits correspond to previously considered equations 
for electron spin paramagnetism, and the Weiss-Heisenberg “classical” 
equations for ferro- and paramagnetism. 

The treatment of paramagnetism above the Curie point, 0 , is straight¬ 
forward (§3). The general method of dealing with the spontaneous mag¬ 
netization below the Curie point (§4) is to obtain first values of kd’je 0 
corresponding to a series of values of kT/e 0 and £ (Table II, fig. 1). 
From these, values of kT/e 0 as a function of £ for a series of values of 
kO'le 0 are obtained by inverse interpolation (Tables III, IV, figs. 4, 5) (§0). 
The computational work is based largely on the use of tabulated values 
of Fermi-Dirao functions (McDougall and Stoner 1938). 

The character of the dependence of £ on kTje 0 or on TjO depends on the 
ratio kO'je 0 , the classical results being obtained for e 0 /kO' -> 0. A necessary 
condition for ferro-magnetism is kO'je^ > f, while for kd'je „ < 2“* = 0-793701, 
the relative magnetization at absolute zero, £„, is less than unity (fig. 2). For 
small values of £„ the magnetization-temperature curve is closely repre¬ 
sented by 

(£/£«)’= i-(W. 

but the curve does not change monotonically to the classical form (Table I) 
as k 0 '/e Q increases (fig. 5) It is not possible to describe briefly the rather 
complex changes in detail of the curves (§§ 5, 0). 

In addition to the numerical results, senes expansions appropriate for 
particular ranges are given for kO'/e „ as a function of kdje 0 , and of kT je^ and 
£; and expressions are derived for the variation of magnetization near the 
Curie point, and at low temperatures (§ 5). 

A full discussion of the experimental results is deferred, but it is shown 
that a major difficulty is removed in that the lack of agreement in the 
values deduced for the saturation moment from the paramagnetism above 
the Curie point and from the low temperature magnetization receives an 
immediate interpretation on the basis of the theoretical scheme (§ 7). 
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Resonance in crystal beams of sodium-ammonium 
seignette salt 
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Intboduction 

It has been noticed by several observers that, with longitudinal 
oscillations in certain crystal beams, on keeping the length constant 
and gradually decreasing either the breadth or thickness, a sudden 
change of considerable magnitude may occur in the wave-length. This has 
been attributed to some resonance effect. Lack ( 1929 ) describes interesting 
results obtained with rectangular quartz beams of 30° cut. The X axis, as 
with Voigt, coincided with an electric axis and constituted the length 
direction of the beam. The breadth was parallel to the optic axis. With 
such a beam there is a low vibration frequency depending upon the length, 
and a high vibration frequency varying inversely as the thickness, the field 
being applied in the direction of the thickness. A square plate was used, and 
on gradually reduoing the thickness, several discontinuities occurred on 
plotting the wave-length against the thickness. According to Lack these 
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discontinuities occurred at frequencies that could be identified with har¬ 
monics of the frequency which the orystal would have if it were vibrating 
in the direction of the length. That is, the longitudinal oscillation along 
the length could affect the frequency which was supposed to depend only 
on the thickness, so that the system acted as two coupled electrical cirouits, 
although the two sets of oscillations were in planes at right angles. 

Somewhat similar results have been obtained for quartz beams by 
Hitchcock ( 1930 ). He used the Curie (or perpendicular) cut, where the 
length is perpendicular to an electric axis and the thickness parallel to it, 
whilst the breadth is parallel to the optic axis Hitchcock showed that the 
frequency of oscillations along the length suddenly changed in value on 
decreasing the breadth. 

It will be shown that the beams used in this paper are suitable for the 
study of this phenomenon, owing to their unique elastic and piezo*electrio 
properties. 


Thk piezoelectric properties op the crystals OP 8EIGNETTK SALT 
The crystals used were of sodium-ammonium seignette salt 
(NaNH 4 C 4 H 4 0,4H,0). 

The theory of piezo-electricity applicable to all crystals has been com¬ 
pletely Bolved by Voigt ( 1910 ), and a short account of the modification of 
this general theory applicable to these crystals has beeii mentioned by the 
writer in a former paper (Mandell 1928 a). There are three piezo-electrio 
moduli only, namely 

d u = + 56-0 x 10- 8 , d u = - 149-5 x 10-», and d M = + 28-3 x lO" 8 . 

Fig. 1 shows the orientation of the beams cut from the crystal and used 
in the present experiments. X, Y and Z represent the a, b and c crystallo¬ 
graphic axes and are all at right angles. Three pianos are now drawn each 
containing a pair of axes so that the planes also are mutually perpendicular. 
Three rectangular beams may now be cut as shown. Consider any one of the 
planes shown, say XOYL. The dotted line OL bisects the angle XOY. In 
the oase of the beam shown, (de) parallel to OL represents its length, (ft) the 
breadth, and (fh) the thickness. This will be the convention used in the 
present paper, namely, for all of the three planes the length of the beam 
will always be along the direction of the bisector of the angle between the 
two axes considered. The breadth will always lie in the plane and will be at 
right angles to the length, while the thickness will be measured in the 
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direction at right angles to the plane, that is, it will always be perpendioular 
to the plane and parallel to a crystallographic axis. 

Sinoe there are only three piezo-electric moduli, the general equations 
of Voigt (1910, p. 902) reduce to 

y e = d lt E l , z x »d u E l , and x v = d 9 t E a . 

The third equation, for instance, states that if an electric field E s be applied 
along the direction of the Z axis, then in the perpendicular plane XY, a 
shear strain is produced. If therefore the length (OL) of the beam bisects 
the angle XOY, longitudinal displacements take place along the length and 
along the breadth. 



On referring again to fig 1, if light metal plates be placed on the upper and 
lower surfaces (gdef) and (Icmnh) and a steady potential difference be applied 
to the plates, the crystal will either extend along (de) and oontract along 
(/e), or contract along (de) and extend along (fe), according to the Bign of the 
electric field. If an alternating field be now substituted then the crystal 
may oscillate longitudinally m one of two directions, either along the length, 
nr along the breadth, on condition that the frequency of the applied field is 
exactly equal to either of these natural frequencies which are determined 
only by the elastic constants and dimensions of the beam. All three beams 
act in a similar manner and if electric fields of the required frequency be 
applied in the direction of a crystallographic axis, that is, perpendioular to a 
plane, longitudinal oscillations will occur either along the length or along 
the breadth. 
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The lateral contractions accompanying an increase in length 

FOR BEAMS FROM CRYSTALS OF THE RHOMBIC SYSTEM 

At a later stage reference will be made to the elastic properties of the 
beams so that their values are determined here. The geometrical nature of 
elastic moduli is clearly set out by Voigt who shows that the elastic 
properties of a crystal are completely characterized by the combination of 
a bitensor and a tensor surface. For crystals of the most complex type, 
namely, those belonging to the triclinio system, there are twenty-one elastic 
moduli. The bitensor system is built up by combining the components 
of four vectors and supplies fifteen terms, each term being a usual component 
of a bitensor surface while the tensor system supplies a further six terms. 
The expression for the thermodynamic potential is then transformed into 
an algebraic expression of twenty-one terms representing those two surfaces, 
the coefiiciont of each term being one of the elastic moduli or a combination 
of two of them, and at the same time a component of the two surfaces. The 
bitensor surfaoo is therefore a fourth power expression in x, y and z and the 
tensor surface, a second power expression. With the aid of these two 
surfaces any clastic modulus for a beam cut in any direction can easily be 
determined. Suppose that a new set of rectangular axes X', Y', Z', are 
related to the original axes X, Y, Z, by the scheme of direction cosines 
shown: 

X‘ T Z- 

X <*! A 7 i 

Y fit Yt 

% fit r» 

Then Voigt (1910, p. 590) shows that 

= *11 <*} + + s„ <4 + (2s n + a u ) aj «J + ( 2s n +s u ) a| a} + ( 2s 18 + «„) af aj 

+ 2 (s u + s M ) a\ 0,0,+2 (#„+» tt )+ 2 (* m + s u ) a| a, a, 

+ 2af(s 15 a 8 + s 1# a,) + 2aj(« ll a 1 +* l4 a 8 ) + 2a|(i 84 a 1 +s 88 a 1 ). (1) 

This expression gives the extension modulus along the length when tensile 
stresses are applied in this direction, which coincides with the new X' axis. 
This complex expression simplifies considerably when it is remembered that 
due to the symmetry of the crystal considered, twelve of the elastic moduli 
vanish, whilst the remaining nine have already been determined by a 
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statical method (Mandell 19286 , p. 122 ). Thus for beam C, the expression 
reduces to 

®u - * 11*1 + 8 n«\ + (2«i« + *«) a ?®» 

= 1 m»u+*n+2si,+«") - 47-8 x 10~“, (2) 

since the angles measured in degrees are = 45, a, = 45, and a, = 90. 

Suppose now, in beam C of fig. 1 , the X' axis now along (OL), be rotated 
through a further 90 degrees in the plane ( OXLY ), so that it iB parallel to 
the breadth, then on substituting the appropriate values for the direction 
cosines in this equation we obtain the same numerical value for the 
extension for an equal tensile stress, one gram weight per square centimetre, 
along the direction of the breadth. 

In like manner for beam B, 

*ii = 8 safla +( 2*13 + 8 u ) fit fit * 37*5 x 10 -10 , (3) 

gives the extension modulus for stresses either along the length or the 
breadth, and for beam A, 

- * 33 rS+«uri+( 2 «3i+SM)y?r3 * 94-2 x io-» ( 4 ) 

for the two directions. 

Again Voigt ( 1910 , p. 592 ) shows that the general expression for the lateral 
contraction for a crystal beam referred to the new set of rectangular axes is 
given by the expression 

*t3 - *iifi\y\+*nPty\+*t»0ly\+su(P\yl+Ply\)+ 8 n(fty\+P\yl) 

+*My\ + P\y\) +Ay* A 3 y 3 +A yi^»y» 

+Wiyi(&y 3 +A»y*) + 8 uPiy»(flaYi+PiY») +*4»^ 3 y 3 (Ay 3 +P»yi) 

+ 8 MyiV*+y\Ptfii) + *u(P iyi y 3 + y\PM + *MyiYi+ yW%) 

+ Ay»[*u(Ay s +yi A)+ •My%-+yM 

+Piyi[ a w(Piyi+y%Pi)+ 8 u(Piy3 +y 3 A)J 

+A 3 y 3 [*34(/? 3 y 3 +y 3 A)+*«(A 3 yi+y 3 Ai)3- (®) 

For crystals of the rhombic system twelve of the elastic moduli again vanish. 
Let us apply this equation to beam B, where the Y' axis is along the 
direction of length ( OM ), the Z' axis being at right angles to this and in the 
same plane, and the X' and X axes coinciding. Then the angles measured in 
degrees have the values a x = 0, a, = 90, a 8 = 90, /?j = 90, /? s = 45, = 45, 

= 90, y t =» 135, y a = 45, and 

*« = *n0lYl+* n filyl+ 8 i*(0lYl+0lYl)+ 8 MYiPiY*) 

= -5-3x10-“. 


(•> 
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This gives the lateral contraction along the direction of breadth for beam B 
considered as a unit cube, for unit tensile stress along the direction of length. 
In exactly the same way as before, by considering the rotation of the Y' 
axis through a further 90® so that it coincides with the direction of breadth 
it can be shown that for unit tensile stress along the breadth the lateral 
contraction along the length is 5-3 x 10 -10 for the unit cube. 

For the contraction in the direction of the thickness the equation (5) 
is again used except that the terms are changed in a cyclical manner. Thus 
the equations reduce to 

4 - + = -21-05x 10- 10 , (7) 

4 « « M y!ai+«i.yS<xi = -21-05 x 10-*®. (») 

The first equation states that for beam B, unit tensile stress along the length 
for a unit cube gives a contraction along the thickness direction of 
21-05 x 10~ 10 . The second equation states that for a unit tensile stress along 
the breadth the contraction along the thickness is the same, namely 
21-06 x 10~ 10 . 

In a similar way for beam A, 

4 - *uri«l+«KYl$+'M«l+Yl<4)+*uY»*»Yi*i 

= —82-2x10 10 (9) 

is the contraction along the breadth for the extension in length, 

4 = s u /3 JyJ + s lt p\y\ = - 6-7 x 10~ 10 (10) 

the contraction in thickness for extension in length and 

s\t = s u *\ft+s n e4fi\ = -0-7 x 10- 10 (11) 

is the contraction in thickness for extension in breadth. 

Corresponding equations for beam C are 

4 = a n a ?/^i + a 8i«!A* + «n(a?^| + «SA!) + a i A® 2 ^» - - 10-2 x 10- 10 

( 12 ) 

4 “ *siyaa! + *My**5 = - 19’25x 10- 10 , (13) 

4 = •ufiM+'nfiM = - 19'25 X 10 “. (14) 

These equations show, therefore, that all three beams have similar elastio 
properties. 
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Thb electrical circuit 

The electrical circuit used in the experiments was an improved form of 
that described by Pierce ( 1923 ). The crystal was placed across the plate and 
grid, but an oscillatory circuit replaced the plate resistance. It was found 
that the grid-leak was not essential and oscillations were much more 
vigorous without it. On varying the capacity of the condenser in the 
circuit the crystal started to oscillate strongly and continued to do so with 
constant frequency through a wide range of the condenser setting. A point 
of vital importance connected with this arrangement was that the fre¬ 
quency was solely determined by the crystal for there was no measurable 
change in wave-length on the substitution of other inductances and 
capacity in the tuned circuit. 

The alternating field was applied to the crystal beam by means of two 
light vertical condenser plates which were made to press lightly against the 
faces of the beam by means of two fine metal springs. The dimensions of the 
plates were somewhat larger than the crystal faces to ensure a uniform field. 
The nature of all oscillations was checked by means of dust-figures with 
lycopodium powder. 

Since the frequency of a crystal is dependent on the temperature, it was 
necessary to enclose the beam in a thermostat, which was regulated by an 
electrical device, when measuring some of the small changes in wave-length 
on changing the lateral dimensions. 

The theory of electrically coufleu circuits applicable to the 

SPECIAL CRY8TAL BEAMS UNDER TEST 

Suppose for simplicity that square beams are used, and that the equi¬ 
valent electrically coupled circuits are as shown in the diagram. The 



alternating potentials, assumed of sine form, impressed on the two circuits 
will differ in phase by n radians, for if the applied field causes an extension in 
one direction, an equal contraction occurs in the direction at right angles. 
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On employing the two circuit equations of standard form it may be shown 
that 


* /,— 
A/ <o'W'- 


(ftiC 


toL + o)M ) + K* 




gives the amplitude of the current in either circuit. 

In order to find the optimum values of w, for maximum current amplitude, 
it is convenient to square the expression for the amplitude, differentiate it 
with respect to <o, and equate to zero. In crystal oscillations the effects of 
resistance on the period can quite safely be neglected so that the expression 
obtained then reduces to: 


[<o*C*(L+M)(L-M) i + u>*(7*(3M + L)(M-L) + iM&M -L) + 1J 

[to*C*(M i -L*) + 2b>*LC~l][a) i CM-a) i CL+l] = 0. 

On solving this equation, there are two different values for ui 1 , namely, 

"'-OOT) “ nd “'-ciX-ny 

Hence it is to be expected that before exact adjustment is made the crystal 
will oscillate with one frequency only, but when the length is exactly 
equal to the breadth, two new fundamental frequencies will appear. 


Experimental results for resonance with the electrically 

COUPLED CIRCUITS 

A perusal of the elastic properties will show that the beams are ideal for 
testing the resonance theory. The piezo-electric theory requires that they 
shall be cut with the orientations shown in fig. 1. Then on applying the 
elastic theory it is seen, for this special orientation only, that the elastic 
properties are exactly identical for the length and for the breadth, which 
are the directions along which the crystal may oscillate. An experimental 
test was made with a square beam of type C (fig. 1), of side 19*329 mm. 
This beam was ohosen because a fairly large specimen was available. The 
difficulty of the test will be realized when it is pointed out thatthe frequency 
of the oscillation along the length or along the breadth, for a square beam of 
this size is about 86,000c./sec. Before resonance can occur, it is probable 
that the frequency for the two directions must not differ by more than, say 
ten cycles or even a much smaller number. The method of procedure was to 
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start with a square beam and reduce the length in steps of about one-ten- 
thousandth of an inch. After every adjustment the crystal was made to 
oscillate and one frequency only was found. Then the breadth was reduoed 
in a similar manner for there was no method of determining whether one 
was approaching or receding from the required condition. A few score of 
adjustments were thus made with the length and breadth. When resonance 
occurred the crystal oscillated in a more vigorous manner causing the plates 
which were pressing lightly on the crystal and supplying the alternating 
field (henceforth called the terminals), to emit a high pitched audible note. 
Two new oscillations appeared of wave-lengths 3835 and 3100m., together 
with the fundamental of wave-length 3487 m. The nature of the readings 
on the wavemeter, showed without any doubt, that they were new fuhda- 
mental frequencies, and not overtones supplied by the wavemeter. The two 
new frequencies disappeared at the same time after a few minutes. It had 
previously been found that the wave-length increases with rise of tem¬ 
perature, both along the length and along the breadth, for beams of type C, 
and from the symmetry of the crystal the coefficients of expansion with 
temperature should be of equal amount in the two directions. The tem¬ 
perature of the crystal when oscillating rises a small fraction of a degree 
above the temperature of the surroundings. The disappearance of the oscil¬ 
lations was attributed to a slight change due to unequal heating. On breaking 
the circuit and allowing the crystal to cool for a Bhort time the oscillations 
reappeared. The method was also tried of moving the crystal a short 
distance between the terminals in order to change the frequencies by a 
cycle or two, due to exceedingly small changes in the air-gap. This method 
also proved successful. 

In some of the earlier teats it was found that the wave-lengths of the new 
frequencies drifted slightly. This may have been due to the damping caused 
by the vibrating terminals, which would have the same effect as the addition 
of a resistance to the coupled electrical circuits. This can also be explained 
by the fact that the natural frequencies of the two modeB of vibration may 
not have been absolutely equal. A difference of a few cycles would alter the 
values of the new frequencies somewhat, but no means were available of 
determining at what instant the two natural frequencies were identical. 

The experiment was repeated some months later, with the same crystal 
slightly reduoed in sire. For a square beam of side 19-218mm. the funda¬ 
mental wave-length was 3472 m. When resonance occurred, the longer 
wave-length was 3818m., so that both values decreased by about 16m. 
Both resonant frequencies disappeared before the shorter wave-length 
could be measured. This illustrates the extremely critical nature of the 
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adjustment required for resonance. In this case the resonant condition was 
probably obtained by a slight temporary change of temperature due to the 
handling of the crystal specimen. It may perhaps, also be stated that more 
than two hundred adjustments were required to obtain the above results. 

From the numerical results recorded, it may be calculated that the Co¬ 
efficient of Coupling for the two equivalent electrically coupled circuits is 
18%. 

It would appear that this resonanoe effect, requiring such critical adjust¬ 
ment, differs entirely from any previously shown. 

Other interesting results were obtained with beamB of type C. Broad 
beams of small thickness were employed and the wave-length was measured, 
while the length and thickness were kept constant and the breadth was 
gradually decreased. Since the beams used were of different dimensions a 
perusal of the table of results does not readily furnish much information 
nor does a graphical representation showing the relation between the wave¬ 
length and breadth It is much more instructive to plot the actual wave¬ 
length in metres divided by the lengths of the beams in millimetres, as 
ordinates, and the breadths as abscissae, the length and thickness being 
kept constant for each beam. 

The results obtained for two beams only, of type C, are shown in graph 1, 
although the same effect was obtained with six different beams. On 
decreasing the breadth, it is seen that the wave-length decreases and a 
close examination shows that the curvature changes sign. When the 
breadth was reduced to about 0-60 of the length the wave-length suddenly 
increased by about 160 in 3000 m., and on further decreasing the breadth, a 
new curve was obtained Experiments with dust-figures seemed to prove 
without doubt that the beam was oscillating in a longitudinal manner along 
the length for all breadths, although, for the very broad beams, the dust 
figures were not very sharply defined. In the table (C 3) readings are given 
for one beam where both wave-lengths wore obtained separately for the 
critical breadth of the beam, the breadth being 10-965 mm. and the length 
18-314mm., so that the ratio of breadth to length was 0-60. These dis¬ 
continuities in the curves seem to be similar to those obtained by Lack and 
Hitohcocfc, when using quartz. If the results shown in the present paper can 
be attributed to resonance effects, then they seem to differ considerably 
from the results obtained with the square beams. With the latter two new 
frequencies appear at resonance. For the beams of decreasing breadth, 
single fundamental frequencies occur on both sides of the discontinuity. 
Still, it will be seen in the later part of the paper, that it is possible for 
oscillations along the length of a beam of length ( l ) and breadth (0*601), to 
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have the same frequency as oscillations along the length of a beam of length 
(0*601) and breadth ( l ). 

Experiments with changes in the lateral dimensions of the beams 

Experimental results were obtained with the three beams shown in 
fig. 1 . In the firat part of the experiments the length and breadth were kept 
constant and the wave-lengths were measured on gradually reducing the 
thickness of the beam. In the second part of the experiment these thin 
broad beamB were used and, keeping the length and thickness constant, 
the breadth was gradually cut down and the wave-length measured. For a 
long beam of very small lateral dimensions, the fundamental frequency of 
the longitudinal oscillations by this dynamical method should be deter¬ 
mined by the simple equation: 

“ r m 

where l is the length of the beam, p the density of its material, Y the 
Young’s modulus and E the “ Dehnungsmodul”, a term used in crystal 
physics It should be pointed out, however, that this formula does not apply 
for beams of large lateral dimensions. 

Rayleigh ( 1894 ) has estimated theoretically the error involved in 
neglecting the inertia of the parts of a vibrating rod of isotropic material 
which arenotBituated on the axis of the rod. Chree(i 889 )considersisotropic 
beams of rectangular cross-section and shows theoretically that any increase 
m the moment of inertia due to the lateral dimensions of the beam causes 
an increase of wave-length, whilst Davies ( 1933 ) has obtained a formula of 
corrections for crystals of Rochelle salt. It was found by experiment that 
Chree’s formula subject to certain modifications, agreed best with the 
obtained results, if modified to the general form: 

( 16 ) 

where A is the observed wave-length for a beam of length l, breadth b and 
thickness t, A 0 is the wave-length when 6 and t are very small, and k x and k t 
are constants varying as the square of the appropriate Poisson ratio, 
namely for the directions of length-thickness and of length-breadth 
respectively. These latter values can be obtained from the calculations 
already made for the lateral contractions accompanying an increase in 
length for the beams under test. It should be pointed out, however, that all 
the above correction formulae are based on the fact, that for an extension in 
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length there are accompanying contractions along the breadth and along 
the thickness due solely to that extension. However, owing to the special 
piezo-electric properties of the beams used hero, none of these formulae 
would be expected to apply. Consider beam C for instance, although the 
same reasoning applies to all oi them, and suppose that a steady potential 
be applied in the direction OZ. Then the beam extends say, along the length 
and contracts along the breadth. The extension along the length causes a 
contraction along the thickness, and the contraction along the breadth an 
extension of equal magnitude along the thickness, so that for static fields 
there should be no change in the thickness of the beam and the correction 
term for the length-thickness directions iB zero. For alternating fields 
experiments showed that the change in wave-length due to change in 
thickness was exceedingly small. The readings for the three types of beams 
are tabulated. It will be soon that, where measurements are made on 
reducing the thickness, there is a very small reduction of wave-length, in 
fact it is almost of negligible amount. For instance, with one of the beams 
(C 3) the thickness was reduced in steps from 16-403 to 6-106 mm. and the 
reduction in wave-length was from 3085 to 3056 m., a difference of about 1 % 
for a change in thickness of 11-3 mm. Similar results were obtained for all 
the beams so that the correction term P/P) may be omitted for thin 
beams. With regard to the second term b a /l*), the application of the static 
field produces an extension along the length which causes a contraction 
along the breadth as the correction formulae require, but there is now an 
added complication due to the fact that a further contraction takes place 
along the breadth due to the electric field. Hence it would be expected that 
for thin beams, on keeping the length constant and gradually reducing the 
breadth, the formula 

A*-A« = A*(*,^ 

should apply, but k t for the different beams would not be expected to vary 
as the square of the Poisson’s ratio. 

Graph 2 shows the results obtained for beams A of fig. 1, with their 
lengths and breadths in the ZOX plane. Comparatively broad thin beams 
were used. While the length and thickness were kept constant the breadth 
was gradually decreased and the wave-length measured. From the 
theoretical calculations for a centimetre cube, for an extension along the 
length of 94-2 x 10 -10 cm. the lateral contraction along the direction of 
thickness is 0-7 x 10 -10 cm. and along the direction of breadth 82-2 x 10“ 10 
cm. Poisson’s ratio for the length-breadth direction (0-87) is therefore 

aS 
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exceedingly large. The readings for beams A are tabulated and the results 
for three of them are shown in Graph 2. Since the three curves do not 
coincide it follows that the wave-length per millimetre length is a function 
of both the length and the breadth. Furthermore, for the beams of lengths 
16-573, 18 026 and 19-857 mm , on reducuig the breadths to a very small 
value the wave-lengths per millimetre length taken from the graph are 
245-0, 244-7 and 245-0m. respectively, while for beam (A 5), which is not 
shown on the graph, the value is 244 7. It is of interest to compare these 
values with those obtained on substituting the values found by the statical 
experiment equation (4) in (15). This calculated value is 234 1 m./mm. 
length, as compared with 245-0 m. by the present dynamical method, a 
difference of rather less than 5 %. 

Graph 4 is drawn with (A*-AJ)/A* as ordinates and b 2 jl 2 as abscissae. 
For tho three beams shown in graph 2 it is found that all the points lie closely 
to a straight line of slope 0-430, which therefore gives the value of k r It is 
of interest to note that the formula applies over a very wide range, for in 
some of the broader beams the ratio of breadth to length is between 0-8 and 
0-9 The results obtained with beam (45) are not plotted on the graph. 
Instead, two more rows are added to Table (A 5), one giving tho wave¬ 
length as calculated by the formula 

A 2 —(4510) = A*|o-430 (17) 

where 4510 is obtained by multiplying tho length of the beam in milli¬ 
metres by 244-7 The lower row gives the difference between the measured 
and calculated wave-length With this particular beam many readings 
were made to discover any small discontinuities due to resonance, and 
great care was taken that the teinj)erature remained constant throughout 
the experiment. It will be seen that the calculated and ex|>cnmental 
values agree very closely The wave-length increases by nearly 22 % for 
the broadest beam of (A 3) as compared with the infinitely narrow beam, 
and it may be noticed that this exceedingly large increase is associated with 
the abnormally large value of the I’oisson’s ratio for the length-breadth 
direction of the beam 

The exfierimental results obtained with the beams li of fig 1 are tabulated 
and are shown in graph 3. A unit tensile stress, 1 g weight/sq. cm., along 
the length of a centimetre cube, gives an extension along tho length of 
37-5 x 10 10 cm., a contraction along the breadth of 5-3 x 10- , 0 cni„ and a 
contraction along the thickness of 21-05 x 10 “ 10 cm. It will be seen from the 
tabulated results that the change of wave-length on decreasing the thickness 

2S-2 
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is again small in spite of the large value of the lateral contraction in this 
direction. The Poisson’s ratio for the length-breadth direction is small, 



namely, 0-14, or about one-sixth of the corresponding value for the 
A beams. In graph 3 three thin beams are used of lengths 18-354, 23*210 
and 26*975mm. and the results show that the percentage increase in wave- 
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length with increase of breadth is very much less than for the A beams. 
Thus on reducing the breadth of the B beams the maximum percentage 
change of wave-length is rather more than 3 %, while for the A beams of 
similar dimensions the change is about six times as much, so that the 
percentage changes of wave-length vary almost directly as the two Poisson's 
ratios for the length-breadth directions for the two sets of beams. Graph 3 
shows that on reducing the breadth to an infinitely small value, the wave¬ 
length per millimetre length is 143-0 m. for all three beams. On substituting 
values found by the statical method, equations (3) and (15), the wave¬ 
length per millimetre length is 147-8 m. by calculation. Thus the wave¬ 
lengths agree to within about 3 % by the two methods for these beams. 
The lower part of graph 4 is obtained by plotting (A a - A$)/A* as ordinates and 
as abscissae. The points lie fairly closely to a straight line, up to a [Joint 
where the ratio of breadth to length is about two-thirds, but lor broader 
beams the slopo of the curve mcreases rapidly. The slope of the straight por¬ 
tion of the graph is 0-08 which therefore gives the value of k % for these beamB. 

The results obtained with the C beams have already been referred to. 
A unit tensile stress along the direction of length of a centimetre cube 
gives an extension of 47-8 x 10 _to cm., a contraction along the breadth of 
10-2 X 10 10 cm. and a contraction along the thickness of 19-25 x 10- 1 ® cm 
Owing to the anomalous nature of the results a curvo is not plotted on 
graph 4 Prom graph 1 it is seen that long beams of small lateral dimensions 
have a wave-length of 158-Oro /mm. length as compared with 106 8 m. 
obtained from the statical experiment, equations (2) and (15), where 
broad beams were employed. There is thus a difference of about 5 % by 
the two methods. In comparing the values obtained for the three sets of 
beams by the dynamical and statioal methods which differ by 3-5 %, it 
should be pointed out that broad beams were used in the statical experi¬ 
ments and infinitely long ones in the dynamical experiments. Furthermore 
no corrections are applied to the dynamical experiments for the “converse 
Piczo-olectric effect”. When a steady [>otential difference is appliod to the 
crystal it extends along its length with the result that electric charges are 
developed due to this extension These produce stresses which prevent 
the crystal from extending to its full amount. This is equivalent to a 
decrease in the extension modulus so that the wave-length measured by 
the dynamical method is slightly too small. For a static field the decreases 
in the extension moduli vary as the square of the piezo-electric moduli 
which are large for the crystal beams under test. If this correction were 
applied then the values obtained by the statical and dynamical experi¬ 
ments for two of the sets of beams would be in still closer agreement. 
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Resonance in crystal beams 

The dynamical method is limited in its application for the determination 
of elastic constants since these are the only three differently oriented beams 
that can be employed for the production of longitudinal oscillations for 
this particular crystal, excepting the L-cut, described by Cady ( 1937 ). 
In the statical experiment many difficulties arose since the boaras were 
rather short, while corrections had to be applied for the depression of the 
supports and the “bite” of the knife-edges into tho crystal face on adding 
the loads With one beam there was a depression of only ten interference 
fringes per load, so that it was necessary to road to one-tenth of a fringe, 
but the greatest difficulty arose owing to the fact that after applying the 
load a slight depression continued for a considerable time. In Bpite of these 
difficulties tho results by tho two methods arc in good agreement. 

The writer is pleased to acknowledge his indebtedness to the Trustees 
of the Dixon Fund for a grant for the purchase of apparatus. 

His best thanks are due to Mr W. B. Medlam for advice on coupled 
circuits and to Dr Lownds for his kind interest in this work. 


Summary 

Experiments are made with longitudinal oscillations m crystal beams of 
sodium ammonium soignetto salt For a square beam a theory is deduced 
for the interaction of two longitudinal oscillations at right angles. These 
are considered as analogous to two coupled electrical circuits. If tho natural 
frequencies in the two directions agree to within a small number of cycles 
per second, the theory requires that resonance shall occur with the pro¬ 
duction of two new fundamental frequencies This result is demonstrated 
experimentally. 

Experiments are also made to determine the change m wave-length with 
change in broadth and thickness Theoretical calculations are made of the 
lateral contractions along the breadth and along the thickness, accompany¬ 
ing extensions along tho length. The effect of thickness on the wave-length 
is found to be very small, in spite of the fact that the lateral contractions 
are large m two types of beams used. A change of breadth may change the 
wave-length by 20 %. The experimental results for two types of beams 
agree closely with an empirical formula, while one ty|>e of beam behaves in 
an anomalous manner. 
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The alkaline permanganate oxidation of organic 
substances selected for their bearing upon 
the chemical constitution of coal 

Br It. B. Randall, 1*h D., M. Bender, Ph.D , 
and V. M. Urootock, Ph I). 

Of the Hone Research Laboratories 

(Communicated by Professor If 7 . A. Rone, F.R.S. —Received 3 December 1937) 

In Part VIII of the previous papers upon the Chemistry of Coal from 
these laboratories (Bono, Parsons, Sapiro and Groooook 1935 ) it was shown 
that on oxidation by meanB of boiling alkaline permanganate the main 
organic substance of the lignin-* peat-* coal-* anthracite Beries yields 
carbon dioxide, acetic, oxalic and benzene carboxylic acids, the propor¬ 
tions of the last named to the oxalic acid produced increasing with the 
maturity of the coal BubBtance. Also, while every benzene carboxylic 
acid, except benzoic acid itself, was isolated from the oxidation products 
of Home coal or other, in each and every case examined the penta- or 
hexacarboxylio aoid predominated. Another notable result was that 
whereas no phthalic acids were detected among the benzenoid acids 
produced from lignins, and comparatively small proportions among those 
yielded by peats and brown coals, larger proportions thereof were yielded 
by bituminous coals and anthracites. 

The results as a whole, while strongly supporting the view of the essential 
chemioal continuity of the lignin -> peat -* coal-> anthracite series, and of 
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lignins rather than celluloses being its chief progenitors, suggested the 
possibility of the main coal substanoe having arisen through condensations 
of phenolic and amido-bodies with aldehydic bodies—much as systematic 
resins are now produced—and more recent observations have pointed to 
high pressures, rather than temperature, having been the principal factor 
in the natural maturing of the coal substance. 

Although the essential benzenoid character of the main coal substance 
was thus proved, it has not yet been possible to deduce from the experi¬ 
mental evidence any constitutional formula for the “coal unit” in the 
same way as has been deduced for “cellulose” and “lignin” units. Such 
shortcoming, however, is due largely to lacunae in our systematic know¬ 
ledge of the course and products of the alkaline oxidations of organic 
substances generally, for although such oxidations have been extensively 
employed in preliminary explorations of the molecular constitutions of 
individual organic substances, careful search of the literature has failed to 
disclose sufficient systematic knowledge for the detailed interpretation of 
the results of the alkaline permanganate oxidation of the coal Bubstanoe 
in regard to its constitutional formula 

This being so. Professor Bone directed us to undertake a systematic 
qualitative and quantitative investigation of tho alkaline permanganate 
oxidations of organic substances of known constitution selected for their 
bearing upon the coal problem, and the present paper embodies the results 
of the oxidations of some sixty such substances, each of which has been 
studied also in regard to the velocity of its oxidation. The last-named part 
of our task has led to the successful devising of a new experimental tech¬ 
nique for the complete detailed determination of the oxidation-velocity 
curve for any particular organic substance, a matter whioh is reserved, 
however, for a further communication. 

Previous observations upon the alkaline permanganate oxidations of 
organio substances generally are so scattered throughout the voluminous 
literature of organic chemistry that it is scarcely possible to summarize 
them briefly. The following may be cited, however, as bearing upon those 
of the particular classes of substances included in the present investigation: 


Substanoe 

Hexahydrofluorono 

Acetophonone 
C.H.CO.CH, 
Aoenaphthone quinone 


Investigators 
Pictet and 
. Kamsoyor (1911) 
MoKonzio {1904) 

Charrior and 
Beretta (19*4) 


Acids obtained 
Phthalic, adipic and oxalio 

Benzoylformic 


Naphthalic, heinimellitic, 2 : 6' 
dicar boxyphenylglyoxilic 
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Substance 

Investigators 

Acids obtained 

Phenanthreno qumone 

Charrier and 

Beretta (19x4) 

Dtpheaio 

Aoetomositylono 

Perkin and 

Taploy (19x4) 

Trimotliylbenzoio, dimethyltere- 
phthalonio, 4.6-dimethyl- 
phthalonio, methylcarboxy- 
phthalomo 

-Naphthoic acid 

Ekstrand (1891) 

Phthalio and tnmollitio 

Phenylacetic acid 

C.H.CH, COOH 

Prshcvalski (1918) 

Bcnzoylfomno and benzoic 

Pht'nylpropionic acid 
C.HjCH, CH, COOH 

PrshevaLski (1918) 

Mandeho and bonzoio 

Phonylbutyric acid 
C,H,(iH,(’H,CH,COOH 

Prnhcvalnki (1918) 

Honzoylfonnic, bonzoio, oxalio 


Prshevalski ( 1918 ) showed that the attack upon an aromatic molecule 
begins on the carbon atom nearest the nucleus in a side chain with the 
formation of benzoic or an hydroxy-phenyl-acetio acid derivative, the rest 
of the side chain being simultaneously oxidized to carbonic anhydride or 
a dibasic acid. In our experiments it has been found that substitution of 
nuclear hydrogen by hydroxyl renders a benzenoid ring liable to disruption 
at such position under alkaline permanganate attack; that ketonic acids 
such as bonzoylformic, phthalonio, and 2 . 6 -dicarboxyphenylglyoxihc acids 
are remarkably resistant to such attack, and that variations in such 
conditions as temperature, alkali concentration, and the relative proportion 
of permanganate employed may have a qualitative as well as quantitative 
effect upon the products obtained We have also found, however, that by 
standardizing the conditions, so that they corresponded with those under 
which the previous coal oxidations were carried out, unvarying and easily 
reproducible results, as set forth in the accompanying tables, were 
obtainable in each case; and it should be understood that the results so 
recorded refer to such standardized conditions. 

Experimental 

(1) Selection and classification of substances investigated 
The selection of substances for our investigations was based primarily 
upon their possible bearing upon the coal-constitutional problem, in view 
either of their relationship to possible progenitors of the coal substance, 
or of their chemical structures possibly containing, resembling, or having 
yielded these In regard to the last named, it seemed important to 
distinguish between those which are stable towards hot alkaline per- 
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manganate and those which may be readily further oxidized by it; because 
whereas, if formed at all during a coal oxidation, presumably the former 
would remain unchanged and accumulate throughout its course, the latter 
might undergo such rapid further oxidation as either to preclude or to 
curtail their survival among the end-products. 

The substances actually investigated may be conveniently grouped aB 
(1) carbohydrates and aliphatic carboxylic acids, (2) aromatic hydro¬ 
carbons, (3) aromatic substances containing -CO groups, and (4) aromatic 
carboxylic acid and ethers, and heterocyclic compounds. They were either 
purchased from reliable sources or synthesized in the laboratory, and in 
each and every case purity was established by analysis, melting point, and 
sometimes also by the preparation of some characteristic derivative. In 
tabulating and discussing the results each group will be considered 
separately. 


( 2 ) Apjxiratus and procedure 

The experimental procedure has been based upon the “Carbon Balance 
Method” devised by Professor Bone and collaborators for determining the 
distribution of the carbon of the coal substance among its various alkaline- 
permanganate oxidation products, and combined with similar methods to 
that employed by them for the isolation and identification of those 
product*. Determinations were always made (i) of the time required to 
reach the “end-pomt” of the oxidation under the standard experimental 
conditions, (ii) of the number of atoms of oxygen used per molecule of 
substance oxidized under the particular experimental conditions including 
relative concentrations of the reactants (e g. 3-5 g. substance, 5*6 g. 
caustic potash, x g. potassium permanganate added in 3-2 % solution, and 
350 c c. water), (ui) of the individual oxidation products, and (iv) of the 
quantitative distribution between them of the carbon of the original 
substance. Finally, m all cases except that of the carbohydrates we wore 
able to deduce empirical equations epitomizing the observed results of 
each oxidation. 

With regard to the relative speeds of oxidation, it will be seen from the 
tabulated results that the times required for attainment of the end-point 
under like conditions varied from 20 min. to 166 hr. according to the 
substance investigated. No more than general significance should be 
attached, however, to the times given in the tables, especially in the cases 
of liquids or slightly soluble substances. Trimethylbenzoic acid, which was 
oxidized quantitatively to prehnitic acid in 25 hr., may be regarded as 
a convenient “standard” for comparative purposes. 
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Seeing that with the more highly resistant substances it was neoessary 
to operate continuously over long periods of time, and that with liquid 
substances considerable difficulty from “bumping” was encountered, the 
apparatus described in Part VIII of previous papers from these laboratories 
had to be modified so that the reaction flask A (fig. 1) could be submerged 
in an oil bath which was electrically heated and controlled by means of 
the thermoregulator B. The contents of the flask were kept well stirred 
by means of the motor-driven ring stirrer C operating through the mercury 
seal D, and it was found necessary to fix a small condenser E on the stirrer 




shaft to prevent distillation from the flask to the mercury seal. The water 
trap F was made more efficient, the surrounding bath O being supplied 
with ice-cold water from a large reservoir (not shown). For the more rapid 
oxidations the electrical heating was replaced by gas heating. 

The former esterification of the benzenoid acids resulting from these 
oxidations by the interaction of their silver salts with methyl iodide has 
been superseded by the use of diazomethane, and the technique for their 
fractionation under reduced pressure has been improved, using the higher 
vacua, of the order 10 - ® mm. Hg, obtained by means of such oil-diffusion 
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pumps as described by Hickman and Sandford ( 1930 ). Fig. 2 shows the 
particular form of pump employed by us. 



Also, the use of the “vacuum sublimer” described in Part VIII of 
previous papers from these laboratories has been supplemented by that 
of a multiple receiver Btill (fig. 3) in such fractionations. This receiver had 
a small turntable carrying four tubes and fitted with a soft iron segment 
which allowed of its being rotated from outside by means of a magnet. 
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Some of the substances studied and/or maybe their oxidation products 
(e.g. fluorene and fluorenono) were so volatile in steam that part of them 
distilled into, and remained in, the condenser during the oxidation of the 
rest of the substance and were recovered unchanged at the end of the 
operations. In all such cases due allowance was made in respect of suoh 
recovered substances in calculating the “carbon balance” of the products. 

Any benzoylformic and/or phthalonio acids occurring in the oxidation 
product could be estimated gravimetrically by precipitating their 2:4- 
dinitrophenylhydrazonos from hot hydrochloric acid solution, tho method 
having been proved accurate on its being tested for dilute solutions of the 
acids concerned In such connexion it should lie noted that whereas the 
precipitation of the hydrazone of benzoylformic is effected almost im¬ 
mediately, that of the hydrazone of phthalonic acid only begins after an 
hour and requires four days for its completion Tho hydrazones were 
identified by analysis and mixed melting-point determinations. 


Tabulation of results 

The detailed experimental results are presented in the senes of four 
comprehensive tables (Nos. I to IV inclusive), each with its accompanying 
explanatory notes, incorporated herewith. All that need be added thereto 
are a few general observations in regard to the behaviour of the substances 
comprised in each table, and, at the end of the paper, a discussion of the 
implications of the results as a whole, as hoanng upon tho coal-constitutional 
problem. It is hoped that the results may also be useful in connexion with 
other similar constitutional problems. 

Oxidation* of (a) carbohydrates and (b) aliphatic acid* 

The substances investigated under (a) included ethylene glycol and 
polyglyoxal as well as representative carbohydrates, while those under ( 6 ) 
comprised glycolhc, tartaric, malonic, succinic, glutaric and adipic acids. 

The polyglyoxal was a polymerized ^^ with properties os described 

by Harries and Temine ( 1907 ), while the cellulose I and II were from 
Swedish filter-paper and purified cotton-linters respectively. 

The oxidations of polyglyoxal, glucose, glyoollic and tartaric acids were 
all ended within about 20-25 min., and that of ethylene glycol in 45 min. * 
the ease of oxidation of the carbohydrates enumerated diminished in the 
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Table I. Carbohydrates and aliphatic acids 





Atoms 

of 

Time 
to “end- 

% C 

appearing 

as 

Total 

O ao- 

Substance 

Formula 

ratio 

per mol. 

oxidation 

CO, 

(COOH), Acetic 

for 

Ethylene 

glycol 

CH.OH 

CH.OH 

7-73 

4 5 

45 mm. 

63 9 

32 8 

Nil 

96-7 

Polyglyoxal 

H C: 0 

H.C: 0 

3 78 

2-1 

20 min. 

48 0 

47-8 

25 

98 3 

Gluooee 

-OHOH 

O(CHOH), 

1 CH 

5 58 

9-5 

20 min. 

603 

27-1 

10 3 

97 7 


CH t OH 








a-Mcthyl-d- 

gluoosidi- 

CH.OH 

CI10H 
i OH 

O(CHOH), 

'-CH (H'H, 

6 15 

11-3 

10 hr. 

03-4 

29 7 

59 

99 0 

Maltose 

Ci,H m O„ 

5 56 

0 5 

2 } hr. 

59 7 

29 1 

10-1 

98 9 

Starch 

(C,H 10 «,), 

6 08 


3 hr. 

66 0 

24-1 

75 

97 6 

Cellulose: I 
II 


6 54 

0 10 



49 4 
542 

46 3 

43 6 

2-9 

2-2 

98-0 
100 0 

tilyoollic 

CH.OH 

COOH 

3 35 

2 1 

20 mm. 

35 0 

64-1 

Nil 

100-0 

Tartaric acid- 
I 

CHOU COOH 

2 70 

3 8(5] 

) 25 min 

44-7 

65-7 

Nil 

100-4 

II 

CHOH COOH 

2 00 

3 8 

10 mm. 

35 5 

62 5 

Nil 

98 0 

Malomc 

acid 

/COOH 

CH,< 

X'OOH 

3 33 

33 

14 hr 

53 2 

44 9 

Nd 

98-1 

Succinic 

CH.COOK 

5 37 

60 

60 hr. 

61-3 

47-3 

Nil 


acid 

CH.COOH 

98-6 

Glutanc 

acid 

AH.COOU 

x CH,COOH 

718 

9 0 

75 hr. 

57-7 

411 

Nil 

98 8 

Adipic acid 

CH,CH,COOH 
CH,CH.COOH 

8-50 

11-8 

115 hr. 

68-0 

41-8 

Nil 

100-4 
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order glucose -> maltose -> starch -> methylgluooside -* cellulose. The dibasic 
aliphatic acids, except tartario with two hydroxyl groups, were all much 
more resistant to oxidation and in increasing degree as the series was 
ascended; and while all the malonic and the succinic acid was oxidized 
during the times (14 and 60 hr. respectively) stated in Table 1, no Iobb than 
22-5 % of the glutaric and 38 % of the adipic acid remained unoxidized 
after 76 and 116 hr. respectively. Some darkening, due to slight resinifica- 
tion, occurred when the glucose, maltose, a-methyl-d-glucoside, and starch 
were first boiled with the aqueous caustic alkali prior to the addition of 
the permanganate. 

In all cases substantially the whole of the carbon in the substance 
actually oxidized was accounted for as carbonic anhydride, oxalic and 
acetic acids, the last named being yielded by the polyglyoxal and the 
carbohydrates only—and in largest proportion by glucose and maltose— 
but not at all by either ethylene glycol, glycolho acid, or by any of the 
dibasic acids. Apparently its formation was due to the action of the boiling 
alkali upon the polyglyoxal and the carbohydrates. As might be expected, 
no benzenoid acid was ever formed among tho oxidation products of any 
of the substances comprised in Tabic I, a circumstance which disposes of 
the suggestion that conceivably some aromatic structure might have been 
developed by tho prolonged action of the alkali upon them. 

The oxidations of ethylene glycol, glyoxal, glycollic acid and cellulose 
closely approximated to the empirical equations 


3 


H,. 

H, 


+ 140 = 


COOH 

COOH 


+ 4CO, + 8H,0 


H.C: O 

2 

H.C: O 


+ 60 = 


COOH 

COOH 


+ 2CO.+ H,0 


CH,OH 
3 COOH 


+ 70 = 2 


COOH 

COOH 


+ 2CO, + 4H,0 


2C,H„0 # +210 = 3 


COOH 

COOH 


+ 6CO. + 7H.O 


Oxidation of aromatic and cyclic hydrocarbons 
The following hydrocarbons were found to be so highly resistant to 
boiling alkaline permanganate that they may be regarded as practically 
unoxidizable by it, and accordingly they have been excluded from 
Table II, namely: 
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Benzene C,H, 


Hexahydrobenzene C t H,, 


CH, 



Diphenyl C li H l0 


Chrysene C U H U 




Reteno C, a H u 



Decocyclene C„H„ 




29 


Vol. CLXV. A. 
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16* hr. Helbtic «cid 17 4 0-7 81-2 96-3 C 1 ,H 1 ,+240=QCOOH),+3CO, 
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Not including 2-3 and 2-4%, respectively, of the original carbon appearing as acetic acid in the product*. 
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All the hydrocarbons included in Table II were oxidized slowly, yielding 
some aromatic acids or products in addition to carbonic anhydride, oxalic 
acid and water. Nearly 2-5% of the carbon of the two dimethyl naph¬ 
thalenes oxidized appeared as acetic acid in the product; but in no other 
case was acetic acid formed. Decahydronaphthalene yielded a large 
proportion of phthnlonio acid in each case practically the whole of the 
carbon of the substance oxidized was distributed among such products, 
and the oxidation could lie approximately expressed by an empirical 
equation. 

Oxidations of aromatic substances containing a —CO group 

The following substances were found to be practically unoxidizable by 
the boiling alkaline permanganate 

Ucnznplimione C’,,H 10 O 

Bonzil C, 4 H 10 O, 

1-Bcrwonaphthono C 17 H„0 

4-Mothoxybeny.ophenonc (J u TT la O t 

2.4: O-Tnmelliylbonzophenone C„H lt O 


Tribonzoylonebonzouo 


From which it would seem ns though —CO groups situated botween two 
benzene or alkyl-benzene nuclei arc usually immune from attack 

From Table III it will be seen that while acetophenone was readily 
oxidized, its 4-methyl derivative was much less so, on the other hand, 
4-methylbcnzophenone was more oxidizable than benzophenone. Such 
differences were probably, however, due to differences in the solubility of 
these substances. It will also be Been that in each case substantially the 
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whole of the carbon of the substance oxidized could be accounted for as 
carbonic anhydride, oxalic acid, and some aromatic acid or compound in 
the products, and that its oxidation could be approximately expressed by 
an empirical equation. The following other points should be noted, namely 
(i) the extreme slowness of the oxidation of 4-methylbenzophenono and 
2 -methoxy-l-benzonaphthone, both of which contain a -OO groupbetwoon 
two benzene nuclei; (li) the marked acceleration of oxidation effected by 
the replacement by hydroxyl either of the methyl group of 4-methyl - 
benzophenone or of the methoxyl group of 2 -methoxy-l-benzonaphthone, 
and (iii) that about 2-3% of the carbon of the 4-methylbenzophenone 
oxidized appeared as acetic acid in the products. 

It may also be remarked that whereas ('harrier and Ohigi ( 1933 ) obtained 
chiefly 2' , 3-dicarboxy-2-diphenylglyoxilic acid, togother with a small 
quantity of anthraquinone -1 -carboxylic acid, by oxidizing benzanthrone 
with permanganate at H0-90° m a very high concentration of alkali, our 
products were 2 0 -dicarboxyphenylglyoxilic acid and a small quantity of 
phthalic acid, the difference being probably due to the lower temperature 
and higher alkali concentration employed by them as compared with our 
conditions 


Oxidations of aromatic carboxylic acids, heterocyclic compounds, etc. 

The following substances were found to bo practically immune from 
oxidation by the boiling alkaline permanganate, namely 


2 : 2'-Diphoruo acid C 14 H, 0 O 4 


Diphonylene oxide Cj,H t O 


Diphenyl ether C|,H 10 O 


Xanthono C„H ( 0, 



Prom Table IV it will be seen, (i) that 2:4. 6 -trimethylbenzoio acid 
was oxidized quantitatively to the corresponding 1 2.3:5-benzene 
tetracarboxylic (prehnitic) acid in about 25 hr., each of its three methyls 



Table III. Aromatic substances containing a =CO group 




4-Hydroxy- 6-15 116 3 hr (o) Benzoylfornuc »cid 22-7 18-8 (a) 231 98 2 lOCuH^O^nOO^lC^Hj^) COOH 
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Table IV. Aromatic carboxylic acids, heterocyclic 
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20,11,0+350=(C00H), + 14C0, 



‘(HOOOni’at = 0£II + O'H"O0I i 96 0 fit (») 
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«%1 acetal dCH i CH(OC I H,) l 
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being oxidized to a carboxyl, COOH, group, the time required being 
comparable with that for a typical Shafton bituminous coal (Barnsley); 
(ii) that phthalonic acid was yielded by 2 -naphthoic acid, 2 : 1 -naphtho- 
1 ': 2 '-furane, and 2 -naphthyl methyl ether; and (iii) that coumarone, 
coniferaldehyde and 1 -methoxy- 2 w-aldomethoxybenzeno diethyl acetal 
were all oxidized straightway to carbonic anhydride, oxalio acid and water 
without any appreciable formation of aromatic acids. 

Attention is also directed to relatively greater stability of phthalonic 
as compared with the other carboxylic acids included in the table, although 
it was more oxidizable than either phthalic or the other benzene carboxylic 
acids examined. It yielded earbonio anhydride, oxalic and phthalic acids 
substantially in accordance with the equation: 


/CO. COOH /COOH COOH 

10 C,H,< + 220 = »C,H 4 < +3 ■ +12CO f . 

*\COOH V’OOH COOH * 


although some 40% remained unoxidized after the “end-point” of 40 hr. 

Berbenno hydrochloride was oxidized bIo wly, yielding carbonic anhydride, 
nitric, hydrochloric, oxalic, hemipinic and hydrastime acids, the two last 
named being relatively about as resistant to oxidation as phthalonic acid. 


Discussion 

From our results, in conjunction with those of other workers, it would 
appear, in regard to oxidation by boiling alkaline permanganate, that. 

(1) Unreduced and unsubstituted aromatio hydrocarbons containing 
more than three “fused” rings are practically unattacked, a circumstance 
possibly due to their insolubilities in the reagent. 

(2) Alkyl-substituted aromatic and reduced cyclic hydrocarbons are, in 
general, more susceptible to oxidation, reduced (five- or six-membered) 
rings being completely oxidized to the corresponding carboxylic acids. 
Thus, for example, tetrahydronaphthalene, octohydroanthraoene, and 
tricyclotrimethylenebenzene gave large yields of phthalic and phthalonio, 
pyromellitic, and mellitic acids respectively. Evidence was forthcoming 
of the formation of a benzene carboxylic acid by the oxidation of a fully 
reduoed ring to a benzene ring, e g. in the oxidation of decahydro- 
naphthalene. 

(3) Unsaturated linkages in the side chain of an aromatic hydrocarbon 
provide a ready point of attack, e.g. in phenylacetylene and methylstyrene. 

(4) A =OH s linked to a benzene ring is oxidized primarily to =CO, 
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e.g. dibenzyl to benzil, fluorene to fluorenone, and diphenylmethane to 
benzophenone. 

(5) Substitution of hydrogen by hydroxyl in the nuoleus of an aromatic 
substance renders it very susceptible to oxidation. Thus, for example, 
4-hydroxybenzophenone, 1 • 2-dihydroxyanthraquinone, and ooniferalde- 
hyde were among the most rapidly oxidizable substances investigated, 
their rings being primarily attacked and disrupted at the point of attach¬ 
ment of the hydroxyl group to the benzenoid nuoleus. 

(6) Similarly, the attachment of a methoxy group to the nucleus of an 
aromatic substance increases its vulnerability to the oxygen attack. Thus, 
for example, methoxybenzonaphthone was much more readily oxidized 
than benzonaphthone. 

(7) On the contrary, a —(X) group attached to an aromatic nucleus 
stabilizes it agamst the oxygen attack. Thus, for example, benzophenone, 
benzil, anthraquinone, and fluorenone were practically unoxidizable, and 
although acetophenone was readily oxidized it yielded benzoyl-formic acid, 
in which the —CO group was retained, as its main product. 

(8) Unsubstituted aromatic carboxylic acids were no more rapidly 
oxidized than the corresponding hydrocarbons, and generally speaking 
were stable, eg. all the benzene carboxylic, diphenyl carboxylic and 
benzophenone carboxylic acids. 

(0) The side chains of an alkyl-benzene carboxylic acid are, however, 
readily oxidized, eg. 2.4.6 -trimethyl benzoic acid was quantitatively 
oxidized to prehnitic acid, which was stable. 

(10) In no case investigated was the structure of any oxidation product 
more complex than that of the original substance oxidized; in other words 
the oxidations were all degradations. In some cases evidence was forth¬ 
coming of an oxidation proceeding simultaneously in different ways, e.g. 
that of acenaphthoylbenzoic acid which yielded simultaneously phthalic, 
2 .6-dicarboxyphenylglyoxilie and mellophanic acids. 

In regard to the bearing of our investigation upon the chemical con¬ 
stitution of coal and allied substances, it would seem as though the various 
formulae hitherto put forward for lignin and humic acids are inadequate 
inasmuch as such formulae do not contain structures capable of yielding 
the alkaline permanganate oxidation products which have, in fact, been 
obtained from them. The structures possibly present in coals would seem 
to be unreduced benzene ringB linked through side chains or oxygen 
heterocyclic rings. Fused reduced rings are probably not present to any 
great extent, seeing that ketonio acids have often been sought, but never 
found, among the produots of coal oxidations. 
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In conclusion the authors desire to thank Professor Bone for having 
suggested and directed the investigation and the Department of Scientific 
and Industrial Research for grants which have enabled it to be carried out. 

Summary 

The paper describes the results of systematic qualitative and quantitative 
investigations of some sixty organic substances, namely, ( 1 ) carbohydrates 
and aliphatic carboxylic acids, (ii) aromatic hydrocarbons, (iii) aromatic 
substances containing —CO groups, (iv) aromatic carboxylic acids and 
ethers, and (v) heterocyclic compounds, selected for their bearing on the 
coal-constitutional problem, and discusses the principal conclusions to be 
drawn therefrom. 
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Photo-electric measurements of the seasonal 

in daylight around 0’41,u, from 1980 to 1987 

By W. R. G. Atkins, Sc.D., F.R.S. 

Head of the Department of General Physiology, Marine Biological 
Laboratory, Plymouth 

(.Received 1 Feljruary 1938) 

An account has already been given of the standardization of photo¬ 
electric cells for the measurement of daylight (Poole and Atkins 1935 ) and 
of the recording of daylight using a Burt vacuum sodium cell and Cam¬ 
bridge thread recorder (Atkins and Poole 1936 ). It was shown that the 
measurements relate to the ultra-violet, violet and blue, but are chiofly 
an indication of the changes in light of wave-length about 0-41 /i, a region 
in which the eye is of very low sensitivity. 


Constancy or the cell used 

The results pubbshed were for the year 1930. Since the measurements 
now given are a continuation of these it is obvious that their value depends 
upon the constancy of the coll over this long period, eight years. 

Evidence based on standardizations may be found in the 1930 paper, 
proving constancy from 1930 till May 1934. During this period the opal- 
flashed diffusing glass (opal) had been renewed once, when blown off and 
smashed on the night of 19 vSeptembcr 1930. The new disk was cut from 
the same sheet of glass as the old, and such disks were usually uniform in 
transmission to 1 or 2 %. Furthermore, examination of the records before 
and after the change showed no sign of any alteration occasioned thereby. 
Though certain of the results for 1930 are so high as to lead one to suspect 
a subsequent Iobb of sensitivity, yet there is much internal evidence of 
constancy in the tables of results. For example, the mean illumination 
integral, in kilo-lux hours, was 315 for March 1930 and 319 for March 1937. 
The readings shown in Table 1 also negative the idea that there has been 
any decrease in the sensitivity of the cell. 

No error of any importance was introduced by variations in anode 
potential or by the minor alterations hi the levelling of the opal; this was 
cleaned daily and the space below it was wiped dry. 
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Table I. Daily maximum current in microamperes, prom Burt 
SODIUM CELL NO. 299, ON FRONT PARAPET OF LABORATORY ROOF. 
Bright days in 1933 were compared with the same dates in 

OTHER YEARS 


1030 

18 Mar. 23 85 

21 23-00 

22 22 60 

23 0 60 

24 22-85 

30 26 00 


1033 1937 

23-90 24-10 

22 75 10-70 

22-40 23-90 

23 50 23-00 

21-00 25-30 

26-70 26-70 


The recording of vertical illumination 

Daily charts were obtained and were all measured by the author exactly 
as previously described for 1930 Defects in the high-tension ignition 
rubber-coated cable became more numerous in time, so the means for 
1932 and 1933 are somewhat less acourate than for the other years A day 
lost was always a wet (namely dark) one, so in order not to raise the 
average unduly, a typical value for a wet day at the same season was 
inserted. The possibility of error from electrical leaks was guarded against 
by frequent determinations of the zero, The recorder was out of action for 
over two months in the last quarter of 1933, while being restandardized 
and having the new lead alloy sheathed cable placed in position. The 
photometer case was not opened, but the cable was out off near the case 
and the new cable was attached to the old, the remains of which were 
heavily coated with a bituminous insulating compound. As trouble arose 
later on at the junction, this was housed in a metal box after adequate 
coating. 


Vertical illumination throughout the years 1930-7 

In the tables which follow the monthly maxima in the vertical columns 
are Bhown in heavy type and the minima in italics. Yearly maxima have 
an asterisk, but in later tables are in heavy type. In view of the occurrence 
of values during 1930 (Atkins and Poole 1936 , Tables III and IV), which 
subsequent records showed to be remarkably high, the charts were 
examined again to make sure that such high figures were not due to 
electrical leaks which had escaped notioe before. The local meteorological 
returns were also consulted as to the occurrence of rain. There remains no 
doubt that these values for 1930 are correct, and in a certain number of 
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them additional observations, noted at the time, give reason to believe 
that the day was particularly bright. Thus on 22 April 1930, the ratio of 
total (vertical) ill umin ation to diffuse illumination, denoted as /?, was as 
high as 3-25 at 1*5 p.m. 7 July 1930 shows the maximum illumination 
integral for the whole eight years, namely, 1323 kilolux hours, notes record 
that the wind was north to north-west, with air exceptionally clear, sky 
very blue, a few clouds at noon, none in the afternoon, at 12.5, 2.25 and 
4.0 p.m. G.M.T. /? was 4-25, 3-44 and 3-50 respectively. There is no doubt 
about the genuineness of a few outstanding records, but this does not 
explain why certain months gave exceptionally high records irrespective 
of the sunshine or rain. 

The measurements were undertaken in the first place in connexion with 
the stud£ of the seasonal changes in the plankton in the English Channel. 
Daily values of the maximum vertical illumination in kilolux and of the 
total vertical illumination m kilolux hours have accordingly been filed for 
use at Plymouth. But in the tables which follow only the mean, greatest 
and least values are given for the daily maximum for each month, and the 
corresponding results for the illumination integral. There are thus no 
published tables corresponding to No IV of Atkins and Poole ( 1936 ). 

Table II shows that the daily maximum vertical illumination was least 
in November 1934 with 3-2 kilolux (see Atkins and Poole 1936 , Plate 27 D) 
and greatest in July 1930 with 197*0 kl., a range of almost Bixty-two fold. 
During 1930, April, May, July and August, gave maxima over 190 kl. 
outstandingly high values, with a mean maximum of 150-9 for July. High 
means were also obtained for April, May and August. The Juno value too, 
119-3kl., was the highest for any June though surpassed in May 1932 
which gave 126-2 kl. Though the mean maxima were quite ordinary 
values for January, February and March 1930, yet from April to November 
they were exceptionally high, December was only surpassed slightly by 
1935 and January and February 1931 were again high, with March quite 
a normal value. Occasional high maxima may be explained by exceptional 
conditions, such as the reflexion from towering white clouds before a snow¬ 
storm on 28 February 1931. Anything that tends to raise the average 
altitude of the light naturally raises the vertical component. Thus on 
21 December 1937, there was a diffuse misty grey sky, after extremely 
heavy rain the previous night, and the sun broke through, giving for a 
short time V => 21-4 kl., as against maxima for the 21st on other years as 
follows: 1929, 17-2 kl.; 1930, 19-9 kl.; 1931, 10-0kl.; 1932, 17-4kl.; 1934, 
17*9 kl., but for 22 nd; 1935, 17-5 kl. and 1936, 4-9 kl. Here again we have 
no indication of any loss of sensitivity. But when we turn to the mean 

30-i 



at Plymouth, latitude 51-5 N. Top section 


456 


W. R. G. Atkins 



f Feb. 28, see Plate 24 D, Atkins and Poole, 1936. } Mar. 31. § April 30. 




Table III. Vertical illumination integral, in kilolux hours a day, at Plymouth. Top section, least 

VALUES FOR EACH MONTH, MIDDLE SECTION, GREATEST VALUES AND BOTTOM SECTION MEAN MONTHLY VALUES. 
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values during a month it becomes far harder to explain exceptionally high 
readings. It is even more difficult when dealing with measurements of the 
illumination integral, shown in kilolux-hours in Table III. The lowest 
values, 14-5 kl. hr occurred in November and December 1934, with oloudy 
skies darkened further by smoke. The greatest value, 1323 kl. hr , occurred 
on 7 July 1930, as noted previously. Apart from the high values of 1930, 
we find 1073 kl. hr. in May 1931, with nothing nearer than 969 in May 1934. 

But it is the mean monthly illumination integrals that sot 1930 apart as 
a most remarkable year, as may lie seen from Table IV. From April 1930 
to January 1931, every month save May and November is a maximum for 
the eight years, and as a rule is far ahead of the year ranking next. That 
November 1937 should exceed 1930, and December 1930 be only slightly 
greater than 1937 is further confirmation of the constancy of the cell. 
From Table V it may bo seen that 1933 had far more sunshine than 1930. 
The air may have boon rather cleaner in 1930 than in the other years since 
the rainfall was greater, but 1932 and 1936 were not far behind. The 
number of days with rain was also greatest in 1030, but one hesitates to 
advance a greater number of days with rain as an explanation of increased 
brightness 

Table IV The maximum values of the monthly vehtical illumina¬ 
tion INTEGRAL ARE SHOWN AS A PERCENTAGE OK THE CORRESPONDING 


MINIMUM 

values. The 

VALUES 

NEXT THE 

MAXIMUM 

ARE SHOWN 

SIMILARLY 







Year of 

Excess 

Year next 

Exoees 

Year of 


maximum 

% 

maximum 

% 

minimum 

Jan 

1931 

70 

1933 

63 

1937 

Feb. 

1934 

36 

1931 

24 

1937 

Mar. 

1933 

23 

1932 

19 

1936 

April 

1930 

67 

1933 

27 

1937 

May 

1934 

32 

1930 

30 

1936 

June 

1930 

38 

1934 

27 

1933 

July 

1930 

68 

1934 

27 

1937 

Aug. 

1930 

71 

1934 

24 

1932 

Sept. 

1930 

73 

1934 

39 

1932 

Oct, 

1930 

33 

1932 

16 

1934 

Nov. 

1937 

68 

1930 

61 

1932 

Dec. 

1930 

34 

1937 

32 

1634 


In the correlation of the exhaustion of the phosphate in sea water with 
sunshine in the spring during 1923, 1924 and 1926 owing to the multiplica¬ 
tion of the planktonic algae (Atkins 1926 , Table V and fig. 6 ) an indication 
was obtained of the need for more exact measurements of the illumination. 
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In Table VI the illumination integrals are shown for each month as a 
percentage of the annual total. A correlation with changes in the plankton 
will be attempted elsewhere, but it is of interest to note that whereas the 
first three months of 1930 received 10-7% of the annual illumination, in 
1933 15-9% was received, about 13-14*5% being a more usual value. The 
summer half of the years received from three-fourths to four-fifths of the 
light. Contrary to what might be imagined, June is not always the 
brightest month, but was so in 1932, 1935 and 1937, with July at the top 
in 1930, and May in the other four years. The general absence of clouds 
and rain, with as a result less reflexion from the sky and a loss transparent 
atmosphere, seems to be the cause of the low values for June. 

Table VII shows the vertical radiation integrals for London. These 
were obtained with the Oallendar radiometer, in which the radiation 
passos through glass, and are on the National Physical Laboratory scale 
of radiation. Guild ( 1937 ) has shown that this is almost identical with the 
most recent scale of the Bureau of Standards, Washington, and agrees with 
Abbot and Aldrich ( 1934 ) that the Smithsonian scale of 1913 gives values 
2*3 % too high. As far as the complete years go, 1930 is at the top, though 
the excess over the minimum is only 19%. The maximum radiation is 
usually m Juno, but in July for two years. Comparing the last line with 
Table IV, it may be seen that the excess percentage of the maximum is 
never quite as high as for Plymouth short wave daylight, and is markedly 
less in the brighter months One would expect that atmospheric im¬ 
purities and particles serving as condensation nuclei would have a selective 
effect upon the shorter wave-lengths of sunlight, so that greater variations 
are to bo expected m the region to which the sodium cell is sensitive. It is 
none the less difficult to see why in 1930 four of the brightest months, 
April, July, August and September, also January 1931 should be 07-73% 
greater than the minimum, while June, October and December were 
maxima for the eight years also. Reference may also be made to the 
discussion in §§ IV and VI (Atkins and Poole 1936 ) and to Atkins, Ball and 
Poole ( 1937 ). In the 1930 paper the Euro {lean pressure system was con¬ 
sidered for April 1930, but no explanation was afforded for the exceptional 
values. It is possible that though the lower level winds were variable there 
may, during 1930, have been a predominance of arctic air of great purity, 
so that higher intensities of illumination were incident upon the lower 
strata of the atmosphere. 

An entirely different explanation should not, howover, remain un- 
considered, namely, that the high values found relate only to the short¬ 
wave region, around 0*41 /i and that the sun’B emission is especially variable 
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in this portion of the spectrum. Abbot has shown that there are periodical 
variations in the solar constant of radiation; the observations have reoently 
been summarized and discussed by him ( 1935 ). Daily fluctuations are 
usually around 2 %, but may even show a range of 8 % (1920). Pettit ( 1932 ), 
on Mt Wilson, found large percentage changes in the ultra-violet around 
0*32 fi, when compared with the green about 0*5//. An automatic recorder 
compared the effects of tho two regions upon the same thermopile, the 
comparison being completed in 4 min., and immediately repeated. When 
computed for zero air mass the ratio of the intensities varied from 0*95 
to 1*60. It is also claimed that these changes show positive correlation 
with the variations in total solar radiation. Pettit’s work undoubtedly 
shows that one cannot measure short wave-lengths and assume that they 
always give a true measure of the variation near the middle of the spectrum, 
though it was shown by Atkins and Poole ( 1936 , fig. 2 and discussion) 
that, for the regions covered by the cells used, this assumption was 
reasonably correct But the existence of notable exceptions lessons the 
value of the present series of records as far as their application to problems 
of photosynthesis is concerned. While the existence of such variations in 
the ultra-violet to green ratio has been established by Pettit, the validity 
of his computation to zero air mass has been questioned by Bemheiraer 
( 1933 ) on the basis of his own measurements of ultra-violet, extending 
from 1925 to 1933, He claims that these show an annual maximum in 
midwinter and a corresponding minimum in midsummer, variations due 
to the alterations in the turbidity of the atmosphere. Ho previously drew 
attention to the agreement between the yearly variation in the transmission 
of the atmosphere for A3200, as measured by Gotz at Arosa, similar 
measurements at Upsala, the changes in the ultra-violet at Arosa for air- 
mass 2*9 and Pettit’s measurements for the ultra-violet to green ratio 
From the similarity of the curves Bernheimer concluded that Pettit’s 
deductions were untenable ( 1928 , 1929 , 1933 6 ). 

I am indebted to Dr H. H. Poole fur suggesting that a loose contact at 
the Bhunting resistance might lead to a fictitiously high current in the 
recorder and so explain the high values for 1930. These however occurred 
with each of the three separate shunt units, the connexions of which were 
soldered by the makers, no plugs being used. The same shunts are still in 
use. 


I desire to express my indebtedness and tender my thanks to the 
following: The Government Grant Committee of the Royal Society for 
funds for the purchase of the Cambridge thread reoorder and other 
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instruments; to Dr H. H. Poole, with whom the first measurements were 
published, and to the Royal Dublin Society, in whose laboratories certain 
standardizations were carried out with him, to my colleagues and 
laboratory assistants at Plymouth who kindly helped in the daily changing 
of the charts, and otherwise, during the eight years, also to the Super¬ 
intendents of the Meteorological Office, South Kensington, and of Kew 
Observatory, for the information they kindly supplied. 


Summary 

A Burt vacuum sodium photoelectric cell was used with a Cambridge 
“thread recorder’’ to obtain daily records of the vertical illumination, 
around 0-41/c The greatest, least and mean values of the daily maximum 
are tabulated for each month, as are the corresponding measurements of 
the illumination mtegral in kilolux-hours. The constancy of the cell was 
established, and it was shown that the daily maxima varied from 3*2 to 
197-6 kl on the carbon arc potassium cell scale, which for average daylight 
is close to the mean noon sunlight selenium cell scale. 

The monthly mean of daily maxima was 160-9 for July 1930 and 12-4 
for December 1931 From April 1930 to February 1931 the monthly 
means were, all save December, maximal for the eight years. The daily 
illumination mtegral varied from 14-6 to 1323 kilolux-hours, and the 
monthly means from 46-6 in December 1934 to 781 in July 1930, in this 
year the means for April, June, July, August, September, October, 
December, also January 1931 were maxima for the eight years Five years 
averaged 309 kilolux-hours a day, but 1930 showed 414, whereas 1933 had 
the highest sunshine average. No satisfactory explanation of the high 
values of 1930 is forthcoming, but November 1937 exceeded the high 
November 1930 The vertical radiation integral, as measured at London, 
showed that 1930 was rather higher than other years Possibly the 
explanation lies in the persistence of exceptionally clear upper air during 
1930, or perhaps m an actual increase in the ratio of ultra-violet to green 
in the solar spectrum as found by Pettit, a result contested by Bernheimer. 
The six summer months receive from three-quarters to four-fifths of the 
annual daylight, of this the brightest month (May, Juno or July) receives 
16-18% and December 1-6%. 
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Quantitative spectrographic analysis of biological 
material 

III. A method for the determination of sodium 
and potassium in glandular secretions 

By J. S. Foster, F.R S., G. 0. Langstroth, Ph.D. 
and D R. McRae, Ph.D 

Department of Physics, McGtU University, Montreal, Canada 
(Received 15 December 1937) 

A study of certain digestive glands in experimental animals (Langstroth, 
McRae and Stavraky 1938 ) required the analysis of samples of secretion, 
ranging from less than 1 to 16 c c in volume, for several different substances. 
The use of the quantitative spectrographic method of analysis for Na and K 
described in this article aided considerably in obtaining the data for each 
sample, and so resulted in a description which was relatively complete as 
compared with that obtained under a purely chemical procedure. This more 
complete knowledge of the composition of the secretions was found to 
of the utmost importance in the interpretation of the results, and 
obtaining an understanding of the behaviour of the glands. 

The method of analysis for Na and K, like that for Pb described in 
paper I (Foster, Langstroth and McRae 1935 ), depends on the determination 
of the intensity ratio of a chosen line of the investigated element to one of an 
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internal standard element. In oontrast to the method of paper I, however, 
the sample is excited in a condensed A.C. spark discharge, and use is made 
of a standard working curve, viz. the intensity ratio plotted against con¬ 
centration. Some important features of the procedure are as follows. 
(a) The load placed on the electrode contains a fixed “large” amount of 
some suitable added salt (the buffer). This serves to obviate variations in 
the operation of the source due to variations in the composition of the 
samples It permits tho use of ono working curve in the analysis of samples 
which vary considerably in composition. ( b) The sample may be plaoed 
directly on an electrode previously prepared by drying on it a solution 
containing the buffer salt and internal standard. With thiB procedure only 
0-01 c.c. of a sample is required for an analysis of both elements, (c) The 
spectrum of each sample is photographed with an antimony absorption 
step-weakener (Langstroth and McRae 1937 ) before the spectrograph slit. 
The photographic blackemngB of investigated lineB then lie in the normal 
exposure region in some steps, and can there be accurately measured. In 
this way one exposure is sufficient for the determination of both elements, 
or of several elements if required. 

The method has been applied in determining Na concentrations between 
1 x 10 4 and 30 x 10" 4 g./c.c , and K concentrations between 1 x 10“ 4 and 
12 x 10 -4 g./o.c. The probable error of the mean of a pair of determinations, 
which requires only 0-02 c.c. of a sample, is about 4 % The method for K 
gives essentially the same results as Kramer and Tisdall’s chemical method 
( 1921 ), but there is evidence to show that it is more reliable, at least under 
our test conditions. The low risk of contamination or loss, and the lack of 
dependence of determinations on the chemical form in which the element is 
present or on the extraneous composition of the sample, are important 
characteristics of the method. As pointed out in the introductory paragraph, 
the small size of the sample required for an analysis is a decided advantage 
in certain problems. A pair of determinations for Na and K may be made in 
three-quarters of an hour. 


1. Procedure 

The sparking circuit used for exciting the samples is shown in fig. 1 . The 
inductance L is about 2000/iH, and the condenser C has a capacity of about 
0-02 fiF. The transformer supplying the power has a 1: 200 ratio, and is 
operated with 15 V across the primary. Examination of the discharge by 
means of a rotating mirror shows that with this arrangement sparks usually 
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pass between the electrodes only on every other half-cycle of the 00 cycle 
A.C. supply. 

The eleotrodes consist of a copper point and a copper plane (9 x 10 mm.) 
on which the load is plaoed. These are mounted in a holder which permits 
the plane to be so moved during an exposure that the spark passes over the 
entire surface, as described in paper I. The electrode separation employed 
is 3-6 mm. The image of the source magnified five times is projected on the 
slit of the spectrograph by a condensing lens ; accordingly only light coming 
from a definite region of the discharge midway between the electrodes is 
examined. 



An absorption step-weakener of antimony (Langstroth and McRae 1937 ) 
is placed immediately before the slit of the large quartz spectrograph 
(Foster 1936 ) used m this work. One Btep of the weakener reduces the 
intensity of the chosen Na line A 3302-3 so that the photographic blackening 
produced by it is comparable to that produced by the K line A 4044-7 as 
transmitted by another step, both lying in the normal exposure region. 

The copper eleotrodes are dipped in concentrated nitric acid and rinsed 
with distilled water. Glassware is cleaned by immersing it in boiling nitric 
acid, and washing in distilled water 

In making a determination, 0 03 c.c. of the buffer solution is placed on the 
plane electrode by means of a specially made pipette, and is dried in a 
dessicator. The buffer solution contains the internal standard elements as 
well as the buffer salt. The buffer salt used in our work is lithium tartrate 
at a concentration of 0-033 g./c c. Pb and Cd are used as internal standards 
for K and Na respectively; their concentrations are such that Pb A4057-8 
and K A4044-7, and CdA3201-0 and NaA3302-3 produce comparable 
blackenings on the photographic plate. A definite amount (0-01 c.c.) of 
the Bample is placed in a uniform layer over the surface of the prepared 
electrode by means of a pipette which will be referred to later, and this new 
material is dried as before. 
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The electrodes are sparked and the spectrum photographed. In making 
an exposure the plane electrode is so moved that the Bpark passes four times 
over its surface at a constant rate each time, in 60, 30, 16 and 15 sec. 
reflectively. Calibration marks are put on the plate in the A 3302 and 
A 4044 regions with a step-slit and quartz band lamp. 

The intensity ratios A 4044, K : A 4057, Pb, and A 3302, Na ■ A 3261, Cd, 
are determined from the plate by the standard microphotometric method. 
The following technical procedure has, however, been adopted. A Moll 
microphotometer, used as a direct reading instrument, has been so modified 
that the light from the galvanometer falls directly on semi-logarithmio graph 
pa|)er, and that the clear plate deflexions may be conveniently adjusted to 
read 100 on the linear scale With this arrangement, no numerical values 
for galvanometer deflexions are read, those for the calibration marks are 
marked at the appropriate intensities on the logarithmic scale, to give the 
calibration curve for the plate; those for the spectral lines may be read off 
directly in terms of intensity from this curve The procedure results in a 
considerable saving of time and labour. 

The concentrations corresponding to the determined intensity ratios are 
read off from standard working curves. These curves are constructed by 
plotting determined intensity ratios for known solutions against the known 
concentrations. 


2 Tuk precision and accuracy of the determinations 

The precision of the method as used in analyses of saliva and pancreatic 
secretion is illustrated m Table 1. Two determinations for each element were 
made on each sample, and the average was taken as the representative 
value The deviations of Table I refer to the deviation of either determina¬ 
tion from this value 


Method of 
mixing 

No of 
samples 

Table I 

Mean deviation 

(%) 

Standard 
deviation (%) 

Probable error 
(%> 

Na 

K 

Na 

K 

Na 

K 

(a) In test-tube 

116 

4-0 

51 

48 

62 

3 2 4-2 

(6) On electrode 

19 

3'8 r, 4 

4-8 

69 

3-2 

4-7 


When the sample is placed on a prepared electrode as described above, the 
deviations include the errors in measurement of the volumes of sample and 
buffer solution used. On the other hand, earlier analyses were made by 
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mixing 0*25 o.o. of the sample with an appropriate volume of the buffer 
solution in a test-tube, and using this mixture for both determinations. 
Under these circumstances, the deviations exclude the errors in measure¬ 
ment of the volumes of sample and buffer solution. 

It is apparent that the errors introduced by errors in the volume measure¬ 
ments in procedure ( b) are negligible in comparison with the remaining 
errors inherent in the spectroscopic method. Procedure ( b) is more rapid 
than (a), and requires a much smaller volume of the sample. In view of the 
results of Table I the precision of the method is represented by a probable 
error of 3-2 % for Na, and 4-7 % for K. 

Table II makes a comparison between K concentrations in saliva as 
determined spectroscopically, and as determined by Kramer and Tisdall’s 
( 1921 ) chemical method. 

Table II 

K concentration (mg. %) 

Spectroscopically Chemically 

2fl 21 

28 28 

30 20 

29 32 

34 38 

44 43 

40 42 

45 42 

47 50 

Sum 323 322 

The fact that the sums of the two sets of determinations differ by only 
0-3 % indicates that no constant error is present in either method, or that a 
similar constant error is present in both. In view of the totally different 
character of the two methods the latter alternative appears to be highly 
improbable. 

The deviation of individual chemical and spectroscopic determinations 
from their mean is in one case as high as 10-6 %. Such large deviations 
probably result from large errors in the chemical determinations, since, as 
indicated by the following illustration, the spectroscopic method is the 
more reliable under our test conditions. Each of several samples of saliva 
was divided in half, and to one half was added a known amount of a K salt. 
All half-samples were analysed chemically and spectroscopically for K, and 
the added amount, as determined from the analyses, was compared with the 


Deviation from 
mean (%) 

10 0 
00 
72 
49 
5-0 

24 

34 

31 
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known added amount. It was found that the average deviation from the 
known value was 17 % for the values determined chemically, while for those 
determined spectroscopically it was only 5%. Similar teste were made 
spectroscopically for Na, with similar results. 


3. Discussion 

The problems of quantitative spectrographic analysis may be considered 
to fall into three distinct classifications 1 (a) problems concerned with the 
preparation of the sample for excitation, (b) problems concerned with the 
excitation of the sample, and ( c ) problems concerned with the measurement 
of relative intensities in the emitted spectrum. 

The preparation of the sample. It is desirable that the preparation of the 
sample should involve as little treatment as possible, in order to minimize 
the chance of contamination or loss of material. This condition appears to 
be satisfactorily fulfilled by the present procedure, which involves only the 
transfer of a small quantity of the sample from the container in which it is 
collected to the electrode surface. # 

It is necessary that the volume delivered by the pipette to the electrode 
be closely reproducible. Pipettes with long fine points slightly curved at the 
end are used for this purpose. The curve facilitates the removal of liquid 
which tends to adhere to the outside of the pipette after delivery of the 
sample. As indicated by the figures of Table I, 0-01 c c. of liquid may be 
placed on an electrode with a high degree of reproducibility with these 
pipettes. 

The. excitation of the sample. If reliable results are to be obtained, it is 
necessary that the intensity ratio of a line of the investigated element to 
some internal standard line be dejiendent only on the amounts oi the two 
elements present, and on no other factor which may vary from sample to 
sample. The degree to which this condition is fulfilled determines the sucoess 
of a spectroscopic method. 

If a sample is placed alone on an electrode, the intensity ratio obtained for 
lines coming from different elements will depend on the amount of extraneous 
matter present. For example, the intensity ratio of the Pb and K lines used 
in this work increased by 50 % when the deposit of lithium tartrate on the 
electrode was changed from 0-3 to 1-0 mg./cm. s of surface; the change in the 
Na: Cd ratio was somewhat less. In our experiments, the samples of 
glandular secretions to be analysed contained in some cases as much as 
3 %, and in others as little as 0-3 % solids. Because of this variation in total 
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solids, accurate determinations oould not bo made for such samples by 
placing them alone on the electrode. To overcome the difficulty, some 
suitable substanoe is deposited on the electrode in a fixed amount greatly in 
excess of the amount of solids in the samples. The discharge then takes its 
character from this added substance (the buffer), and is little affected by 
variations in the composition of the samples. Under these conditions one 
may use the same working curve for different samples. It is obvious that 
in determining the working curves, the deposit of buffer salt on the electrode 
must be the same as that used in actual analyses. Lithium tartrate has been 
found to be a satisfactory buffer salt for our work. It dries on the electrode 
in a closely adhering layer, which is “ burned ” rather than flaked off ae is 
the case with many inorganic salts. 

In view of the preceding statements, it is dear that the deposit on the 
electrode must form a layer of nearly uniform thickness if reliable results 
are to be obtained By drying rapidly at low pressure some samples of 
sahva may be made to form a thick deposit at the edges of the electrode, 
leaving the centre nearly bare. The K determination obtained from such 
a deposit may differ by as much as 40 % from the determination made from 
a uniform dejxisit Thus far no difficulty has lieen encountered in obtaining 
sufficiently uniform deposits when the sample is lined in a desiccator. 

The condenser in the siiarking circuit is large enough to produce a spark 
which will bum through the deposit on the electrode. The voltage across 
the primary of the transformer is reduced to a point slightly above that at 
which a discharge just takes place l>etween tho electrodes. Under these 
conditions the general heating of tho electrodes is a practical minimum, and 
the destruction of the character of the deposit in places not immediately 
attacked by the spark appears to be negligible. The adjustment of the 
electrode spacing is not critical; a 25 % change in separation causes less than 
7 % change in tho intensity ratios. 

There is evidence to indicate that the exoitation in the discharge column 
of the source used in this work is thermal in character (Langstroth and 
McRae 1938 ), i.e. the average populations of the initial states are in a 
Boltzman distribution. It is therefore desirable to choose internal standard 
lines which originate in initial levels having nearly the same excitation 
potentials as those of the investigated lines 0 f the elements to be determined. 
Energy level data for the linos used in our experiments are given in Table III. 

Consideration shows that if the working curve was determined with a 
discharge temperature of 9000° K., and an observation was made with the 
discharge at 8000° K., the error in the determination of K due to this 
variation would be 20 %. The error in the Na determination would be 
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considerably less, since the Na and Cd excitation potentials differ by only 
0-07 e-volts whereas the corresponding difference for Pb and K is 1*32 
e-volts. The fact that the average error is 1 % greater in the K, than in 
the Na determinations (Table I), may be due in part to fluctuations in the 
discharge temperature of the source. An average fluctuation of 60° from the 
standard temperature would account for a 1 % greater deviation in the 
K measurements. Another factor contributing to this greater deviation for 
K is referred to below. 

Table Ill 


Elemont 

Line 

State 

Initial 

Final 

Exoitation 

potential 

e-voIta 

Na 

3302 3 

<3p) *P| 

(Is) »8j 

3 71 

K 

4044-7 

(3p) *P, 

(Is) *8* 

3-04 

Cd 

3261-0 

(2p) Vi 

(Is) *8, 

3 78 

Pb 

4067 8 

[flpCPj) 7s] 2*i 

(6p*) *P, 

4-36 


Measurement of intensity. In our applications of the method, the back¬ 
ground intensity was considered to be sufficiently small to be neglected. 
It appeared to be somewhat greater however in the region of the K line than 
in that of the Na line. This circumstance, combined with the fact that the 
blackening for the K line was small as compared with that of the other lines, 
results in a greater error in the determination of the K : Pb ratio. Hence a 
greater mean deviation in the K determinations is to be expected. This is 
found, as shown in Table I. The fact that the K determinations of the second 
row of Table 1 have a greater probable error than those of the first row 
(4-7 % as compared to 4-2 %) is due to the fact that for these determinations 
the exposures (and so the background) were twice as great, while the 
blackenings of the K lino remained about the same. It may be noted that 
the probable errors for Na, for which the background is a much smaller 
consideration, are the same in the two rows of Table I. 

We are indebted to Dr O. W. Stavraky for making the chemical analyses 
referred to in this article. We are also indebted to the Rockefeller Founda¬ 
tion for financial assistance. 


Summary 

An internal standard method of quantitative spectrographic analysis, 
as applied in the determination of Na and K in glandular secretions, is 
described. The probable error in a determination is about 4 %. 
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By adding an appropriate foreign substance to the sample in such 
quantities that the character of the condensed A.C. spark discharge is 
determined by this substance, it is possible to use the same working curve 
for samples of considerably different composition. 

The sample and internal standard may be separately placed on the 
electrode by a pipette specially designed for accurate delivery of small 
volumes. The volume of a sample required for the determination of both 
elements is thus reduced to 0-01 c.e. 

By photographing the spectrum of the sample with an antimony absorp¬ 
tion step-weakener before the spectrograph slit it is possible to obtain 
determinations for two or more elements from a single exposure 
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Introduction 

The work to bo described here was undertaken by the author in order to 
provide accurate data on thermal conduction in gaseous mixtures of 
deuterium and hydrogen at ordinary temperatures, to be applied to the 
analysis of such mixtures by the thermal conductivity method developed 
by A. Farkas and L. Farkas ( 1934 ) and others; and ako to make an accurate 
direct determination of the thermal conductivity of pure deuterium. 

With regard to the latter quantity, the values obtained by other workers 
to date vary widely, showing a maximum difference of the order of 11 %. 

Van Cleave and Maass ( 1935 ), using a relative hot-wire method and 
assuming the value of the thermal conductivity of pure hydrogen at 0 ° C. 
(/f 0 ) to be 0 000416 cal. cm . -1 sec - 1 deg. - 1 C., gave as their final result for 
deuterium 

K 0 - 0-000296 ± 0-000003 cal. cm . -1 sec . -1 deg - 1 C. 

A later determination made by Kannuluik ( 1936 ), using a modified 
hot-wire method, gave the value 

K 0 = 0-000329 4 cal cm. 1 sec . -1 deg. 1 0. 

Again, an extensive series of determinations of the thermal conductivities 
of various gases, including deuterium, has been made by Nothdurft ( 1937 ), 
also using a hot-wire method, and in this case the value obtained was 

K 0 = 0-0003031 ±0-0000011 cal. cm . -1 sec - 1 deg. - 1 C. 

A preliminary announcement of the value obtained by the author 
(Archer 1936 ) has already been made, and it is pointed out that the two 
former values quoted above wore published during the course of the work 
to bo described here, whilst the last quoted was announced aftor the thermal 
conductivity determinations had been completed. Unfortunately, however, 
circumstances beyond the control of the author seriously hindered the 
work on the determinations of the concentrations of deuterium oxide and 
[ 474 ] 
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water, used in the preparations of the gases, and in consequence a delay in 
the final publication of the results has occurred. 

Description or apparatus 


The apparatus used is shown diagrammatically (fig. 1) and will be 
described briefly. 



A is a small bulb of pyrex glass communicating with the pyrex glass 
liquid-air traps, B and C. C is connected, by using joints of intermediate 
glasses, to a quartz tube placed inside an electrically heated cylindrical 
furnace, D, and containing pure magnesium turnings. This tube, again by 
using joints of intermediate glasses, is connected to a third pyrex glass 
liquid-air trap, E, and thence through the tap, P, to a discharge tube, F, 
a compression apparatus, 0, a mercury manometer, M, the thermal 
conductivity tubes, T, and finally through the tap, Q, to the vacuum 
pumps used. 

The compression apparatus consists of three pyrex glass cylindrical bulbs, 
0, connected as shown, together with a mercury reservoir, R, and an air 
trap, H, the latter to prevent air from being carried into the apparatus by 
the mercury when the reservoir, R, is operated. The funotion of the apparatus 
was to overcome the difficulty of being able to prepare only a small volume, 
about 160 o.c , of the various gases at a reduoed pressure. The gas having 
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been prepared at a fairly low pressure, about 100 mm. of meroury, with the 
reservoir, R, in its lowest position, oould be oompressed by gradually raising 
the reservoir to fill the bulbs, 0, with meroury and the pressure thereby 
increased to about 700 mm. of meroury. 

The magnesium turnings, after having been thoroughly washed in ether 
to remove all traoes of grease, were contained in a thin walled quart* tube, 
oj>en at both endg and lined with asbestos, placed inside the slightly larger 
quartz furnace tube. This arrangement was found to be necessary because 
when a single furnace tube was used a thin layer of magnesium was deposited 
on the inner walls of the fumaoe tube after heating and caused the tube 
to be fraotured. 

The furnace could be raised to a temperature of about 060° C., the 
temperature being indicated by means of a coppor-constantan thermo¬ 
couple placed between the quart* tube and the furnace wall. It was found 
possible to maintain the temperature of the furnace constant to within 
5° C. of the desirod temperature, usually 500° C., for several hours by 
controlling the electric current with suitable rheostats 

The thermal conductivity tubes, T, were of the type employed by the 
author in previous work of a similar nature, the tubes being made of 
ordinary glass and connected, to the rest of the apparatus by a carefully 
ground joint. The main tube and compensating tube were cut from the 
same piece of selected and calibrated tubing, the internal radius (r,) being 
0-0040 cm. and the external radius (r,) 0-7692 cm. The thin wires sealed in 
the tubes were of pure platinum, the radius (r x ) being 0-003977 cm. * 

The gas pump system consisted of a motor driven Hyvao oil pump as 
backing pump and a gas heated mercury vapour pump. 


Pbkparation of oases 

In the greater part of the work, the apparatus described above was used 
to prepare the various mixtures of deuterium and hydrogen, as well as 
pure hydrogen and also deuterium as pure as it was possible to obtain. 
The first preparation was that of hydrogen as a cheok on the method, 
specially prepared distilled water being used for the purpose, and the 
method of preparation will now be described. 

First, the whole apparatus was evacuated, the pumps being kept in 
operation for several hours while the electric fumaoe was heated to about 
000° C., the discharge tube, F, being used to indicate the vacuum condition. 
This prolonged treatment and the heating of the magnesium to a tem¬ 
perature higher than that maintained in the actual preparation of the gases 
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were found to be necessary in order to degas completely the apparatus and 
the magnesium. Moreover, it was found necessary to repeat the prolonged 
degassing process after each preparation; traoes of hydrogen were observed 
to be present during the first few hours of the heating, and the process was 
continued until the discharge tube indicated the complete absence of all 
gases. Without this precaution it could not be ensured that the gas obtained 
was of the same concentration as in the liquid used for the preparation. 

After allowing the furnace to cool to atmospheric temperature, the tap, 
P, was closed, the seal at L broken, and about 0*5 o.o. of the liquid was 
introduced into the bulb, A, and the seal at L was remade. The bulb, A, 
was surrounded with liquid air in order to freeze the liquid, the tap, P, 
opened and the apparatus again evacuated The trap, B, was next surrounded 
with liquid air, the frozen specimen in A allowed to melt and evaporate 
slowly, being again frozen in B. On the completion of this distillation the 
bulb, A, was removed at the constriction, S. The specimen was then 
distilled to the trap, C, by a similar method, and the trap, B, removed at 
the constriction, X. In this manner any gases dissolved in the liquid were 
removed and any traces of solid impurity left behind in either A or B. 

Keeping the specimen frozen in C, the furnace was next heated until a 
steady temperature of about 500° C was attained, and at this stage the 
specimen in C was allowed to melt and evaporate very slowly, the pump 
system now being cut off by closing the tap, Q. Thus the vapour passed 
over the heated magnesium and was decomposed, the required gas passing 
over into the whole apparatus. Any slight traoes of liquid not decomposed 
were collected by freezing in the trap, E, which was immersed in liquid air 
throughout the preparation. By careful control of the evaporation, however, 
from 0 it was found possible to decompose the whole of the specimen, some 
eight hours usually being occupied in the process. During this time the 
mercury reservoir, R, was kept in its lowest position so that the bulbs, 0, 
and the tubes, T, were filled with the gas at a final pressure of about 100 mm 
of mercury, the pressure being indicated by the manometer, if. At this 
Btage the tap, P, was closed. 

Exactly the same method was employed in preparing the various mixtures 
of deuterium and hydrogen from mixtures of deuterium oxide and distilled 
water, using deuterium oxide of 99-95 % guaranteed concentration, supplied 
by Messrs Imperial Chemical Industries, Ltd. The liquid mixtures were 
made of an approximate concentration only of deuterium oxide in water, 
the exact concentrations being determined at a later stage. 

Lastly, deuterium was prepared by the same method from a sample of 
the 99-95 % deuterium oxide. 
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In every case the preparation was repeated, using fresh samples of the 
various liquids, and the thermal conductivity observations on each gas 
specimen were repeated until in the case of each gas specimen consistency 
was attained. For this purpose the ourrent measurements (see below) were 
used, an agreement to within 0-0005 amp. in the values being considered 
sufficiently consistent, the values ranging from 0-46 to 0-27 amp. in the 
whole series of observations. 

As a final check on the thermal conductivity observations for deuterium, 
a sufficient supply of the gas was prepared by the decomposition of a specimen 
of the 09-05 % deuterium oxide by metallio sodium, using a similar form of 
apparatus and the method described by Mann and Newell ( 1937 ). 


Thermal conductivity observations 

The form of thermal conductivity apparatus used in the present instance 
is the vertical compensated hot-wire system evolved as the result of an 
extensive series of experiments on thermal conduction in gases, using the 
hot-wire method, in which the author has taken part, the main object of 
the system being to eliminate as far as possible the effect of losses of heat 
by convection. 

In the first series of experiments (Gregory and Archer 19260 ), two com¬ 
pensated hot-wire systems were used, the tubes being of different radii and 
plaoed horizontally. In this case there were convective losses in both 
systems, being much greater in the wider tubes than in the narrower. It 
was found possible, however, to eliminate the effects of convection by 
observing the pressures in both systems at which such losses vanished, the 
temperature conditions in the two systems being identical. 

It had been shown previously (Weber 1917 ) that in a similar hot-wire 
system with the tubes plaoed vertically the heat losses by convection were 
very much smaller than in the same system placed horizontally. Hence 
it was decided to work with vertical tubes, modified in such a way as to 
reduce the convective losses still further, Such a modified hot-wire system 
was first used (Gregory and Archer 19266 ) to show that the thermal con¬ 
ductivity of air is independent of pressure, the results indicating that 
convection was almost entirely eliminated over the range of pressures and 
temperatures used in that instance. The double system of the modified 
vertical type, however, was adopted for further experiments, being used 
to determine the thermal conductivity of carbon dioxide (Gregory and 
Marshall 1927 ), of oxygen and nitrogen (Gregory and Marshall 1928 ), and 
of carbon monoxide and nitrous oxide (Gregory and Archer 1928 ). Then, 
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a single vertical system was first used for direot determination in an 
investigation of the thermal conductivities of the saturated hydrocarbons 
in the gaseous state (Mann and Dickins 1931). 

Up to this time no account had been taken of the effect of accommodation, 
and the consequent discontinuity of temperature between a gas and a solid 
surfaoe, on thermal conduction in gases in the work detailed. It was realized, 
however, that the effect though small should be taken into acoount, and 
consequently with this object in view a re-examination of the results of 
the work first mentioned above was made (Gregory and Aroher 1933). It 
was then established that by using a relation of the type adopted in the 
present work (see below), the two effects of convection and temperature 
drop could be successfully eliminated from the thermal conduction, a single 
vertical hot-wire system being sufficient for the purpose. This was further 
confirmed in the case of a series of gases (Dickins 1934) of which the thermal 
conductivities and the accommodation coefficients relative to a platinum 
surface were determined The method, with some modification in the 
theoretical treatment, has since been applied m the case of hydrogen over 
a range of temperature up to 300 ° C. (Gregory 1935), and also in the case of 
carbon dioxide over a similar range of temperature (Archer 1935) 

The construction and method of use of the thermal conductivity apparatus 
need little further description hero, the calibration, etc , of the hot-wire 
tube system following exactly the same lines as described in the papers on 
the work mentioned above. 

The tube system was maintained at a constant temperature, 0° C., 
throughout the whole senes of observations, by means of the usual form 
of ice-bath fitted with a motor-driven stirrer, the platinum wires being 
connected to a Callendar-Griffiths bridge, used in conjunction with a 
Tinsley thermoelectric {>otentiometer. 

The gas specimen having been prepared, the reservoir, R (fig. 1), was 
raised to obtain the maximum possible pressure in the tube system, usually 
about 700 mm. of mercury. The Callendar-Griffiths bridge having been set 
to balance for a resistance corresponding to a predetermined temperature 
of the platinum wires in the tube system, the strength of current passing 
through the wires was adjusted by means of sensitive rheostats until the 
bridge was balanced. The strength of the current was then measured by 
means of the potentiometer, and at the same time the pressure of the gas 
in the apparatus was observed by using the mercury manometer, M. 

Next, the pressure of the gas was reduced by lowering the mercury 
reservoir, R, the strength of the current adjusted to restore balance of the 
bridge and the observations repeated. 
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This prooedure was carried out at a series of pressures of the gas, the 
meroury reservoir, R, being lowered in suitable stages until the minimum 
possible pressure, usually about 100 mm. of meroury, was attained, the 
strength of current being measured and the pressure observed at each stage. 

Three other similar sets of observations were made, with the Callendar- 
Griffiths bridge setting adjusted to correspond to three other temperatures 
of the platinum wires in the tube system, using the same specimen of gas 
over the same range of pressures in each set of observations. 

This procedure was repeated in the case of each gaB specimen prepared, 
four sets of observations being made for each gas with the heated platinum 
wires in the tube system at four different temperatures ranging from 
21-644 to 10-370° C. 


Calculations 

In the present work, the relation 

1 log e r»/r l . 

Q~2irKJW P.e y 1 

was used to determine the thermal conductivity, K, of the gas. 

In this relation, Q represents the loss of heat per second by conduction, 
in the absence of convection, from an electrically heated platinum wire of 
radius r v of effective length l, mounted coaxially with a glass tube of radius 
r„ and compensated for “end” effects, etc., 6 being the difference of tem¬ 
perature between the platinum wire and the inner wall of the glass tube. 
P is the pressure of the gas in the tube system, and A is a constant involving 
the accommodation coefficient of the gas. 

The values of Q were calculated from the observations of the effective 
resistance of the platinum wire and the strength of the current required to 
maintain the temperature of the wire constant during the observations. 

The values of 0 were also obtained from the observations of the effective 
resistance of the platinum wire, the necessary corrections to the platinum 
scale temperatures being applied to obtain the corresponding Centigrade 
temperatures; allowance also was made for the flow of heat through the 
walls of the glass tubes in each case, corrections being calculated from the 
internal (r t ) and external (r 3 ) radii of the tubes and the thermal conductivity 
of the material. 

By plotting the values of I IQ against those of 1/P, a straight line is 
obtained. The intercept of this line on the ljQ axis represents the quantity 

2 nK JW * 
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from which the value of the thermal oonduotivity, K, of the gas can be 
calculated. 

The observations obtained for each of the four settings of the Callendar- 
Grifflths bridge were treated thus, the value of K found in each case being 
that at the average temperature between that of the heated wire and that 
of the internal wall of the glass tubes. The value of the thermal conductivity 
at 0° C., K 0 , was then obtained by extrapolation from the four results. 

At the same time, the Blope of each straight line gives the value of the 
quantity, Ajd, corresponding to the particular experimental conditions, 
and by using the appropriate expression for A the accommodation coefficient 
of the gas at the temperature of the heated platinum wire can be obtained. 
It has been shown reoently by Gregory (193 6 ) that in the general equation (1) 
above, A may be expressed in the form 

1 V(2 nM ) 2-q 
2nl R 2 a(/?+i)l r x + r, /’ 

in which l is the effective length of the heated platinum wire, M the molecular 
weight of the gas, R the gas constant, a the accommodation coefficient and 
/? the specific heat per molecule of the gas, T x and r x the absolute tem¬ 
perature and radius of the platinum wire, T t and r t the absolute temperature 
and radius of the inner wall of the glass tubes. 

This expression was used to determine the accommodation coefficient in 
the cases of deuterium and hydrogen. Experimental values of tho specific 
heat per molecule for hydrogen were available, but m the case of deuterium 
no such data are available, and the classical value, 2 ’ 5, was used in the 
calculations. 

In the present instance, calculations of the heat lost by radiation from 
the heated platinum wire in the prevailing experimental conditions showed 
that such losses were negligible in comparison with the total heat losses, 
and m view of the estimated accuracy of the observations the corrections 
were not applied. 


Observations and results 

Space will not permit the reproduction of all the necessary observations 
taken in the course of the work, nor is it considered desirable to quote in 
detail all the experimental data. As an illustration, however, a typical set 
of lines are reproduced graphically in fig. 2 . These particular lines were 
obtained from the experimental observations made in the case of deuterium. 
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These lines are typical of the results generally and show dearly the adherence 
of the observations to the straight line law according to relation (1) above. 



The final value of the thermal conductivity of each of the various samples 
of gas, calculated from the whole series of experimental observations, is 
contained in the table below: 


Hydrogen 

Deuterium 

K. 

coefficient 

100 

0 

0-000418, 

0 0026, 

HO 2 

10 8 

0 000382, 


65 5 

34 5 

0-000364, 


40 6 

504 

0 000350, 


30 5 

80'5 

0-000341, 


18-7 

81-3 

0-000323, 


0 05 

90 05 

0-000308, (a) 
0-000307, (6) 

0 0030, 
0-0029, 


In this table the figures in the first two columns show the percentage 
concentrations of hydrogen and deuterium present in the different gas 
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specimens used. These concentrations were obtained from a series of deter¬ 
minations of the densities of the liquid mixtures used in the preparation 
of the gases. For this purpose a flotation method, devised by Dr R. H. 
Purcell of the Chemistry Department of the Royal College of Science, was 
used, a composite float of Bilica and glass of about 0*25 c.c. capacity being 
filled with the liquid and the flotation temperature m a bath of pure degassed 
distilled water observed. 

In the third column are shown the values of the thermal conductivity 
of each gas specimen, m each case at the temperature of 0° C. and expressed 
in the usual units, cal. cm -*sec.- 1 deg.~ 1 C. In the case of deuterium, the 
value marked (a) is that obtained from the gas prepared by the magnesium 
method, while that marked ( b) is that obtained from the gas prepared by 
the sodium method. 

The fourth column contains the values of the coefficient of increase of 
thermal conductivity with temperature, between 0° C. and an average mean 
temperature of the gas of 10*9° C., in the case of hydrogen and deuterium. 

The valuos of the thermal conductivity are also represented graphically 
in fig. 3, the valuos of K 0 from the above table being plotted against the 
percentage concentrations of the gases in each case. 

The accuracy of the thermal conductivity results is estimated to be of 
the order of 0-25 %. 

Finally, the value of the accommodation coefficient also was calculated 
in the case of pure hydrogen and of deuterium, the results obtained being: 
Hydrogen ... 0-29„, 

Deuterium ... 0-37„. 

These values are relative to a platinum wire surfaoe at a temperature of 
0 ° C., and are in good agreement with similar results obtained previously 
by other observers. 

In conclusion, the author wishes to express his sincere thanks to Professor 
Thomson for his encouragement and the facilities to carry out the work, 
to Professor Ranldne for his enthusiastic interest and helpful advice, and 
to Dr R. H. Purcell for the valuable help afforded in the preparation of the 
gases and in the determination of the concentrations. 


Summary 

The paper describes an experimental investigation of thennal conduction 
in hydrogen, deuterium, and hydrogen-deuterium mixtures of varying 
concentration. The hot-wire method, used by the author and others 
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previously in similar work, was adopted to determine the thermal con¬ 
ductivity at 0° C. of hydrogen, deuterium, and of each mixture, and also 
the accommodation coefficients of hydrogen and deuterium relative to a 
platinum surface at 0° C. 

The hydrogen was prepared from distilled water, the deuterium from 
deuterium oxide of 90-95% guaranteed concentration, and the gaseous 
mixtures from mixtures of the water and deuterium oxide, by passing the 
vapour over magnesium heated to about 500° C. in an electric furnace. 
Deuterium was also prepared from the oxide by reaction with metallic 
sodium in vacuo. The percentage concentrations of the gaseous mixtures 
were obtained from observations of the densities of the liquid mixtures, 
using a flotation method. 

The values obtained of the thermal conductivity at 0° C. of hydrogen and 
deuterium were 0-000418, and 0-000308„cal. cm.- 1 sec. -1 deg. -1 C., and of 
the accommodation coefficient 0-29, and 0-37, respectively. The values of 
the thermal conductivities of all the gases together with the percentage 
concentrations are shown in a table, and also represented by means of 
a graph. 
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The theory of pressure-ionization and its applications 

By D. »S. Kothari, Ph.U. (Cambridge) 

Phyatca Department, University of Delhi 

{Communicated by M. N. Sofia, F.R.S.—Received 14 December 1937) 

It marked a significant advance m astrophysics when M. N. Saha first 
showed how the degree of ionization in stellar material could be calculated 
in terms of its temperature and pressure (or density). In the usual theory of 
thermal ionization the free electrons are treated as a classical perfect gas 
and, therefore, the theory is applicable only so long as the temperature and 
density of the material are such that the free electrons are non-degenerate in 
the sense of the Fermi-Dirac statistics. In the outer atmosphere of a star 
the condition of non-degeneraoy is always satisfied, but in the interior of 
the white dwarf stare and the planets (and possibly in the interior of other 
stars as well) the conditions of temperature and density are such that the 
free electrons form a degenerate gas and their behaviour can no longer be 
described in terms of classical perfect gas. 

In the case of coWt matter Saha’s theory loses its validity and the degree 
of ionization in degenerate matter must be investigated on other lines. This 
investigation of the ionization in degenerate matter is of importance in 
astrophysics, particularly in researches dealing with the internal con¬ 
stitution of the white dwarf stars and also, as has been recently shown 
(Kothari and Majumdar 19360 , 19366 ; Kothari 1936 ), in predicting the 
maximum radiuB for a cold, body. 

In this paper we shall deal with the theory of ionization in degenerate 
matter. In Sebtion 1 , by an application of the vinal theorem, we derive a 
relation whioh predicts the degree of ionization in degenerate matter in 
terms of its density. This relation is obtained on oertain simplifying assump¬ 
tions and we cannot regard it as entirely satisfactory.J (All the same, we 
believe it to be better than any given previously.) In section 2 the results 
of this paper are compared with those previously obtained. Section 3 deals 
briefly with some astrophysical applications. The important results are 
summarized at the end of that section. 

t The word cold is used here in a technical sense. Matter will be referred to as cold 
or degenerate, when any free electrons present constitute a degenerate gas. 

t One can consider the present theory to be in the same preliminary stage aa tho 
theory of metals immediately after its revival by Sommerfeld. 

[ 488 ) 
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l.f The virial theorem states that for an assembly of particles inter¬ 
acting according to the inverse square law of foroe 


2T+W-3pV, 


(l)t 


where T is the total kinetio energy for all the particles of the assembly, W 
the total potential energy, V the volume and p the external pressure to 
whioh the assembly is subject. 

Consider material! oomposed of atoms of atomic weight A and atomic 
number Z compressed to such an extent that some at least of the outer 
atomic orbits overlap, and therefore the electrons which occupied these 
levels are rendered (or squeezed) free—in other words we contemplate 
conditions such that pressure-ionization oocurs. We can divide the material 
into similar spherical cells—each cell containing a nucleus and Z electrons. 
In general, some of these electrons will be bound and some will bo free. If a 
denotes the radius of the cell, then a will be connected with the density by 
the relation 


= i 

7i Am H 


( 2 ) 


where w» H is the mass of the hydrogen atom and y x is a factor of the order 
unity. The exact value of y l depends on several factors—particularly the 
lattice arrangement of the atoms. 

In estimating the kinetic energy T we include all electrons, bound as 
well as free. As is now well known from the investigations of Fermi, Thomas 


t In a previous paper (Kothan 1936) tho vmal theorem has been applied in the fonn 
2T + W + W 0 = 0 to the stellar configuration as a whole, where T, W and W a are the 
total kinetio, electrostatic and gravitational energies respectively; and a relation 
between the radius It and the mass M of the configuration was directly obtained. 
The aim of the present paper is a different one. Here we are primarily concerned with 
an investigation of the theory of pressure ionization; the astrophysieal application 
of tho thoory will be taken up m the last section—the results obtained therein going 
beyond those of the previous paper. 

It may be mentioned that the calculation for the kinetic and electrostatic energies 
in the present paper follows the lines of the previous paper with neoessary formal 
changes. 

} The general result for force varying as the nth power of the distance is 
2T—(» + l) W- 3pV. 

The sign of the foroe (attraction or repulsion) is immaterial and it may even vary from 
partiole to partiole. 

The zero level or state for reckoning the potential energy W is the state when the 
particles are all dispersed to infinity. 

| Throughout this paper we shall consider material composed of atoms of one 
eletnent only, as it does not seem practicable at present £0 estimate W for a mixture of 
elements. 


3 
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and others, the bound electrons in an atom can be treated as forming a 
degenerate gas, and as the material is cold, the free electrons will also be 
degenerate. It will lead to no serious error in estimating T if we assume the 
Z electrons as uniformly distributed in the cell. The usual formula for the 
kinetic energy of degenerate electron gas is 


10m 



( 3 ) 


where n * is the electron concentration,! N the total number of electrons, 
m the electron mass and h Planck’s constant. Substituting Z for N, and 
Zjy t a * for n*, where y t is a factor of the order unity, we obtain for the 
kinetic energy per cell 

T' = (4) 

10m \ S7ry t a 9 / ’ w 


and, therefore, T the total kinetic energy of the assembly is obtained by 
multiplying T by the number of cells into which the assembly is divided, 

i.e. T = j > where p is the density and V the volume of the assembly. 

Substituting for a* from ( 2 ), we have 


10 m\87ry 1 y I .4m H / Am u ’ 


( 5 ) 


We shall now obtain an expression for W. It is no simple matter to cal* 
culate W accurately, but an approximate value for it can easily be obtained 
We shall assume that the total potential energy is obtained by multiplying 
the electrostatic energy of a single cell with the number of cells. Assuming 
as before that the Z electrons are uniformly distributed in the cell of radius 
a, the cell having at its centre a nucleus of charge + Ze, the potential U ( x ) 
at any point inside the cell and distant x from its centre will be, after the 
cell has been built up to radius x, 

U(x) = [ze-jx»n*e}lx. (6) 


Therefore the potential energy W of the oell will be given by 


-W' 



t*n*edx 


9^Z» e* 

10 a ’ 


( 7 ) 


t n* denotes the total electron concentration. The free electron concentration Will 
be denoted by n. 
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and henoe, eliminating a with the help of (2), we have 


- W 


--JP 


_pv_ 

Am u 


\*.pL 

I Am H ’ 


( 8 ) 


In the oase of degenerate matter the pressure effectively depends only on 
the free-eleotron concentration (the heavy particles being non-degenerate 
make negligible contribution), and is given by the usual expression 


8ffA*/3n\4 
V ~ 15mW ’ 


( 9 ) 


where n denotes the number of free electrons per unit volume It is not to 
be confused with n*, which represents the total concentration of bound and 
free electrons. 

Let us now define p, the mean molecular weight per free electron, by the 
relation! 


* 


P 

/™ii 


(10) 


If the material is r times ionized, i.e. per nucleus there are r free electrons 
and (Z-r) bound electrons, then 


n - r 


P___ 

Am H ’ 


and ft 


A 


( 11 ) 


The value of /i gives a measure of the degree of ionization. In the case of 
singly ionized material /i = A and for fully ionized material p = AjZ. 
Eliminating n between (9) and (10) we have 


where 


Kpi 

V =* — , » 

ft\ 


(12) 

„ finh 1 ! 

f 3 \i 

(13) 

* = l5Sl 

[8irm n j ’ 


K may be called the “degenerate-gas constant”. 

Substituting for T, W and p in (1) the expressions given by (5), (8) and 
(12) respectively, and after a little reduction, we obtain 


P 


F 


(A/Z) (y 1 y l ) 1 



V 


(14) 


t It may be notod that p in our work denotes the mean molecular weight per free 
electron and not the weight averaged over all the particles, i.e. free electrons and ions. 
We shall speak of p defined by (10) as the electron molecular weight. 
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where A stands for 

A - (15) 

In the above expression y l and y, are faotors of the order unity. Their exact 
values are unoertain, but as a rough approximation, we Bhall replace them 
by unity.f Then we have 



where fi 0 = A/Z. This relation predicts the degree of ionization in cold 
matter in terms of its density. If we eliminate p between equations (12) 
and (16) we shall obtain a relation between p and the pressure p. Thus we 
see that the ionization in cold matter depends only on the density or pressure, 
and for this reason it is called pressure-ionization. 

Let p* denote the density when the material is singly ionized (p^A), 
then (16) gives 



and we can write (16) itself in the form 



In the application of the theory which we shall take up in the last seotion, 
equation (18) in certain oases has some advantage over equation (10). 
The assumptions that we have made to enable us to estimate T and IT in an 
elementary way, though they do not interfere with the underlying prin¬ 
ciples of the theory, yet render equations (16) and (18) valid only as rough 
approximations. In the case, therefore, where p* can be estimated from 
other considerations (for example in the case of the alkali metals we might 
take it to bethedensity of the normal metal), we can substitute this value of 
p* in (18); then, presumably, this equation will give better results than a 
direct application of (16). This point is also brought out in the next seotion, 
where we compare the results obtained in this paper with those worked out 
previously from a Bomewhat different point of view, 

t If we ignore the variation of y, f y, with density, then as ft must equal A/Z for 
p ■+ oo, it follows from (14) that (y,y,) = 1. 
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2. In previous papers (Kothari and Majumdar 1931 , 19366 ) we have 
disoussed the theory of pressure-ionization on the crude pioture that for 
material which is on an average r times ionized, the (average) volume avail¬ 
able per atomic nucleus is less than the volume of r times ionized atom and 
more than the volume of (r + 1 ) times ionized atom, that is 


' Number of 

Volume of ' 

nuoleiper x 

(r— 1 ) times 

.unit volumej 

ionized atom. 



Number of' 


Volume of 1 

> 

nuclei per 
.unit volume. 

X 

r times 
.ionized atom! 


(19) 


Under such conditions the material will be on an average r times ionized, 
for all atomic levels which the outer r electrons can occupy, because of the 
closeness of packing, have been obliterated. Following MiBS Swirles ( 1933 ) 
we can express condition (19) in terms of the successive ionization potentials. 
Let the outermost electron of the r times ionized atom describe a non¬ 
penetrating orbit under an effective nuclear charge then the ionization 
potential which we shall denote by ft rH is given by 


1 Mitt 

2 a ’ 


and the radius of the orbit will be approximately 


On 


\2iW 


.where 


a u is the radius of the first Bohr orbit for hydrogen =* ‘ ^e 

volume of the r times ionized atom can be roughly taken to be that of a 
sphere of radius a^Z M , and henoe, after a little reduction, condition (19) 
is transformed into the following form • 

The material will be on an average r times ionized (p = Ajr), provided the 
density p lies between the limits 


(If)’>*»*(£)'. (20) 

< 2I > 


Pi has a simple meaning. It follows from the above relation that for the 
material to be singly ionized the density should not be less than pf. If the 
density is less than p? the material will be on an average less than singly 
ionized, and if it exceeds pf(l^i/^i ) 1 it will be more than singly ionized. 
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We shall now proceed to numerical work and oonsider the following two 
cases: 

(o) The material is assumed to be Iron (A => 55*84, Z- 20). 

(6) The material is assumed to be Hydrogen (A - 1, Z= 1). 

We first take the case of iron. The successive ionization potentials have 
been calculated by Hartree from his method of self-consistent field. Fig. 1 



Log 10 for curve (J. 

P* 

Flo 1 Tho figure refers to Iron (A = 85 84; Z = 26). The ordinates represent ft, the 

P 

electron molecular weight, and the abscissa represent log -j for curves A and B, and 

Pi 


to single ionization, as explamed in the text. 


exhibits the results of our calculation. The inequality (20) showB that for 
a given degree of ionization, that is for a given p, the density lies between 
oertain (fairly narrow) limits which in the figure are indicated by the curves 
A and B. The ordinates denote p and the abscissa log w p/pf. The portion 
of curves to the extreme right corresponds to oomplete ionization of the 
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material to bare nuolei and free electrons. As we move towards the left we 
meet a bend in the curve A at K 1 , which corresponds to the beginning of the 
formation of the K -shell. At K* the if-shell is complete, and at L 1 , the 
formation of the L-shell begins and is completed at L*. The formation of the 
M -shell commences at M 1 . The further run of the curves is indefinite, as the 
ionisation potentials from \}r 1 to are not known individually, but only 
their average value (80 V); and for this average value the values of 
log p/p? for the two curves are indicated by two arrows in the figure. 

We now turn to the expression for pressure-ionization obtained in 
Section 1. The curve C in the figure represents (i plotted against log 1# p/p*, 
as given by equation (18). The discontinuities corresponding to the K, L, 
if-shells present in the shaded curve AB (the shaded region between the 
curves A and B will be referred to for brevity as the shaded curve AB) are 
smoothod out, as is to be expected, in the curve C (which is based on a 
statistical distribution of the electrons). It will he noticed that leaving 
aside the region of low ionization the run of the two curves is fairly alike. 
For low ionization the divergence between them is large; for a given p the 
shaded curve AB gives a larger density than curve C. 

The density p* corresponding to single ionization in the case of the curve 
C is found from (17) to be 69-9 g./cm.*, whereas in the oase of the shaded 
curve p* the (minimum) density for single ionization is found from (21) to 
be 03-6 g./cm 3 However, for single ionization the density should not be 
much different from the density of the normal metal (7-86 g./cm. 3 for iron), 
and the fact that both p* and pf (though agreeing among themselvesjf are 
far removed from this value must serve as a reminder of the rather severe 
nature of the approximations that occur in the present form of the theory]:. 
It appears, therefore, that in astrophysical applications of the theory of 
Section 1 we shall get results in better accord with observation if we takep* 
in equation (18) to be equal to the density of the normal metal rather than 
its theoretical value as given by (17). This will be found to be the oase in 
the next section. 

f Comparing (17) and (21) we find that 

where (= 13-53 V) in the ionization j>ot«ntia] for H atom. 

t It may be permissible to remark that this comparison between the density of the 
normal metal anil p* (or p*) is rather unfair to the theory, as the assumptions mado in 
estimating W, etc. render it particularly inaccurate in the region of low ionization 
(see also Feinberg 1935). 
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We now take up the oaee of pressure-ionization in hydrogen. In this ease 
equation (16) reduoes to 

The following table represents the numerical results obtained from the 
above equation. The first oolumn denotes the percentage ionization ( 100 //»), 
the second the value of p, and the third and the fourth oolumns the corre¬ 
sponding values of density and pressure respectively. 


Table I 


Percentage 

ionization 

(100//.) ft 

0 oo 

20 500 

40 2 50 

00 1-67 

80 1*25 

100 100 


Density Pressure 

g./cm.* dyne/cm.* 

0-043 0 

0-053 5-14x 10* 

0-090 3-89 x 10“ 

0-23 3-H3 x 10“ 

1-44 1-26 x 10“ 

00 00 


The degree of ionization increases with increasing density or pressure. 

The relation ( 20 ), however, which as already remarked is based on a very 
crude picture of the phenomena, requires complete ionization for densities 
above p* = 2-68 g./om. s , and no ionization for smaller densities. Equation 
( 22 ) shows that for densities greater than pf, the ionization will exoeed 
84 %, and thus the result following from the orude picture is in reasonably 
good accord with this equation. 

In this connexion it is interesting to note than in a reoent paper Wigner 
and Huntington ( 1935 )—following the lines of the theory of metals given 
by Wigner and Seitz—have Bhown the possibility of the existence of metallio 
hydrogen under pressures of the order of 10 ® atmospheres. (According to 
Table I, hydrogen under a pressure of 10 ® atmospheres will be about 60 % 
ionized.) These high pressures are beyond the present laboratory technique, 
but are of the order that occur in the interior of planets. 

In the following section we shall give a brief discussion of the astrophysioal 
applications of the theory. 

3. The first astrophysioal application of quantum statistics was made by 
Fowler ( 1926 ) in a fundamental paper on the white dwarf stars—stars 
characterized by a comparatively low luminosity, a high effective tempera¬ 
ture and abnormally large mean density of the order of 10 ® g./cm * This was 
followed by the work of many investigators, and amongst them Milne’s 
contributions ( 1932 ) have been of far-reaching significance and wide appli- 
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oation. It is now well established that the essential features of the internal 
constitution of the white dwarf stars can be accounted for by considering 
their interiors to be composed of cold matter. 

Let us consider a spherical aggregate of cold matter of mass M in equi¬ 
librium under its own gravitational forces. Then, its radius R is given by 
the usual relation (neglecting the effect of relativistic mechanics which is 
justified so long as the mass if is not larger than that of the sun)t 

•-kffi- (23) 

- 2-79xl0»cm., (24) 

where wj is a constant (2* 1210), characteristic of Emden’s solution of 
Emden’s equation of index 3/2, 0 is the gravitational constant and © is 
the mass of the sun. 

The relation (23) involves ./i. The question arises: “What value of p is 
to be taken in the above formula. Does it depend on M or is it independent 
of it* ” To answer that question we have to bring in the theory of pressure 
ionization discussed in the preceding sections. 

In cold matter the degree of ionization is determined essentially by the 
density or pressure, and if as a first approximation we replace the density 
p in equation (16) by the mean density of the configuration, we have 


l-MM 

2itr*GO* 


a za vT 

L 13^/47^; J 

Eliminating p between (23) and (26) we obtain 


k 

©\* 

Ml 


f°y 

Ur; 

"k&P 

•Vi-iuoy 
\ Ww 


(26) 


( 26 ) 


where for A we have substituted from (17) its \ alue in terms of p*. 

t The formula is quoted from Milne’s paper (1912), with the slight change in 
notation in that his p is our and his K is our K jp . 
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Equation (20) is fundamental for our purpose, and it leads to several 
interesting consequences. It shows that as the mass if increases from aero 
upwards, the radius R at first increases, attains a maximum value, and 
then decreases approaching zero for if ->oo. If denotes the maximum 
value for the radius, and the corresponding mass, then differentiating 
(26) with respect to if we immediately find 


p 11 * 1 30' 

= V e \4ird, 

1 (. ZAf 

11* / 30\» 1 

(27) 

Mo /4 Jrd\‘ 

o' 4130 / 

(ZA)> = - 


(28) 


We shall now proceed to numerical work. Some assumption has to be 
made regarding the chemical composition of the material. We shall make 
here the following alternative assumptions. 

(1) The material is assumed to be iron This will be referred to as assump¬ 
tion F. 

(2) The material is assumed to be hydrogen. This will be referred to as 
assumption H. 

Under assumption F two further alternatives are possible. As already 
remarked in the foregoing section we can substitute in (20) for p*, the 
density corresponding to single ionization, either its theoretical value as 
given by (17), or identify it with the density of the ordinary (terrestrial) 
metal (for iron = 7-80 g./cm. 3 ). Tho first alternative will be referred to as 
assumption F (a), and the second as assumption F (ft) 

Fig. 2 exhibits the results of our calculations. The various curves represent 
tho theoretical mass-radius relation on the different assumptions. The 
upper curve (HH) corresponds to the case of hydrogen (assumption H). 
The middle ourve F B F and the lower curve F A F refer to the case of iron, 
the former when p* iH identified with the density of the metal (assumption 
F (ft)) and the latter when p* is given its theoretical value (assumption F (o)). 
For a given value of if, the (if, R) curve fixes R, and using this value of R 
in equation (25) we obtain the value of p for the given M. In this way a 
ladder of p valves has been put down on each (if, R) curve. An inspection 
of the figure shows that the ionization increases with increasing mass, and 
for if comparable to the solar mass the ionization has become (almost) 
complete. 

There is a point with regard to these curves that must be mentioned at 
the very outset. The equation (23) and so also (26) which is based on it, as 
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already remarked, do not take account of the effect of relativistic mechanics .f 
The effect of relativistic mechanics is negligible for small masses, but be- 
oomes appreciable for M comparable to the solar mass, and for larger masses 



Flu. 2. The curves show the theoretical relation between mass'Jlf and radius R 
( 0 =ma«H of the Sun). The curve IIH and its modification HH„ due to the effect of 
relativity are for hydrogen. The curves F„F and F A F, and their modifiod forms 
F b F„ and F A F R , are for iron—the suffix A stands for the assumption F (a) and B 


for the assumption F (6). 
Mn = Moon. 

J = Jupiter. 

E w = 0, Endani B. 

My = Mercury 

S = Saturn. 

S w = Sirius B. 

V = Venus. 

U = Uranus. 

K w = A.C. 70° 8247. 

E = Earth. 

N = Neptune. 

V* = Van Maanen’s 

M = Mars 

P = Pluto. 



For K w (the smallest white dwarf observed) the mass is not known. Its radius as 
estimated by Kuiper (1935) lies between the two homontal lines indicated in the figure. 

the non-relativistic equation (26) breaks down altogether. It has been 
mentioned above that for M ? O the theory of pressure ionization predicts 
the ionization to be complete and hence, as it happens, for a mass for which 

f In deriving (23), the “equation of state” used is (12), whioh holds only so long as 
the effect of relativistic mechanics is negligible. It may be mentioned, however, that 
according to the ideas of Eddington (Relatively theory of protons and electrons, 1938, 
{13-2) this is not so. He holds that (12) is the correct equation m the non-relativistio 
as well as the relativistic case, and thus according to him (23) and (26) will apply in the 
relativistic region also. 
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the relativistic effect has to be taken into account p equals ft,. Chandra¬ 
sekhar ( 1935 ) has worked out in detail, taking aooount of the relativistic 
effect, the properties (radius, central density, eto.) of the equilibrium 
configuration of any mass if composed of cold matter, and Table III of his 
paper gives the relation between if and R. 

In the region if > O the non-relativistic equation (26) doeB not apply 
and we can use Chandrasekhar's table to plot a curve between M and R, 
p in his table being put equal to ft, in aooordanoe with the theory of pressure- 
ionization. These curves are shown dotted in the figure. Eaoh dotted curve 
merges in the corresponding non-relativistic curve in the region of if com¬ 
parable to and smaller than O. as the relativistic effect is then negligible. 
The complete mass-radius relation based on the theory of pressure-ioniza¬ 
tion and taking into account the effeot of relativistic mechanics is shown 
by the three curves HH R , F H F H and F A F R on assumption H, assumption 
F (6), and assumption F (a) respectively. 

We are now in a position to compare the theoretical results with the 
observed (if, R) values for bodies composed of cold matter. 

It has been usual to regard the white dwarf stars as composed of cold 
matter.| We shall make here the assumption that the planets contain a 
core of cold matter, the Bize of the core being not much different from the 
planetary radius. A priori there is nothing against our assumption, and at 
any rate it is worth while to examine its consequences. If, as turns out to 
be the case, the theoretical results are in reasonable agreement with the 
observed (if, R) values for planets, then our assumption that the planetary 
interior is composed of degenerate matter will be placed on almost the same 
footing as the corresponding assumption for the white dwarf stars.! 

The observed ( M , R) values! for the planets and the white dwarf stars 
are all shown in fig. 2, and it is indeed interesting to find that the observed 
values fall in between the extreme theoretical curves HH R and F A F R for 

t By examining m detail the case of a model white dwarf (Kothan 1933) it has been 
shown that the thioknees of the outer non-degenerate envelope is very small compared 
to the radius of the degenerate ooro. 

t And after all the planets form no uncongenial company with the white dwarfs. 
In the case of the Earth at any rate the work of Oldham, Guttenberg and others 
has shown that the intenor is a core of molten iron (with possibly a dash of nickel), 
and therefore is degenerate matter which differs only in the degree of ionization 
from degenerate matter in the interior of the white dwarfs. The planets, in fine, 
may be regarded as "black dwarfs"—a term originally due to Fowler for a white 
dwarf star of zero luminosity. 

{ In the case of the Sun and the planets tho (M, R) values are taken from H. N. 
Russell, The Solar Syelem and tie Origin ( 1936 ), p. 10 , and for the white dwarfs from 
Kuiper (1934, 1935). 
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hydrogen and iron respectively. It will be notioed that, oompared to the 
ourvee HH B and F A F R , the middle curve corresponding to assumption F (6) 
for iron approximates more closely in the region of terrestrial planets 
to the run of the curve representing the observed (M, R) values, but the 
significant fact is that the “observed curve’’ always lies between the 
extreme theoretical curves.f The following table gives the values of the 
maximum radius and the corresponding mass M 0 as estimated from the 
“observed curve”. The theoretical values given by (28) are also given for 
comparison. The agreement is reasonably satisfactory. 

(cm.) MJ 0 

From “observed curve” 8x 10* 1-6 x 10'* 

Theoretical: Assumption H 12-5 x 10* 1 41 x 10“* 

Assumption F(a) 2-77 x 10* 2-79 x 10 * 

Assumption F (6) 1 96 x 10* 7-92 x 10“* 

It will be observed that the (known) white dwarfs have all masses muoh 
larger than (the mass corresponding to maximum radius), whereas the 
planets are all smaller than M 0 . That the observed white dwarfs are all muoh 
more massive than M 0 seems easy to understand, for any white dwarf muoh 
smaller than the observed ones would oool too rapidly and would be too 
faint to be observationally accessible. But there appears to be no immediate 
explanation of the significant faot that all (known) planets are smaller than 
Mq. In the case of the white dwarf stars, as they happen to be much larger 
than Mq, the theory of pressure-ionization predicts (see fig. 2) that the 
material composing them will be (almost) fully ionized. 

Another point of interest may be noted. 

It will be noticed in the figure that the observed (M, R ) values for the 
two heaviest planets Jupiter and Saturn lie muoh oloser to the Hydrogen 
curve than to the Iron curves, whereas the terrestrial planets (Mercury, 
Venus, Earth, Mars) he nearer to the Iron curves than to the Hydrogen 
curve. We are thus led to infer that the interior of the outer planets Jupiter 
and Saturn are in all probability composed of metallic hydrogen, whereas 
the terrestrial planets possess much denser metallic cores. 

The main results which have been obtained from the application of the 
theory of pressure-ionization may be summarized as follows: 

(i) The theory predicts that the stellar material in the interior of the 
white dwarf stars should be fully ionized. 

f By “observed curve” we mean a smooth curve passing through (or as near as 
possible to) the observed (M, R) values. This curve is not drawn m the figure, but 
its general run is evident. 
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(ii) It predicta the existence of a maximum radius for a cold body. The 
value of this maximum radius is about the same as the radius of the planet 
Jupiter. There cannot be a “cold” body (planet or white dwarf ) larger in size 
than Jupiter. 

(iii) The theory shows that the two heaviest planets (Jupiter and 
Saturn) have oores composed of metallic hydrogen. The terrestrial planets 
have oores of much heavier metal, possibly iron. 

It is a pleasure to thank Professor M. N. Saha for his interest throughout 
this work. Thanks are also due to Dr R. C. Majumdar and Mr B. N. Singh 
for friendly discussions. 
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The influence of wall oscillations, wall rotation, and 
entry eddies, on the breakdown of laminar flow in 
an annular pipe 

By A. Fags, A.R.C.So. 

(Communicated by 0 . I. Taylor, F.R S —Received 15 December 1937 ) 
Introduction 

1. The problem of the breakdown of laminar flow has been muoh 
studied, both mathematically and experimentally. The mathematical 
method of approach is concerned with the prediction of the history of the 
deviant motion arising from an assumed initial disturbance, superimposed 
on a selected type of laminar motion and satisfying the equations of 
viscous fluid flow and the appropriate boundary conditions. A motion is 
considered to be stable if the deviant motion tends ultimately to vanish, 
and neutral or unstable if it persists or increases. In general, the dis¬ 
turbance assumed is small and of a form for which the deviant motion 
oan be expressed in terms of linear differential equations, and these 
restrictions curtail the choice of problem amenable to mathematical 
treatment.* 

A review of classical mathematical investigations on the stability of fluid 
motion has reoently been published by Southwell and Chitty (1930). Of 
these investigations that made by Taylor (1923) for flow in the annular space 
between two coaxial rotating cylinders, gives an illustration of a successful 
prediction of instability, experimentally verified. More recent mathe¬ 
matical investigations are those on the stability of flow between parallel 
planes made by Prandtl (1921, 1931), Tietjens (1925), Tollmien (1929) and 
Schliehting (1932, 19330, b, 1935). These investigations define the mathe¬ 
matical conditions under which the deviant motion grows, and give 
characteristic numbers, defining the wave-length and frequency detrimental 
to the maintenance of the laminar state: but these numbers do not 
necessarily indicate the onset of turbulence. A view commonly held is 
that breakdown of laminar flow is connected with adverse pressure 
gradients associated with velocity fluctuations, the magnitude of these 
gradients depending on the amplitude and frequency of the velocity 

* The problem of large disturbances appears to be, in certain circumstances, ■ 
within the soope of mathematical treatment (Frazer 1937). 
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fluctuations, and increasing with either (Dryden 1931, p. 559; Taylor 
1936, p. 308). Further, it has been suggested that it is the amplitude, 
rather than the frequency, of velocity disturbances which is primarily 
responsible for the breakdown of laminar flow and the onset of turbulenoe; 
and this suggestion has reoeived some support from experiments made 
by Nikuradse (1933). 

2. The present work deals with experiments* undertaken to obtain 
information on the breakdown of laminar flow. They deal with the effects 
of disturbances of known character on a particular type of laminar flow, 
namely, that for water flowing through a long pipe of annular oross-seotion. 
The disturbances considered are those due to axial oscillations of the inner 
wall of a pipe; those due to oscillations of the inner wall about its axis; and 
those from discrete eddies introduced into the pipe at its mouth. The first 
are la minar velocity disturbances unaccompanied by pressure changes; the 
second are laminar velocity disturbances accompanied by centrifugal 
pressure gradients; and the third consist of both velooity and pressure 
disturbances. The work also includes experiments on the breakdown of the 
axial flow of water in the annular space between two coaxial cylinders, 
when the outer cylinder is fixed and inner cylinder rotates at a constant 
angular velocity: and the visual observation of the breakdown of flow near 
a surface oscillating in a stationary fluid. Finally, theoretical relations for 
visoous flow at a surface osoillating in a stationary fluid, and for viscous 
axial flow in an annular pipe, when the inner wall has an axial oscillation 
and the outer wall is fixed, are derived. 

I. Wateb systems : measurement ok pressure drop 

1. The experiments were made for water flowing through vertioal pipes 
of annular cross-section. Each pipe was formed by a smooth brass rod 
(diameter 26) mounted coaxially with a smooth brass tube (diameter 2o). 
A faired entry having a length 3 in. and a mouth diameter 4 in. was fitted 
to the end of the outer tube. Particulars of the pipes used are given in 
Table I. 

2. The Reynolds number of transition from laminar to turbulent flow 
in a smooth pipe depends, in the absence of imposed disturbances, on the 
nature of the disturbances in the supply chamber and on those created at 
the entry. An endeavour was made to obtain steady conditions of flow in 

* The experiments were made in the Aerodynamic* Department of the National 
Physical Laboratory, and permission to oommunioate the results was kindly given 
by the Aeronautical Research Committee. 
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the entries of the pipes. Steadiness of entry flow cannot be easily and 
precisely measured; and to make sure that the conclusions drawn were not 
influenced by the conditions of entry flow, results for different entry 
systems were obtained. 


Table I 

m ■= J(a - 6) = hydraulic mean depth 

Visoous flow 


Pipe in. 

I O'6000, 

II 0 5006, 

III 0-5006* 

IV 0-5006* 


b m 

in. in 

0-4057 0-0475 

0-4379 0-0314 

0-4095 0-0456 

0-4370 0-0318 


Qvp x 10* mP /flm\ 

~a*P " i pd' \T ) 

3-23 5 99 

0-97 5-99 

2-88 5 99 

1-01 5-99 


3. Entry system A (fig. 1) This system has a circular inlet tank, divided 
by three coaxial walls into four compartments— a, c, e,f. Water is supplied 
from a large tank (4x2x2 ft.), connected to the mains, to compartment a, 
and flows through a ring of holes b, into a steadying compartment c, a 
second ring of holes d, into the circular compartment e, and then through 
a horizontal wire gauze partition (extending from the circular wall of the 
circular compartment e, to the periphery of the mouth of the inlet) into 
the pipe inlet. The water-level in the inlet chamber is fixed by the height 
of the inner wall of the overflow chamber /. 

Entry system B (fig. 2) Water from the 4 x 2 x 2 ft. tank is supplied to 
an annular chamber, a, fitting on the lip of the faired entry (watertight 
joint). The water flows continuously through an annular opening in the 
bottom of this chamber, and then through two wire gauze partitions into 
the pipe inlet An overflow in the supply tank maintains a constant head 
in the system. 

Entry system C (fig. 3). The pipe inlet is enclosed in a short circular 
chamber (diameter 6$ in.) leading from an overhead supply tank 2 x 1 x 1 ft. 
The water in the tank was allowed to stand some time before opening the 
exit stopcock of the system. The head controlling the flow is maintained 
constant by a hand device, designed to allow the water-level at the exit 
to fall with the water-level in the supply tank. 


4. The tube forming the outer wall of a pipe was fixed at its exit end to 
the lid of a circular exhauBt tank (fig. 1). The central rod forming the innef 
wall extended through a watertight gland on the bottom of the tank. The 
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flow of water through the system was controlled by a stopoock. The test 
length of the pipe, N t N t (fig. 1), was 5-03 in., and its upstream orosB- 
section N 4 was 33-53 in. from the mouth of the faired inlet. Four pressure 
holes, spaced 90° apart, were drilled in each of the sections N t and N t . 
The measured pressures at the four holes of each section were in very close 



Fio. 2. Entry system B. 


_ I 

_ 

■ 

I 








Fig. 3. Entry syittem C. 


agreement, and the mean value obtained when they were connected 
together was taken. The pressure drop - dp/dx, denoted by P, was measured, 
at low speeds, on Chattock water-carbon tetrachloride gauges (cup centres 
13 and 26 in.), and, at high speeds, on a Chattock water-mercury gauge 
(cup centres 13 in.). The mean velocity of flow u was determined from the 
volume discharge per second, denoted by Q, obtained freftn the time taken 
to fill a tank of known volume. 
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0. Values of mPj\p& measured at the test section N A N t of pipes III 
and IV are plotted against i im/v in fig. 4. The symbols p and v denote the 
density and kinematic viscosity respectively of the water, and the symbol 
m the hydraulio mean depth, \(a-b). With entry systems A and B the 
experimental results for both pipes lie closely on the theoretical ourve up 
to a value of umjv ^950 (approx.): and with entry system C the results 
fall closely on the theoretical curve up to «m/v=> 1470, the value reaohed 
with the maximum pressure head available. 

6. The distances of the upstream end of the test length N t N t from the 
entries of the pipes III and IV were 736 and 1055 m. respectively, and the 
fact that the results for these two pipes, with the same entry conditions, 
are in agreement, show that statistically uniform conditions of flow are 
established at the test length. Further, measurements of pressure gradient 
upstream of the test length were made for pipes I and II over the lengths 
N t N y N a N t , and N t N % (see fig. 1). For each pipe, the values of the non- 
dimensional coefficient 1000 Qvp/a*P for the three lengths were in close 
agreement over the entire range oium/v up to the critical value. Statistically 
uniform conditions of flow existed therefore beyond the section N t in eaoh 
of the four pipes. 


II. Experiments on the breakdown of laminae flow in an 

ANNULAR PIPE WHEN THK INNER WALL OSCILLATES AXIALLY 
AND THE OUTER WALL 18 FIXED 

1. To ensure that the disturbances imposed on the water flowing 
through the pipe arose entirely from the oscillations of the central rod 
forming the inner wall, and not from extraneous vibrations of the water 
system, the rod bearings were carried on a stiff framework, erected on a 
heavy steel slab (fig. 1). The central rod projected at its upper end through 
the water-level of the upper tank and at its lower end through the bottom 
of the discharge tank. Two oscillatory systems, a, b, were used. Eaoh 
oscillatory system was self-contained and dynamically balanoed, the 
connexion to the central rod being a self-aligning coupling stiff in the 
axial direction only. Each system gave a true simple harmonio motion 
to the rod. The amplitudes of oscillation, A, were 0-125, 0-25, 0-50 and 
0-64 in. 

2. The experiments were made for pipe I with entry system A. The 
pressure gradient down the test length N A N t was measured at oonstant 
values of ttm/v, and constant values of the amplitude of the oentral rod, as 
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the frequency / was changed over a wide range. The values of umjv selected 
were below the critical value (about 850) with the oentral rod fixed. Values 
of e, the ratio of the value of the non-dimensional coefficient Qvp/a*P 
with the rod oscillating to the value (at the same value of um/v) with the 
rod fixed were calculated, and a departure of the value of e from unity 
was taken to be an indication that the flow had departed from the laminar 
type Rome of the experiments were made with the central rod surrounded 
by a fixed circular tube (internal diameter 1 in.) which cut through the 
water surface to a depth of about 0-5 in., to eliminate wave formation on 
the free surface. The results obtained with the guard tube in place were 
the same as those obtained without the tube. 

3. Resulia. The results obtained are given in figs. 5-7, where values of 
e are plotted against / for constant values of A and um/v. Each value of e 
shown is the mean of several repeat values. The departure of e from unity 
as / increases is very gradual. For each amplitude, the departure or 
critical value of /, denoted by f e , is independent, within the accuracy of 
prediction, of the value of umjv. The results for a = 0-5 and 0-04 in. have 
been plotted together in fig. 7, because the method of prediction is not 
sufficiently sensitive to allow a distinction to be made between the values 
of /„ for these two amplitudes. 

4. Values of J r obtained from figs. 5-7 are given in Table II. A Reynolds 
number of the velooity disturbance due to the osoillation of the inner wall 
is given by 2nfAA/v, where 2 irJA is the velocity amplitude of the wall, and 
A is the length 2 n j(v/nf) (see § VII) Values of A r /m, where is the value 
of A when /=/„, and of 2nf e AX e /v are inoluded in Table II. It is seen that 
the value of the critical Reynolds number 2nf e A\Jv does not change 
appreciably over the range of A covered. 


Table II 

Pipe I. m = 0-0475in. 

(Critical value of um/v with oentral rod fixed - 850.) 


A 


v x 10* 



Range of Cm/v 

in. 

/. 

ft.'/aec. 

A c /m 

2nf c AA,/v 

covered 

0-120 

10-0 

13-5 (April) 

0-75 

276 

234 to 600 

0-25 

2-7 

11 6 (June) 

1-85 

225 

210 to 682 

0-07 /0 60 
(0-64 

09 

12-8 (May) 

3-37 

281 

380 to 568 
310 to 550 


5. The character of a disturbance from an oscillatory wall of a pipe is 
illustrated by the velocity curves of fig. 8 . These curves, calculated from 




Fig. 5. Pipe I. Oscillatory system (a). Amplitude = 0 125 in. 
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the relation 6 of § VII, for the conditions um/v=» 200 , A- 0-12 in.,/=*19*l 
and v -11-9 x 10"* ft.*/seo., give the velocity distributions at suooeesive 
intervals of one-eighth the periodic time, T. The dots on the curves mark 
the positions of points of inflexion The value of 2nfAAjv for these curves, 
282, is very dose to the measured critical value. Curves for values of 
2vfAAjv below the critical also have points of inflexion, bo that the presence 
of points of inflexion does not constitute a criterion of breakdown of the 
laminar flow. 


III. Experiments on the breakdown ok laminar klow in an 

ANNULAR PIPE WHEN THE INNER WALL OSCILLATES ABOUT 
ITS AXIS AND THE OUTER WALL IS FIXED 

1. A few experiments were made with pipe I to determine the influence 
of oscillations of the inner wall about its axis on the breakdown of laminar 
flow. Two osoillatory systems, I and II, were used. System I oscillated 
the central rod through a short radial arm ooupled to an oscillatory lever. 
The system was not dynamically balanced, but it ran smoothly, without 
noticeable vibration of the water system, at frequencies below 25/sec., 
provided the angular amplitude of the rod, 0, did not exceed 15°. With 
system II an oscillatory motion was given to the central rod by means of 
an endless reciprocating wire driving a horizontal pulley fitted to the top 


Table III 

Pipe I (m = 0 0475 in.: b - 0-4057 in ) 


Angular 

amplitude v x 10* 
0 0 ft.*/soc. 

8-9* 15 2 

8 8* 15-2 

14-7* 15-2 

58-0f 13 2 

68-0t 13-2 

149-Of 13-2 


/ Qm/v 

11- 4 75 

9 8 412 

21-5 158 

21-8 477 

12- 2 191 

12 4 568 

1- 25 240 

2- 05 240 

3 00 240 

1-45 715 

2 00 715 

1 05 240 

1- 75 240 

2- 20 240 

* System I. 


e %n}AAjv 

0-998 101 

0 998 94 

0-997 139 

0 996 140 

1-002 174 

1-002 175 

0-996 276 

1-001 363 

1-000 427 

1-000 296 

1 000 396 

0-998 555 

1 000 716 

1 012 804 

t System II. 


Remarks 
No effect 

No effect 
No effect 
No effect 

No effect 


Instability T 



Breakdown of laminar flow in an anntiiar pipe 513 

of the rod. The system ran smoothly at amplitudes below 150°, and at 
frequencies below 3/seo. Neither system gave a true simple harmonic 
motion. 

The experimental values of 6, f, and e, and the calculated values of 
2irfA\jv, where A = nbd°/180 and A = 2n(v/rtf)*, are given in Table III. 

2 . The value of £ is unity over the ranges of 6 and / covered. These 
ranges were too limited to allow critical values of 2vfA\fv to be reached, 
but the results suffice to indicate that the flow remains laminar at values 
of iitfAXjv above the critical values measured with the rod oscillating 
axially. It is likely that the criterion for breakdown depends on the value 
of urn/v (see § IV). 


IV. The breakdown of laminar flow in an annular pipe when the 

INNER WALL ROTATES UNIFORMLY, AND THE OUTER WALL IS FIXED 

1 . The problem of the stability of the flow of a viscous fluid in the 
annular space between two infinitely long coaxial cylinders rotating 
uniformly, with no axial flow, has been solved mathematically, and 
experimentally verified, by Taylor ( 1923 ). When the outer cylinder is fixed 
and ( a-b)/b is small, the relation for the angular velocity of the inner 
cylinder at which a critical disturbance, which neither increases nor 
decreases with time, occurs is 

a+l>) a 
2«?(o-6)»6* ~ P> 


where /? = 0-057 l£l-O-052^^jJ + O-OOOSfljj -O-052|^jJ \ 


This relation* can be recast into the form 


2w c fcwi/a + 6\-* _ n* 

2 . The present experiments were made to determine the breakdown 
criterion for water flowing through pipe I (entry system A) under the 
influence of a pressure gradient parallel to the axis, when the outer wall 
is fixed, and the inner wall rotates with a uniform speed. Values of e, the 
ratio of the value of Qvp/a*P measured at the test length N t N s when the 
rod rotates at a uniform speed (co rad./sec.) to the value when the rod is 
fixed (same value of urn/v) are plotted in fig. 9, against 2rJmjv. For each 
* fi is P in Taylor’s paper. 

























Breakdown, of laminar flow in an annular pipe 615 


constant value of umjv the value of e (means of several repeat values) lie 
smoothly on a curve; and the values of 2ojbmjv at which the curves depart 
from the line e»l are taken to be the critical values at which depar¬ 
tures of flow from the laminar type ooour. Values of 2 <o c bm^~^ jv, 
calculated from the critical values of 2w6m/V, are plotted against umjv in 
fig. 10 . The value of 2a) e bmi^—\ Iv increases, at first slowly and 


2 <t) e bm^a + 6j-* 


then more rapidly, with an increase in umjv. 

For pipe I, is 0*0491 and Taylor’s theoretical value of 

for umjvaO is 22*3. This value is plotted in fig. 10 and lies on the curve 
drawn through the experimental values. 


3. Recently, Goldstein ( 1937 ) has investigated the stability of flow 
under the influence of a pressure gradient parallel to the axiB, with 
particular reference to the case in which the outer cylinder is stationary 
and the inner cylinder rotates uniformly. 

Goldstein’s numerical solutions are for the case when ( a-b)/b is small 
and they oover a low range of umjv from 0 to 12*92. The values* of 

* ncrea8e fr° m 20*6 at urn /v = 0 to 22*3 at um/v= 7*75, 
and then fall, at first slowly, to 21*7 at um/v= 10*34 and then rapidly to 
13*8 at umfv= 12*92. The predicted increase of jv with 


uffl/f is consistent with the experimental indication, but not the rapid fall 
near umjv =12*92. 

Cornish ( 1933 ) has determined, from observations of pressure drop, 
breakdown criteria for water, when the outer cylinder is fixed and the 
inner cylinder rotates uniformly. It can be shown that the curve passing 


through values of 2 w c 6 m 


m*i 


v calculated from Cornish’s results 


for the case m-0*00918 in. and 6/m-429 lies well above the curve 
obtained from the present experiments, and on extrapolation gives a value 

of 2 w 0 6 m^i^j jv for umjv « 0 which is roughly twice the theoretical 

value obtained by Taylor. Dr Goldstein has suggested that the pheno¬ 
menon he considered was different from that observed by Cornish: and the 
present experiments support this view. Further, the fact that the present 


* These values have been calculated from values of E, given in Goldstein’s paper. 
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experimental values of 2w g bmj~~j jv and Taylor’s theoretical value 

for umjv = 0 he on a smooth curve indicates that the present method of 
observation is reliable. 


V. Visual examination of the flow near a surface oscillating 

IN A NTATIONAHY VISCOUS FLUID 

1 . The aim of these experiments is to obtain some information on the 
nature of the breakdown of laminar flow near an oscillating surface. and 
for simplicity, the case of a surface oscillating in a stationary viscous fluid 
is taken. 

At first, observation was made for a | in. flat smooth rectangular brass 
plate, 16 x 4 in. (chamfered edges) oscillating in the direction of its length 
on the floor of a water tank, 24x5 in., the depth of immersion of the plate 
below the glass lid being about 1 in. The amplitude of the oscillation was 
1 in , and since at the frequencies of observation the disturbance was 
largely confined to a thin surface layer, it was thought that a clue to the 
changes of flow which occur as the frequency passes through the critical 
value might be given by changes of the surface pattern assumed when fine 
particles, initially in suspension, deposited themselves on the oscillating 
plate Indeed, fine particles of plaster of Paris arranged themselves in 
parallel bands normal to the direction of oscillation at frequencies below 
the critical value predicted from the pipe experiments of § II, and in the 
neighbourhood of the critical frequency this pattern changed into a 
rectangular one, with bands in and normal to the direction of oscillation. 
This significant change was however not convincing for the cause of the 
parallel-band formation below the critical frequency was not discovered. 
It was suspected that this formation was a spurious manifestation 
associated, in some way, with the particles themselves or with an inter¬ 
ference flow arising from the free edges of the plate, and this suspicion 
was proved to be well founded, for heavy particles of silica sand gave the 
parallel-band formation at frequencies well above the critical frequency 

2. Observation of the flows of water and of water-glycenne mixtures in 
the annular space between two coaxial cylinders when the inner wall had 
an angular oscillation (outer wall fixed) was then made. The osoillating 
surface was here continuous in the direction of oscillation, and by the use 
of minute particles suspended in the fluid to reveal the motion, interference 
flows of the kind suspected to be present in the flat-plate experiments 


Voi «q-xv a 



518 A. Fage 


were avoided. Fluctuating oentrifug&l pressures were however introduced 
by the osoiilation. 



A general arrangement of the apparatus is shown in fig. 11. Both the 
inner and outer cylinders (a=3'2)8in., fc = 2'458 in ) were turned from 
stout gunmetal castings, and the entire apparatus was rigidly constructed 
to eliminate vibration. 





519 


Breakdown of laminar flow in an annular pipe 

Observation was made normal to the oscillating wall, whose peripheral 
amplitude was 2 in., and the flow was revealed by minute particles of photo¬ 
graphic white ink, illuminated by a bright beam of light. The beam was 
oblique to minimize convection currents. An image of the field, obtained 
outside the chamber by an anastigmat lens (focal length 2 in.) was viewed 
through a microscope, under a magnification of 80 to 1. A fine platinum 
wire mounted in the focal plane of the eyepiece, and rotatable about the 
axis of the microscope, was used- as a reference line. 

3. It was hoped that the advent of the breakdown would be indicated 
by a marked change in the inclination of the paths traced out by the 
illuminated particles at the middle of a swing, but observation showed that 
the inclinations of the paths to the direction of oscillation were, in general, 
too small for accurate measurement. Changes in flow pattern were 
however clearly revealed at the ends of a swing, for then the illuminated 
particles appeared as a cluster of slow-moving bright points of light, which 
swung upwards, downwards or sideways. Systematic records of these 
motions were taken over a wide field, for 2n/AA/v = 234, 122, 88 and 50. 
The records for the first two cases aro given in Table IV. The motions are 
specified by the scheme given at the head of tho table. Occasionally, a flow 
changed whilst under observation, and for such flows the letters for the 
views seen are given 

4. The flows at 2nfAA/v= 234 and 122 (Table IV) were three-dimensional. 
Fairly well-defined regions of up flow and of down flow, separated by nodal 
regions, existed within the fluid, and their existence suggests the presence 
of ring vortices of the type observed by Taylor (1923) in the breakdown 
flow between two coaxial rotating cylinders. At 2vfAAjv = 88 (/= 0-045, 
v*=79x 10~* ft.*/sec.) the fluid (water-glycerine mixture) appeared to be 
circulating as a whole, with a down flow at the oscillating wall and an 
up flow at the fixed wall. At tho lowest Reynolds number of observation, 
2irfAAjv =50 (/= 0 045, v=246 x 10~* ft.*/sec.) the flow approximated very 
closely to the two-dimensional type, for although some up and down 
motions were observed (end of swing) they were very weak, and the paths 
of the particles at the middle of a swing mo ved in the direction of oscillation. 

The breakdown is characterized, then, by a three-dimensional flow, 
within which nodal regions separating up and down motions exist, and it 
is not improbable that these motions arise from the presence of ring 
vortices. The observations are not sufficiently precise to allow a reliable 
prediction of the value of 2 nfAAjv at which the breakdown occurs. 
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Table IV 


z denotes the normal distance of the observation point from the oscillating surface. 
y denotes the vertical distanoo from the median horizontal plane (+ve direction 
upwards). 

L denotes left-hand end of swing 
R right-hand end. 

U up flow: D down flow. 

N no deviation from diroction of swing (node). 

Suffix 1 denotes relatively weak motion, 

A = 2 rrj(v/nf) 

2m = 0-76 in. = width of annular gap between the cylinders. 


y/A 

0 

-0 20 
-0-42 
-0 02 
-0 83 


(1) Water v- 11 16 X 10 * ft */sec. 

/= 0 045, A = 0 67 in. = 1 76 m., 2nfA A/s = 234 


z/A =0 076 0 160 

L R L 

U U U 

JV AT „V 

DDL) 

D x D x D 

N N N 


0 226 

R L R 

U U V 

N N N 

D U 1 ND l U l ND 1 

D I) I) 

N lT l ND l U x N D x 


0-300 



U U 
D D 
U U 
D D 
U U 


(2) Wator-glyconnn mixture s=4l 3x 10'* ft ‘/sec. 

/=0 046; A= 1 28 in =3 3 m ; 2nfA\/v= 122. 
z/A = 0 04 0 08 0 12 0 16 0 20 0-24 


y /A L R L 

0-32 N N £7, 

023 il D N 

0-14 D n N 

+ 0 06 D , D t N V 
-0-05 D D,N D 

-0-14 N N N 

-0-23 D D D 

-0-32 D N I) 

-0 42 1) N D 

-061 D N D 

-0 60 V N U 

-0-69 N N N 

-0 78 JV N N 

-0-87 N N N 


R L R L 

v t v u v 

N U IJ U 

N U U U 

N V U t U 

D X N N D t N V 

N N N U 

D D X N 1) N 

D N N N 

D 1 D N N 

N D, N N 

N N N N 

N 1\ N D 

D I) I) D 

N D D D 


R L R L U 
U U U U V 
U U V V V 
U U V V U 
U V U V U 
D N U x I) U X N D 
N V N IJ D 
D T\ D t V N 
N D N D V 
N N N U U 
N U N U U 
N N N U x D 
D D D D D 
D D D D D 
D D N D U 


VI. The effect of eddy disturbances on the breakdown 

OF LAMINAR FLOW IN AN ANNULAR PIPE 

1. Observations by Schiller (1930, 1934), Naumann (1931, 1935), 
Kurweg (1933) and Nikuradse (1933) show that the eddies responsible for 
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the onset of turbulence in pipes and channels arise from the rolling up of 
surfaoes of discontinuity at the entry walls. At a low Reynolds number, 
the flow at the entry of a pipe is undisturbed and rectilinear. With an 
inorease of Reynolds number undulations of flow appear. At first, these 
undulations tend to die down within the pipe, but eventually surfaces of 
discontinuity are formed at the entry walls, followed by a final stage in 
which these surfaces roll up periodically into discrete eddies, which persist 
beyond the entry. Below a critical Reynolds number, the energy of the 
entry eddies is dissipated in the pipe, but above this number, disturbances 
arising from these eddies persist, and the flow becomes turbulent every¬ 
where 

2 . The rates at which vortieity wore generated at the entries of the 
pipes and channels used in the above experiments were roughly the same. 
Systematic variations, over wide ranges, of the rate at which vortieity is 
generated, and of the frequency, size and strength of the entry eddies, can 
bo obtained by grids of sharp-edged radial plates mounted in the entry 
normal to the inflowing stream. Further, a grid form of obstruction allows 
a stream of discrete eddies of known character to be fell into a pipe at 
Reynolds numbers well Inflow the critical number of the pipe without the 
grid. The effect of both weak and intense disturbances of this character 
on the breakdown of laminar flow, well beyond the entry, forms the subject 
of these experiments. 

3 When a grid produces intense disturbances, the influence of a well- 
designed entry system on these disturbances can be taken to be negligible; 
but when the grid disturbances are themselves weak, the influence of the 
entry system cannot bo ignored. Anomalies associated with entry flow 
can be detected by comparison of results obtained for different entry 
systems, and for this reason two entry systems, B and C (§ I), were used. 
Pipe III was used, the critical value of um/v with entry system B being 
about 920, whilst that for system C was above 1470, the highest value 
of tost. 

4. Measurements of the pressure drop were made at tho test length 
N t N t of pipe III for ten grids. Each grid was mounted in the junction 
plane of the faired entry apd the pipe, and presented an obstruction in the 
form of a number of uniformly spaced teeth extending across the width of 
the pipe. The teeth edges were sharpened by chamfering the undersurface. 
Details of the grid shapes are given in Table V. 

5. The total quantity of vortieity (+ ve or - ve) Bhed in unit time from 
the sharp edges of the teeth is mnu\, where u t is the velocity in the vortex 
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sheet shed from each edge, n is the number of teeth, and 2m is the length 
of a tooth. If the flow in the test length is laminar, the quantity of laminar 
vorticity ( + ve or -ve) passing a cross-section in unit time can be taken 
as n{a + b) (l- 6 tt*)/ 2 . The ratio of the quantity of vortioity shed at a grid 

to this quantity of laminar vorticity is f. 1 25^{a + b) (if) * rat *° 

becomes 0-014n(u # /u)* for pipe III. Rough values of 0-014n {uju)* for the 
ten grids, deduoed from wind-tunnel experiments on grids, are given in 
Table V. 

Tablb V 


Obstruction grids in pipe III. 
Length of teeth = 2m = 0-091 in. 


and 

No. of 
tooth 

Moan width 
of teeth, w * 

(in.) 

Gap /w 

0-0l4n(w,/fi)' 

Value of 
mU/v when 
wQ/v= 60 

a* 

20 

009 

0-57 

38 

26 

6* 

10 

0-18 

0-57 

1-9 

13 

e* 

5 

0-28 

t 23 

0-5 

» 

d* 

4 

0-23 

2 05 

0-25 

10 

e* 

2 

0 20 

81 

0 06 

11 

/t 

2 

0 08 

17-0 

0 06 

29 

g* 

2 

0-08 

170 

006 

29 

hi 

2 

004 

36 0 

0 06 

57 

it 

2 

0 02 

70-0 

0-06 

114 

;t 

2 

001 

1420 

006 

227 


* 

Entry system B. 

t Entry system C. 



The teeth of the grids used in the present experiments can be regarded 
as small plates normal to the inflowing stream. Experiments on flat plates 
(Fage and Johansen 1927 ), circular cylinders (Strouhal 1878 ; Richardson 
1923 ; Relf and Simmons 1924 , Fage 1934 ), and circular discs (Stanton and 
Marshall 1930 ) suggest that eddies will begin to be shed from the teeth at 
a Reynolds number uwjv about /SO, and at a frequency/, given roughly by 
the relation wff u = 0-15. The number, spacing, length, and width of the 
teeth, influence these numbers, but they should have the right order of 
magnitude. When uw/v** 50, the pipe Reynolds number umjv is 50m/v\ 
Values of 50 mjw for the ten grids, given in Table V, show that the grids 
begin to shed eddies at values of umjv ranging from about 9 (grid c) to 
about 227 (grid j). 


6 . Fig. 12 shows the values of mP/^pu 1 measured at the test length N t N b 
of the pipe with the four grids (a, c, /, and h) lie close together over the 
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whole range of t im/v covered.* The same statistically uniform conditions 
of flow exist therefore in the test length, in spite of the fact that con¬ 
siderably different amounts of vorticity are shed into the pipe from the 
entry grids, the vorticity shed from grid a being about 60 times greater 
than that shed from grid h . The eddies also differ both in size and frequency; 
those from grid a having diameters about 2-3 times greater and frequencies 
2-3 times smaller than those from grid h, on the assumption that the eddy 
diameter is proportional to the tooth width The values of mP/^pu* depart 
early, at uwi/i>= 000 , from the theoretical curve for laminar flow. Below 
this value oiumjv the pipe walls damp out the entry disturbances; whilst 
above this value the wallB impose the same pattern on the flow at the test 
length irrespective of the strength of the entry disturbances. The lower 
critical Reynolds number of the pipe can therefore be taken as 600. 

The results for grids t and j (entry system C) depart later, and less 
definitely, from the theoretical curve than those for grids a-h For grid j, 
the departure occurs at about iimjv= 750. The value of uwjv is then 165, 
and it is probable that at this small value eddies can just be generated, 
and that they are shed spasmodically Also, the eddies are small in 
diameter (about 0-01 in.). It would appear, therefore, that the early 
breakdown of laminar flow associated with intense eddy disturbances 
can be caused by very weak entry disturbances, provided they are in the 
form of discrete eddies. 

7. This conclusion was supported by experiments made to measure the 
effect of obstructions in the form of sharp-edge annular ridges, projecting 
outwards from the central rod of the pipe. The widths of the ridges were 
0-0255, 0 0155 and 0-0055 in. (0-56, 0-34 and 0-12 m.). The first two ridges 
caused a departure from laminar flow (pipe lit, test length entry 
systems A and C) at um[p = 600 (approx.). The values of the Reynolds 
number uw/p were then 330 and 204, and it is not unlikely that streams 
of discrete ring eddies were shed into the pipe. The results for the narrowest 
ridge (width 0-12 in.) lay on the laminar curve up to tm/i/ = 975, the 
highest value of test The value of uw/p was then 117, and at this low 
value it is probable that eddies were not shed. 

8 . Schiller ( 1932 ) has suggested that wall roughness has no effect on 
laminar flow when hu h /p, where h is the height of the excrescences and u h 
is the velocity in the undisturbed flow at a distance h from the wall, is less 
than the critical number R e for the formation of an unsteady wake behind 

* Grids 6, d, e and g give same results. Values of mP/Jpfl* for a sharp-edged entry 
to the pipe (no grid) are included in fig. 12. 
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an obstaole having the shape of the roughness oxoresoenoes. The present 
experiments show that isolated excrescences for which hu k /v > R t cause, 
when placed in the mouth of a pipe, a departure from laminar flow at a 
value of the Reynolds number umjv lower than that for the departure 
without the excrescenoes There is, however, a lower limit of umjv below 
which the flow remains laminar, no matter how large the entry excrescences. 
Distribution of excrescences of the samo kind over the entire surface of the 
pipe would cause the critical Reynolds number (um/v) to fall below the 
lower limit for a smooth pipe, provided, as suggested by Schiller, hu^/v 
were greater than R c . 


VII. Theoretical relations for viscous fluid flow in an annular 

PIPE, AND BETWEEN TWO INFINITE PARALLEL PLANE WALLS, WHEN ONE 
WALL OSCILLATES AXTALLY AND THE OUTER WALL IS FIXED 

1 Annular pipe. The equation for visoous fluid flow through a pipe of 
annular cross-section is 


?u J 0*« 1 3«\ _ 1 dp 

dt \dr*+rdrf~ pdx’ 


where u is the velocity in the direction of the axis OX of the pipe, r is the 
radial distance of a point in the cross-section of the pipe, and - dp/dx is 
the pressure gradient down the pipe. 

2. For fixed walls the solution (Lamb) of equation (I) is 

+ ( 2 ) 

where P represents - dp/dx 

3. Outer wall, r-a, fixed • inner wall , r=h, osaUating in the axial 
direction. Let the motion of the inner wall be given by M = dwsinwt. The 
solution of equation (1) can be written in the form 

u = u A ^ + B sin o>* + C cos wt, 

where u A ^ 0 is the solution for A =0 and B and U are functions of r On 
substitution m equation (1), we have 

L pfo J L p 
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This relation is satisfied when 


r i = r i spi 
L pfaj L p fo_L-o‘ 


(3a) 


(36) 


A solution of equations (3o) in terms of real and imaginary Bessel 
functions is 


B=-E l ber^)*r+ E t bei^r - F, ker+ F t kei^jV 
C- -E x bei^*r—^ I ber|~j l r-/’ I kei^^r-F,ker|^j l f, 


where the values of E v E t , t\, F t are fixed by the boundary conditions 
JiaaC—0 when r = a, and B-Ao), C = 0 when r-b. 

Relation (36) shows that the pressure gradient is not affected by the 
oscillation of the inner wall. 


4. When 


\a+bl 


is small, as in the experiments of § 2, an approximate 


relation for the velocity distribution across a pipe, when the inner wall 
oscillates axially and the outer wall is fixed, is given by the relation for 
visoous flow between two parallel plane walls, when one wall oscillates, and 
the other wall is fixed. 


5. Plane ivaMs. The equation for visoous flow between two parallel 
infinite plane walls is 


3u_ 9 2 m _ 1 dp 

dt ^dz* pdx’ 


(4) 


where the origin is taken in one of the walls, and the axis OZ is perpen¬ 
dicular to them. For fixed walls, the solution is 


6 . Wall at z = 0 fixed: wall at z=2m oscillating in the direction OX. Let 
the motion of the wall z»2m be given by u = Ao) sinarf. The solution of 
equation (4) can be written in the form u=u A _ 0 +B i einwt + Ci coaw<, 
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where u A _ 0 is the solution when A=*0, and By and C x are functions of z. 
The substitution of this relation for u in equation (4) gives 


r 0 * 0,1 r 

ByUi-v ^ ooewt- CyW + v-fa^ sinwl 

This equation is satisfied when 


10p / 13p\ 

pdx~\~ pfa/A-o 


d'By <o 
d* + v C ' 


0, 


(5 a) 


S *0, 
~Sz* 


- B x = 0, 


(56) 


and 


r_2¥l = r_l¥] 


(5c) 


The boundary conditions are B x = A ta and C\ = 0 at the wall z = 2m, and 
By~(\»0 at the wall 2 = 0. The solution of equations (5o), (56) gives 


where 


and 


B,-R ™ h (£)*« - s sta (|p)‘* “ h (s) < *. 


.dwcosm 

! (^) i B inh m\ 

l v ) 

f 

|cosh®m| 

-)*-cos*m| 

l v ) 

?) 


„ . /2W\* , /2<U\* 

-iwsinwIH cosh»il—I 


(cosh^^-cos***^) 


(«) 


7. When 7tyJ(v/nf) <m, the relation u = B X sinorf + C\cos o4 for the velocity 
disturbance can be recast with good accuracy (except near the fixed wall) 

into the simple form « = 2n/4 exp[-27r*/A] cos^--2ar/tj, where A iB 

the wave length of the disturbance, given by 2 n Jlvjirf), and z is now taken 
to be the distance from the oscillating wall. 
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8. In conclusion, (he writer wishes to acknowledge his great indebtedness 
to Mr W. S. Walker, who assisted in the carrying out of the experiments 
described in the paper. 


Summary 

1. Scope of work. Experiments have been made to determine the effects 
of disturbances of known character on the laminar flow of water in a long 
pipe of annular cross-section. The disturbances considered are those due 
to axial oscillations of the inner wall of the pipe, to oscillations of the 
inner wall about its axis, and to both weak and intense entry eddies. 
Experiments on the breakdown due to a uniform rotation of the inner wall 
(outer wall fixed) havo also been made. 

The breakdown of flow near a plane surface oscillating in a stationary 
fluid has been observed. 

Theoretical relations for the flow of a viscous fluid through an annular 
pipe, under the influence of a pressure gradient parallel to the axis, with 
the inner wall oscillating axially and the outer wall fixed have been 
obtained. 

2. Conclusions. The frequency of the axial oscillation of the inner wall 
when a departure from laminar flow occurs depends on the axial amplitude 
of the wall and the viscosity of the fluid, and is independent, within the 
accuracy of measurement, of the velocity of axial flow. The Reynolds 
number of disturbance, defined as the product of the velocity amplitude 
at the wall and a length 2n v/nf) (whore /=frequency) divided by the 
viscosity, at which a departure from laminar flow occurs does not change 
appreciably over a wide range of amplitude. 

The results with the inner wall of the pipe oscillating about its axis 
suggest that the flow remains laminar up to the critical Reynolds number 
of disturbance measured with the inner wall oscillating axially. 

Visual observation suggests the presence of rotating bandB of fluid with 
their axes parallel to the direction of oscillation at the breakdown. 

When the inner wall rotates at a uniform speed (outer wall stationary), 
the oritioal rotational speed increases with the axial speed of flow, and the 
critical number for no axial flow, predicted by extrapolation of the curve 
drawn through the numbers measured with axial flow, is in close agreement 
with Taylor’s theoretical number 

It is shown that the early breakdown of laminar flow associated with 
intense entry disturbances can be caused by very weak entry disturbances, 
provided they are in the form of discrete eddies. 
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Uranium Z and the problem of nuclear isomerism 

By N. Feather, Ph.D., Fellow of Trinity College, 
and E. Brktsoheb, Clerk Maxwell Scholar, Cambridge 

(i Communicated by E. V. Appleton, F.R.S.—Received 13 January 1938) 

1. Introduction 

It is well known that the idea of the possible isotopic complexity of the 
elements arose first as the result of investigations into the chemical 
behaviour of substances produced one from another in the course of 
successive radioactive transformations. Soon after thiB idea of isotopy had 
been generally accepted, Soddy ( 1917 , 1919 ) suggested a further basis of 
classification which he believed might also be required in certain cases. 
According to this suggestion, nuclei which were indistinguishable in 
respect of charge and mass might still exhibit distinct radioactive pro¬ 
perties, or might differ in “any new property concerned with the nucleus 
of the atom rather than its external shell”. He proposed in effect to 
classify distinct isotopic species as iso baric or heterobaric, depending upon 
whether the same or different mass numbers had to be assigned to them 
In particular he suggested that the disintegrations of the branch products 
thorium C' and thorium C", which certainly result in isobario species of 
the same atomic number, might in fact give rise to isotopes which were 
radioactively distinct. This suggestion was tested experimentally by 
S. Meyer ( 1918 ), but was not substantiated. Nevertheless, three years 
later, uranium Z was discovered by Hahn ( 1921 )—and its chemical and 
radioactive properties interpreted by h im as evidence for nuclear isomerism, 
in this case with uranium X,. Subsequent work by Hahn ( 1923 ), Guy and 
Russell ( 1923 ) and Walling ( 1931 ) confirmed this interpretation. Uranium 
Z and uranium X, were certainly isotopio, and as both were produced, as 
it seemed directly, from uranium Xj, the most natural assumption to make 
was that they were also isobario. No further examples were found, however, 
and no attempt at a theoretical description of the phenomenon was made 
for some time. Then, in 1934, Gamow put forward an explanation based 
upon the idea of an additional fundamental particle, the negative proton, 
and, from the experimental side, the discovery of artificial radioactivity 
opened up entirely new possibilities of isotopy. Now, if v. Weizsflcker’s 
( 1936 ) explanation of nuclear isomerism is generally preferred to Garaow’s, 
[ 830 ] 
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at least it appears certain that several instances of the phenomenon are 
open to experimental study (Szilard and Chalmers 1935 ; Bothe and 
Centner 1937 ; Meitner, Hahn and Strassmann 1937 ; Snell 1937 ). For that 
reason we have thought it important to begin such a study by a more 
detailed investigation than has hitherto been made of the radiations from 
uranium Z and the relations between this body and its neighbours in the 
series. The present paper describes the results of this investigation. So far 
as they have been taken they are distinctly favourable to v. WeizB&cker’s 
hypothesis; they suggest, therefore, that a precise statement of the 
hypothesis should be made the basis of our discussion. 


2. v Wei/.hackkb’s hypothesis: metastable status of nuclei 

The hypothesis of v. Weizs&cker is an entirely natural extension of 
current views regarding the emission of quantum radiations by nuclei, 
applied specifically to the case of a nucleus in its first excited Btate. 
Clearly, from such a state of excitation, the only possible radiative transition 
is to the ground state of the nucleus—and theory indicates that the 
probability of this transition depends chiefly upon the amount of energy 
involved and upon the change in nuclear spin quantum number as between 
the two states of the system, v. Weizs&cker pointed out that if this energy 
difference is small, and if the spin change is considerable, very small 
transition probabilities are to be expected.* He showed that, even when 
other modes of de-excitation, such as the ‘‘mechanical” intervention of 
an extranuclear electron, were taken into account, the same result held 
good. Numerical values, given for Z (atomio number) = 27 and Z = 64, 
suggest that the effect should not vary much with nuclear charge. For a 
first excitation level at 5x 10 4 e-volts energy, for example, in each case 
(Z = 27 or 04) a spin difference of 5 quantum units! was found necessary 
to ensure a y-ray transition probability less than 10 5 sec. (half-value 
period greater than 20 hr.). It is interesting to remark that the same 
suggestion of metaatable states of nuclei has been developed, on the basis 
of the liquid drop model, by Bethe ( 1937 ) with numerical conclusions very 
similar in almost every respect to those quoted above. On this model, 
however, the dependence of y-ray lifetime on nuolear charge number is, 

* The question of relatively long y-ray lifetimes was raised in a paper by one of 
the writers in 1929 (Feather 1929). 

f This is an upper limit, only. It was pointed out by Bohr that a high degree of 
symmetry in the ground state of tho nucleus would have the effect of reducing 
considerably the changes of spin which would be necessary. 
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if anything, even less pronounced than before, and the spin changes 
necessary to ensure a specified long lifetime are slightly smaller. Be the 
also suggests, on a comparison of the theoretical ideas involved in each 
cane, that pairs of nuclear isomers should be about as frequent in nature 
as pairs of stable isobars having consecutive charge numbera.* 

The question of the first excited states of the heavy nuclei may be 
considered from the experimental point of view, also. Here Hulme, Mott, 
Oppenheimor and Taylor ( 1936 ) have already noted certain regularities 
In the level schemes proposed to account for the y-rays and the a-particle 
fine-structure groups from the radioactive elements they have recognized 
two types, one characterized by a first excited state of quite high energy 
(E l > 6 x 10 4 e-volts), the other by a first excited state not far removed 
from the ground state of the nucleus. It is possible to extend their list 
of nuclei having level systems of the latter type (Table 1). 

Table I 

Nucleus RaC ThC RaE RaC" ThC" 

Z 83 83 83 81 81 

A 214 212 210 210 208 

A\(e-kV) 52-9 238 47 2 62 40-0 

It will be observed that in all the above cases the nuclear charge number 
( Z) is odd and the nuclear mass number (/l) even f The remaining heavy 
radioactive nuclei of this type are mesothorium 2 and the supposed isomeric 
pair uranium X,-uranium Z. Evidently if, following v Weizs&oker, we 
need to assume that the nucleus of this latter species (Z = 91, A = 234) has 
a first excited state very close to the ground state, we shall merely be 
extending a regularity which is already clearly established. Indeed, there 
is good reason to suppose that this particular regularity will in fact be 
further exemplified when the radiations from mesothorium 1 have been 
successfully studied and information obtained regarding the possible statos 

* Seven such pairs of isobars are at present believed to occur amongst stable 
micloi (see Bain bridge and Jordan 1936). 

t Nuclei for which both Z and A are evon provide examples both of low- and 
high-energy first excited states (thus in the former category occur M Rn M , 184o-kV; 
M RdTh** , I 08e-kV, ,,ThX*“, 86e-kV), but when Z is odd and A evon the first 
excited state of tho nucleus appears always to be low-lying. (The statement of 
Hulme, Mott, Opponhoimer and Taylor that radioactive nuolei of the latter olass 
are those of odd mass number is clearly a mistake.) Amongst existing Btable nuolei, 
it will bo remembered, this class is remarkable from another point of view—being 
represented by four species, only (H*, Lt\ B M and N w ). 
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of excitation of the product nucleus mesothorium 2 (Z = 89 , A «* 228 ). In 
this case the sequence of disintegrations is as follows: 

Th + MsTh, 4 MsTh, RdTh A- ThX -k 

Let us consider the changes in nuclear spin quantum number required by 
existing data regarding these transformations. For the a-disintegrations 
there is no reason to postulate a change of spin (as between ground states) 
in either case—in spite of the occurrence of “fine-structure” in the a- 
radiation from radiothorium,* We assign, therefore, quantum numbers 0 
to the ground states both of MsTh l and of RdTh. On this assumption the 
spin of the ground state of MsTh s is given from considerations of the 

fi 

/ 7 -radiation emitted in the disintegration MsTh, -* RdTh. It will be seen 
by inspection of fig. 6 (to be discussed in greater detail in § 6) that to 
explain the partial yff-particle spectrum of highest enorgy in this radiation 
we must postulate a spin difference of 2 lirnts (or even more) between the 
ground states of the initial and final nuclei {vide, infra). It is then necessary 

p 

to discuss tho disintegration MsThj -► MsTh, on the assumption of a spin 
difference of 2 units between ground states, also. Now up to the present 
no radiations have been observed in this case, the disintegration constant 
( 3-3 x 10 ~® sec -*) being known only from the rate of growth of radio¬ 
thorium in initially purified thorium We shall examine, in turn, the 
assumptions, first that the transformation to which this disintegration 
constant refers (assuming for simplicity that only one mode of disintegration 
need be considered) is a "once-forbidden” transition—and then that it is 
“allowed”. On the former assumption, that is assuming transition to the 
ground state, we conclude (from fig. 6) that the disintegration energy is 
about 2-9 x 10® e-volts on tho latter (transition to some other state) the 
corresponding energy is less in the ratio 1 * 10 . The mere fact that the 
particle radiation has not been detected (presumably on account of its 
small energy) is thus strongly suggestive that the latter supposition is 
correct. But this is seen to imply that the / 7 -particle disintegration of 
mesothorium 1 results generally in an excited mesothorium 2 nucleus. 
The additional fact that no strong y-radiation has been observed is then 
evidence for the small excitation energy of this state, or for its long 

* Calculation shows that the partial disintegration constants for tho low- and high- 
energy components of this radiation differ by a greater amount than corresponds 
to the energy difference between them. It is to be supposed, therefore, that the 
change of spin quantum number occurs between the ground state of radiothorium 
and the first excited state of the subsequent product, thorium X. 


Voi. CLXV. A. 
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lifetime,* or both. Even if it were supposed that transitions to the ground 
state and to the first excited state of mesothorium 2 were equally probable 
we should still obtain an energy separation of the two states no greater 
than 2*3 x 10 * e-volts on the basis of fig. 6 (partial disintegration energies 
2*5 x 10* e-volts and 2*0 x 10* e-volts, respectively). Empirically, therefore, 
there appears to be the strongest evidence for low energy excited states 
in all heavy radioactive nuclei for which Z is odd and A even, and, 
consequently a good case for the assumption of such a state as a basis of 
explanation of isomerism in the nucleus uranium X^uranium Z. Certain 
consequences of an explanation on this basis may now be discussed. 

The important consequences of the hypothesis of metastable states were 
indicated in the original papers of v. Weizs&cker (1936) and Bethe (1937) * 
they are concerned chiefly with the energy balance in the disintegrations. 
Here we may consider them, formally, as follows. Let A 0 , Ay be two 
isomeric nuclei, Ay representing the higher (metastable) state, of small 
positive energy e. Let it be supposed that the same type of disintegration 
occurs with each isomerf and let B be the common product nucleus. Let 
B 0 , B v ... denote the ground state and successive excited states of this 
nucleus. Then, because of the difference in spin between A 0 and A v it is 
unlikely that the transitions A 0 -> B 0 , Ay -*■ B 0 represent in each case the 
most probable mode. Rather, it is much more probablo that in one case 
transition to one of the (lower) excited states of B is favoured by the 
selection rules—or it may be that the radiative transition Ay -*■ A 0 is also 
important. If this is so, then part, at least, of the radiation from Ay must 
be of the same quality as that from A a (and the particle radiation from 
a fresh preparation of A x is not likely to decay strictly according to the 
simple exponential law); even if it is not, more than one possibility still 
remains As most probable disintegration modes we may have 

(a) A 0 -* B 0 , Ay - B r , 
or (6) A 0 — B t , Ay ^ B 0 , 

and in either case if r (or a) = 1 , and if the first excited state of B is a very 
low-lying state (excitation energy e'), again differences of disintegration 

* That is, a lifetime not smaller by many orders of magnitude than 6*13 hr., 
the half-value period of mesothorium 2 for ^-transformation—though certain 
experiments of Widdowson and Russell (1925) make it already unlikely that suoh 
a y-ray lifetime could, in fact, be greater than 3 mm. 

| Certain oxpenmontal evidence (Pool, Cork and Thornton 1937) indicates that 
this ib not always tho case -but it does not appear that any fundamental difficulty 
is introduced if different types of disintegration (e.g. electron and positron emission) 
have to be taken into account. 
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particle energy will not be large (| e-e' | or e+e'). Moreover, if B t is very 
low-lying, it is likely that it will also be metastable: as v. Weizsacker 
pointed out we may expect sometimes to find two parallel disintegration 
series of which corresponding members constitute isomeric pairs. If B r (or, 
alternatively, B,) is not a low-lying state (energy exoess given by y rt ) then 
according to either possibility, (a) or (6), there will be considerable 
differences between the radiations from A 0 and A v If E represents the 
disintegration energy for the transition A 0 -> B 0 , the alternative most 
probable modes are as follows: 

(o) from A 0 , particles of energy E, no y-rays; 

from A v particles of energy E + e-y r , y-rays of total quantum 
energy y,; 

(6) from 4 0 , particles of energy E-y„, y-rays of total quantum 
energy y„. 

from A lr particles of energy E + e; no y-rays. 

It will be noticed that, when y-rayH are mentioned, the expression “total 
quantum energy” is employed This is to draw attention to the fact that, 
since the radiative transition B r t -> B 0 will generally be “forbidden” on 
account of the large difference of spin likely to exist between these two 
states,* the emission of at least two quanta in succession is the most 
probable de-excitation process. 

We may sum up the conclusions of this section, then, by the statement 
that the radiations from two isomeric radioelements may either be similar 
or quite dissimilar, according to the energies and angular momenta of the 
possible excited states of the product nucleus. In this connexion some of 
the Bimplerf of the many possibilities have been treated in more detail. 

3. Experimental study of the radiations from uranium Z 

Up to the present the only important investigation into the radiations 
from uranium Z has been that of Walling (1932). Two strong sources 
(uranium Z corresponding to about 10 kg uranium element) were prepared 
having very little radioactive contamination (ionization due to the 
/9-particles of uranium X initially only 0-2 and 6*0% of the total) and 

* The initial difference m nuclear spin, as between A , and A lt cannot bo expected 
to be greatly reduced by the two “most probable" (similar) particle disintegrations 
which are being considered. 

t Thus we have supposed, throughout, that transition to the ground state, B t , 
was the most probable mode of jiarticle disintegration with one isomer or the other. 
This need not neoeasanly be the case. 


33-a 
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the absorption of the ^-particles up to 0-65 g./om.* of aluminium and of 
the y-rays up to 12-6 g /cm,® of lead was studied by means of a gold-leaf 
electroscope. It was concluded, in agreement with the earliest observations 
of Hahn ( 1921 ), that the /9-radiation was complex, that is that it could not 
be described in terms of a Bingle exponential absorption coefficient, and 
that the y-radiation could be so described (by means of a mass absorption 
coefficient of 0*097 cm */g. m lead). It was suggested that resolution of the 
/9-radiation into two components for which (/t/p) AJ = 64 and 19*0 °om.*/g. 
might be a satisfactory interpretation of the results—if, with an uncovered 
source, the soft component contributed about four times as much ionization 
as the harder Beyond 0*33 g./cm.* absorber thickness (of aluminium) no 
appreciable /9-particle effect was recorded No estimate of the intensity 
of the y-radiation (in quanta per disintegration) was made. 

Our experiments were carried out with the uranium Z obtained from 
about 2 kg. uranium element, absorption measurements with a tube 
counter (see Feather 1938 ) being made with cloven sources prepared by 
the method of Guy and Russell ( 1923 ).* In preparing ten of these sources 
potassium tantalate equivalent to 20 mg tantaho oxide was used for the 
precipitation; for the eleventh the equivalent of 200 mg. of oxide was 
employed. In each case the final precipitate was obtained on a filter paper 
1*8 cm. in diameter. Two fusions with potassium hydrogen sulphate 
usually reduced the uranium X contamination to about 2% initially (i.e. 
initially aliout 2 % of the /9-particles emitted by the source were /9-particles 
from uranium X a ) particularly if a few milligrams of thorium sulphate was 
added to the melt to assist in this reduction.f After preparation each 
source was placed in a cavity in a small wooden block of a standard 
design and covered with a thin foil of mica. Absorption measurements with 
aluminium were earned out up to a limiting thickness of 1*23 g./cm.* and 
with lead to a thickness of 9*7 g./cm.*. The absorption of the y-rays in 
a block of tungsten of 13*9 g./cm.* was also investigated For the purpose 
of correction for contamination a complete absorption curve for a source of 
uranium (X, + X,), with uranium Z in equilibrium, was separately deter- 
minedj—and half-value periods of 0*7 hr. (for uranium Z) and 24*6d. 
(for uranium X } ) were assumed. In the case of each observation corrections 
were first made for the finite resolving time of the recording Bystem and 

* Except that, in the original separation of uranium X, iron was employed, instead 
of thonum, as carrier—and was precipitated as hydroxide. 

t The smallest amount of contamination observed after two fusions with KHS0 4 
was 0*4%, approximately. 

J This curve (given logarithmically in fig 2, curve B) is also required, for purposes 
of comparison, in the Anal interpretation of the results (p. 540). 
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the natural effect of the counter (see Feather 1938 ). Afterwards the 
uranium Z activity through each thiokness of absorber was obtained by 
subtraction and, in the //-particle experiment, was then expressed in terms 
of the activity through a standard absorber of total thickness" 1 0*255 g./om. 8 . 
Fig. 1 shows the relative activities obtained in this way for absorber 
thioknessee greater than 0-16 g./cm. 8 ; the complete absorption curve for 
all thicknesses being given (logarithmically) by curve A, fig. 2 (/^-particle 
effect only). Fig. 3 gives the logarithmic curve for absorption of the y-rays 
in lead. Vertical lines, both in this figure and also in fig. 1 , represent limits 



of probable error based upon the numbers of particles counted For 
comparison with the results of Walling certain deductions from the curves 
may be stated at once, leaving until later (§ 6 ) a more systematic discussion 
of all the data. Firstly, the //-particle effect is appreciable at least up to 
0*5g./cm . 8 of aluminium, although it is oertainly quite small beyond 
0*3 g./cm. 8 . Secondly, the crude mass absorption coefficient for the y-rays 

* Allowance having been made for the mica over tho source and dosing the 
counter and for the air included between source and counter. In the y-ray experiment 
activities were expressed in terms of the activity through 1-934 g./om. 1 of lead, as 
standard. 
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in lead is 0-077 ± 0-006 cm.*/g., which is considerably less than Walling’s 
value. The crude coefficient for absorption in tungsten, as calculated from 
the experiments with the single tungsten absorber assuming exponential 
absorption, is 0-073 ± 0-002 cm.*/g. This is entirely consistent with the 
other result—and, since it will later be shown that these crude coefficients 
approximate fairly closely to the true values, it appears that the y-radiataon 
from'uranium Z, as well as the /^-radiation, is in fact somewhat more 
penetrating than was previously supposed 


4. Thb BRAJT CHINO RATIO 

Previous estimates of the branching ratio—that is, the ratio of the 
probability that an atom of uranium Xj will disintegrate giving rise to an 
atom of uranium X t to the probability that the disintegration product 
will instead be an atom of uranium Z—have admittedly been very indirect. 
Being based upon ionization measurements with relatively weak sources 
they have been greatly complicated by the considerable difference in 
penetrating power as between the radiations which were being compared. 
Direct counting of particles is the only reliable method in such circum¬ 
stances. For that reason a separate experiment was carried out to determine 
the branching ratio directly in this way. Three problems were involved- 
to make sure that the chemical processes employed resulted in the 
quantitative separation of uranium Z, to correct for the “self-absorption” 
of the /^-particles in the material of the source and, for the comparative 
measurements, to prepare sources of uranium (Xj + X,) representing 
accurately known fractions of the total amount used. 

In respect of the first problem, since the precipitation of uranium Z with 
ten times the usual amount of tantalic acid (cf. p. 638) did not result in 
the preparation of a source which was any stronger than usual (comparison 
was made using the y-radiation, in order to minimize differences due to 
self-absorption) it was concluded that the standard procedure (using 
20 mg. Ta,0 5 ) was quantitatively effective. 

The standard procedure was, however, modified slightly in order to 
reduce and make definite the self-absorption of the ^-particles of uranium 
Z in the material of the source. For the main experiments described in the 
last section the active material had always been prepared as a dried 
precipitate on a small filter paper, now the final precipitate and filter paper 
were ignited (with the addition of a few drops of strong nitric acid) and 
the residue finely powdered and spread uniformly on a circle of smooth 
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white paper inserted in the cavity of a wooden source holder in the usual 
way. The superficial density of this deposit was very closely 10 mg./om.*. 
Fig. 4 gives the results of absorption measurements upon two suoh aouroes 
using thin aluminium foils. With sufficient accuracy a single mass absorption 
coefficient of 24*7 cm.*/g. may be used in describing the results.* If this 
coefficient also applies to absorption in the material of the source, calcula- 



mg/cm 1 

Thickness of absorber 


Fio. 4 

tion showsf that a correction factor of M3 is required to take oount of 
self-absorption. Also, inspection of the figure indicates that a factor of 
1*38 is neoessary to correct for absorption in the standard thickness of 
12*8 mg./cm.* of mica and air through which the comparison measurements 

• The initial elope of curve A, fig. 2, corresponds to (/i/p) A1 = 36-0, the mean 
slope over the first 0 050 g./cm. 1 absorption to 30'2 om.*/g. Those values are both 
greater than* that deduced from fig. 4 because the latter moludes the y-ray efifeot 
which has been subtracted in fig. 2. 

t For a uniform deposit of active material of thickness d the correction factor 
is/«*(l-rv-)->. 
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were made.* Thus a factor of 1-13 x 1-38, or 1-56, was applied to the direct 
determinations of activity through the standard absorber. 

The preparation of sources of uranium (X, + X,) for comparison measure¬ 
ments was carried out after division of the original uranium X,-iron 
solution into two fractions, A and B, in the ratio 1: 19. The larger fraction 
(£) was put aside for subsequent separations of uranium Z, the smaller 
was made up to 250 c.c. and used 1 c.c. at a time. At any time such a 
sample (1 c.c) contained, therefore, 1/4750 of the uranium X x which 
remained in the larger fraction. To any such sample about 1 mg. thorium 
(as nitrate) and 6 mg. iron (as chloride) were added and a precipitate 
obtained with ammonia. This precipitate was dried and its activity 
measured in the usual way. The uranium Z was separated from the larger 
fraction, by the method already described, at a time when it had grown 
completely to its equilibrium amount. Corrected to this time of separation 
(and also for absorption, using the data given above) relative activities 
were found to be as follows: uranium X* (from 1 c c. of A), uranium Z 
(from B) = 449 : 3200. Thus the branching ratio is 449 x 4750 : 3200, or 
066 1. Taking count of statistical errors (not greater than 3%), of the 
possibility of chemical losses with such small amounts of material, and of 
any differential effects due to /5-particle reflexion (backwards scattering) 
in the material of the source support, we may write for this ratio 665 ± 65 ■ 1, 
as a final figure An independent estimate based upon a comparison of the 
y-ray effects (see § 5) of the uranium Z and fa of the uranium (X, + X,) with 
which it was in equilibrium gave 580 ±100 1, in good agreement with the 
above. When these values are compared with the earlier estimates (350 :1) 
based upon ionization measurements, the difference is in the direction to 
be expected; the softer radiations are given greater weight when ionization 
methods are employed. 

5. The effective quantum energy and the intensity 

OF THE y-RAYS 

A rough estimate of the intensity of the y-rays of uranium Z was obtained 
by comparing the activities of the source, as measured by the counter, 
first when just sufficient absorbing material was used so that the /5-particle 
effeot was completely cut out and, secondly, when no absorber was 
employed (and correction was made for the self-absorption of the /5-particles 

* Through this thickness of material the /5-particles of uranium X, do not con¬ 
tribute appreciably to the activity of a souroo of uranium (Xj + X,); for the /J-part roles 
of uranium X, a 4% correction for absorption has to be applied. 
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in the material of the source)—and then determining the ratio of the 
corresponding activities, / y /7 ^ for another radioactive substance, con¬ 
cerning which some information regarding y-ray intensities was available.* 
Since the success of the comparison depends to a great extent upon the 
use of a standard substance which emits y-rays of roughly the same 
quantum energy as those of the element under investigation, mesothorium 2 
was chosen as standard, in spite of the fact that our knowledge of the 
intensities of the y-rays from mesothorium 2 is less complete than that 
concerning radium C or thorium C". 

First, in order to know more exactly the effective quantum energies of 
the radiations to be compared, the absorption coefficient for the y-rays 
from a preparation of mesothorium 2 | was determined under the same 
conditions as obtained in the main experiment described in § 3. The activity 
of the source was measured through 0-983 g./cm.* of aluminium, to cut out 
the /9-particle effect, and then after the addition of 1-934 g./cm* of lead 
and 13-9 g./cm.* of tungsten, successively Assuming exponential absorp¬ 
tion, the following mass absorption coefficients were deduoed : 

(/t/p) I>b = 0-063 ± 0-000 cm */g.; (p/p) w = 0-061 ±0-001 cm.*/g. 

The first of these values is necessarily only rough, however, the more 
accurate result obtained with the thicker tungsten absorber may be taken 
to indicate a mass absorption coefficient of 0-066 cm.*/g. in lead. Now the 
accepted value for this coefficient for the strongly filtered radiation is 
0-067 cm.‘/g. (Bothe 1924 ) and the effective value, over the range of 
absorber thickness here employed, about 0-073 em.*/g. Thus crude mass 
absorption coefficients of this order are, with our arrangement, some 
0-008 cm.*/g. lessj than the true coefficients, and we obtain a true co¬ 
efficient of 0-087 ± 0-006 cm.*/g in lead as best representing all the 
measurements on the y-rays of uranium Z described in § 3. Corresponding 
to this value the effective quantum energy is 0-70 ± 0-06 x 10* e-volte. This 
must be compared with the known quantum energies 1-66, 1-61, 0-97, 
0-916, 0-462 ... x 10* e-volts in the y-ray spectrum of mesothorium 2. 
Fig. 5 shows roughly how the efficiency of our counter system depends 

* This method has recently been used by Ellis and Henderson (1935) for the 
annihilation radiation of radiophosphorus (P“) and by Devons and Neary (1937) 
for the y-rays of RaC". 

t This source was prepared from the material and by the method described by 
Feather (1938). 

t That is, the correction for scattering back into the oounter is greater than the 
correction for obliquity in passing through the absorber, under the relatively poor 
geomotnoal conditions of the experiment. 
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upon the quantum energy of the radiation under investigation* On the 
arbitrary scale of this figure the activity to be expected, on the basis of 
0*2 quantum per disintegration of mean quantum energy 1*83 x 10* e-volts 
and 0-3 quantum per disintegration of 0-94 x 10* e-volts energy, is 0*277, 
per millicurie of mesothorium 2.| Similarly, for 1 quantum per disintegra¬ 
tion of uranium Z, of mean quantum energy 0*70 ± 0*05 x 10 ® e-volts, an 



* This curve, which refers only to the electrons liberated in the Compton scattering 
process, has been obtained by extending the calculations of Richardson and Kune 
(1936) for the oasc of an “infinitely thick" scattering foil. With these authors we 
liave considered just those electrons projected within 10° of the direction of incidence 
of the scattered quantum—and we have made the reasonable assumption that, with 
our tlun-windowod counter, it is chiefly the electrons so projected from the upper 
layers of the absorbing foils which are counted when the direct /9-particlo effect is 
cut off. That fig, ft is also fairly well representative of a large number of experiments 
with thin-windowed counters of different types is suggested by the faot that, whoreas 
Ellis and Henderson (1935) obtained 10:1 for the ratio of the y-ray effects (per 
milhcune) of thorium C" and radiophosphorus, our ourvo gives 9:1 —on the 
assumption that only tho annihilation radiation is m question with P“. 

t This suggestion regarding the spectral distribution of tho y-ray energy of 
mesothorium 2 is baaed on tho assumption that about 80 % of the total energy given 
by the heating effect (Rutherford, Chadwick and Ellis 1930, p. 500) is emitted as 
quanta of the four highest quantum energies given above. 
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activity of 0-21 ± 0*03 per millicurie is to be expected. The direct experi¬ 
mental result with our counter, by the method described at the beginning 
of this section, was 

For mesothorium 2 : I r II fi +y = 1 : 32-7 ± 1 * 8 . 

For uranium Z: I y ll phy = 1 : 28*8 ± 2 - 0 . 

Thus the number of quanta per disintegration of uranium Z is given by 
31*7 0*277 

—g x , or 1-60 ± 0-26, after estimation of the probable error.* Again 

we may sum up, by saying that the y-radiation from uranium Z has, with 
our arrangement, an effective quantum energy of about 0-70 x 10* e-volts 
and an intensity quite definitely greater than one quantum per atom 
disintegrating. This is an important result which will be referred to again 
in the discussion. 


6. Discussion 

With the experimental facts established, two main topics for discussion 
may be distinguished; they are concerned with the mode (or modes) of 
formation and with the modes of disintegration of the nucleus ^UZ** 4 . 
Wo shall begin, however, with a short statement of the present position 
regarding the “Sargent diagram”, since the discussion of each topic will 
involve this—and we have already required it (cf p. 533). 

As is well known, the empirical relation between disintegration constant 
and maximum /^-particle energy, first pointed out by Sargent ( 1933 ), was 
a relation between total disintegration constant and energy. However, we 
now know that alternative disintegration modes frequently occur, and 
partial disintegration constants and the corresponding disintegration 
energies should therefore be employed (cf. Garaow 1937 , p 15 a). Fig. 6 is 
an attempt to construct a Sargent diagram using such data in a more 
systematic manner than has hitherto been done. The partial disintegration 
constant (in sec.- 1 ) and the disintegration energy (in electron volts) corre¬ 
sponding to the most probable mode of disintegration for eachf of the 
^-active bodies of the three series has been used, and an indication has 
been given, by means of the closed curvesj surrounding the points on the 

* Theso limits of error do not take count of inaccuracies in the assumed relative 
intensities of the y-rays of mesothonum 2. 

% Except AoC and MsTh^ for which no data are available. 

t The open curves labelled (RaD) and (ThC") refer to the unobserved transitions 
to the ground states of tho product nuclei in the two cases indicated. 



545 


Uranium Z and the problem of nuclear isomerism 

figure, of the probable degree of uncertainty attaching to these data,* It 
will be seen that two smooth curves can be drawn reasonably well amongst 
the points.f These, according to current terminology, are the curves for 
“allowed” and “onoe forbidden” transitions—and we shall attribute 
nuclear spin changes of 0 or I and 2 quantum units, respectively, to these 
transitions (Gamow and Teller 1936 ). Points corresponding to less probable 
modes of disintegration are not included in fig. 6 because in general greater 
uncertainty attaches to them, usually, however, they lie effectively on, or 
sometimes between, the curves.J 



♦ The uncertainty curvos assume different shapes in different oases, and do not 
lie symmetrically around the “accepted’’ points, because of the fact that in the 
absonoe of further knowledge total disintegration constants have sometimes been 
used when alternative modes possibly occur, and because all measurements with 
weak sources -and absorption measurements in particular—are liable to lead to an 
underestimate of the maximum ^-particle energy. 

t Kxoept the point for AcB. However, some doubt concerning the /7-particle 
energy still remains (Lecom 1936) 

t This—and some of the more considerable of the discrepancies indicated on the 
figure—does suggest that the assumption of two distinct curves may be an over¬ 
simplification of the matter. 
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Returning then to a consideration of the radiations from uranium Z, we 
have already noted (f 3) that at least 0*5 g./cm.* of aluminium is required 
to absorb the /9-particles completely. We conolude (of. Feather 1930 ) that 
the maximum energy of the particles is not less than l*lflx 10 * e-volts. 
Coupling this value of the energy with the total disintegration constant 
(2-9 x 10~* sec. -1 ), a point is obtained which on fig. 8 falls almost exactly 
midway between the curves. The suggestion is that if M 6 x 10* e-volts is 
in fact the particle energy corresponding to any mode of disintegration of 
uranium Z, then certainly it is not the most probable mode. Strong 
confirmation of this general conclusion is afforded by a further consideration 
of the logarithmic /9-particle absorption curve of fig. 2 . It is quite different 
in form from those referring to the /7-particles of uranium X, (curve B) and 
radium E (curve 0), which were also determined. Moreover, since radium E 
undergoes a “once forbidden” transformation, whereas the disintegration 
of uranium X, is “allowed”, the results indicate that these differences 
cannot be due to differences in the type of disintegration involved. Clearly, 
the /7-radiation from uranium Z must be made up of at least two com¬ 
ponents with widely different (maximum) energies. An attempt was 
therefore made to reconstruct curve A on the assumption of two components 
each absorbed according to the simple absorption law represented by 
curve 0. The first result to be deduced as the attempt proceeded was that 
no reconstruction on the basis of any number of components was possible, 
so long as the most energetio component was assigned the maximum 
energy of MGx 10 * e-volts obtained directly from the absorption curve. 
The best two-component representation finally devised was that of curve a, 
tig. 2. The components assumed in this case were as follows: 

Soft component, absorption limit, 0-20 g./cm.*; intensity, 0-944. 

Hard component: absorption limit, 0-70g./cm *, intensity, 0*056. 

The corresponding maximum /9-particle energies are 0*56 and 1*55 x 10 * 
e-volts, respectively. Although the indications are that a better fit Btill 
would be obtained on a three-component representation (two soft com¬ 
ponents and one hard), we shall assume the above analysis as a working 
hypothesis in the remaining discussions. One result is that the repre¬ 
sentative points on the Sargent diagram (marked 1 and 2 on tig. 6 ) now 
fall much more nearly on the “allowed” and “once forbidden” ourvea, 
respectively. Wo have, therefore, some indication of the spin changes in 
the assumed alternative modes of disintegration —but we should also notice 
an apparent difficulty. Whilst the difference between the maximum 
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/9-particle energies (0*99 x 10* e-volts) is considerably greater than the 
effective quantum energy of the y-radiation (0-70 x 10* e-volts) deduced in 
§ 5, it is not great enough to allow of two successive transitions (and thus 
nearly two quanta of y-radiation per disintegration) having this mean 
energy. However, we shall leave this immediate problem unsolved for the 
present and turn to a discussion of the modes of formation of uranium Z 
from uranium X v Basing our discussion on v. Weizsftcker’s hypothesis of 
metastable states of low energy, we shall regard that scheme as intrinsically 
the most likely which, in order to explain the facts, requires us to postulate 
the metastable state of shortest (y-ray) life.f 
In this connexion there are, broadly speaking, three possibilities: UZ may 
be the metastable state of the nucleus (UX*-UZ), in which case it must be 
formed from UX, directly in a rare mode of /^-disintegration, or UX, may 
be the metastable state produoed in a direct transition from UX,—and 
UZ be produced either directly from UX,, also, or from UX* by a (strongly 
forbidden) y-transition competing with the much more probable /9-dis¬ 
integration. % An asterisk denoting a motastable nucleus (of positive 
energy e), these three possibilities are represented formally by the schemes 
(a), (6) and (c), which follow: 


(a) 

'iUX, 

UX,f 

= E^+6, 

(6) 

aUZ* 

4UX? 

ux^ 

>uz 


(c) 

UX^UX?- 

E y = e. 


>UZ 

According to (a) the lifetime of the metastable state for y-emission is 
determined by the amount of /9-radiation with the characteristics of the 
^-radiation from uranium X, found in the general particle radiation from 
uranium Z. If a fraction / of this radiation is observed to be of the same 
quality as that from uranium X*, then, approximately, /r y = r^, where Tf 
and Ty are the /?- and y-ray lifetimes of the raetastable nucleus UZ. 
Experimentally (from that part of the absorption curve of fig. 1 beyond 
05 g./om.* absorber thickness), f>^ and r r < 50x0-7 hr. or r y *335 hr. 

f In this way we are choosing the scheme which involve* the smallest changes 
of nuclear spin. 

t Or both these modes of formation of uranium Z may contribute togethor. 
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(Ay > 6-9 x 10 -7 sec.- 1 ). As regards (6) and (c), dearly (6) requires a longer 
y-ray lifetime for UX/ than does (c); according to what has already 
been said, therefore, we shall discuss only (c). Here the y-ray lifetime is 
665 xt (UX,), i.e. 665 x 1-14 min., or 12*6 hr. (A,,= l* 6 x 10 “ # Beo.-»). From 
these numerical considerations it appears, then, that (c) is intrinsically 
the scheme most likely to be valid in actual fact-—and this conclusion is 
strengthened by evidence from another direction also. For we observe 
that on the basis of either alternative, (a) or ( 6 ), when the branching ratio 
is merely the ratio of two /?-particle transition probabilities, an “allowed” 
and a “once forbidden” transition would suffice to explain the branching 
ratio as determined (665 : 1), whatever reasonable value were assigned to e. 
What would not be explained, however, would be the very fundamental 
fact of metastability, since on this basis a difference of Bpin of 2 units 
between the two nuclei, UXj and UZ, would be the most that could be 
allowed. 

By arguments similar to thore already used, we might next treat the 
problems concerned with the disintegration of uranium Z and uranium X,, 
which have been left over, on the basis of v. Weizs&cker’s hypothesis But 
the details are tedious and in some respects the possibilities are many. We 
shall omit them, therefore, in favour of a final scheme—and wo shall 
content ourselves with pointing out the difficulties which it resolves rather 
than explaming at length why it appears to us to resolve these difficulties 
in a more satisfactory manner than is otherwise possible. Our final scheme 
is aH given in fig. 7. Spin quantum numbers are shown on the left and 
energies (in millions of electron volts, with respect to the ground state 
of U n ) on the right of the energy levels in this diagram, and each transition 
is also labelled bo as to show its type (whether /? or y), its relative probability 
when it competes with any other transition (upper figure) and its energy 
(lower figure). Moreover, the vertical energy scale of the diagram is, for 
sake of convenience, different above and below the horizontal line A A'. 

As regards the difficulties resolved, first there is the question of the 
effective quantum energy and the intensity of the y-rays of uranium Z. 
Fig. 7 predicts 1 quantum per disintegration of quantum energy 
(0*79-e)x 10* e-volts* and 0*944 quantum per disintegration of energy 
0*99 x 10 * e-volts. This is not, as it stands, completely consistent with the 
direct results of § 5, but it is evident that to accept a three-component 
analysis of the /7-radiation of uranium Z (p. 546) and a consequent doubling 
of the level at (1*78 -e)x 10 ® e-volts would improve the agreement. An 

* In flg. 7, and in what follows, the positive energy of the motastable nuclear 
state is taken as « x 10* e-volts. 
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investigation of the -y-rays of .uranium Z by the method of coincidences is 
being undertaken in the hope of obtaining a critical test of this feature of 
our scheme. Meanwhile it may be pointed out that if the spin quantum 
number of the highest excited state of U u is in fact 3 or 4, as shown in 
fig. 7, then the non-occurrenoe of the direct radiative transition to the 



ground state is just what would be expected. Our second important 
question concerns the absence of y-radiation from uranium X 9 , in spite of 
the fact that the disintegration energy (2-34 x 10* e-volts) is sufficient for 
excitation of the product nucleus U u in either of the levels shown in 
fig. 7. This point may be settled at once: the assignment of spin quantum 
numbers, which has been made in such a way that each of the /5-transitions 
shown is of the type which in fact it is known to be, makes the transitions 
from UX, to the two excited levels of U u onoe and twice forbidden, 
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respectively. Even the more probable of these transitions, therefore, 
cannot possess more than one-thousandth of the probability of the 
transition to the ground state, which is known to occur. Finally, we may 
mention the difficulty (of long standing) concerning the quantum radiation 
of 0-092 x 10 * e-volts energy, usually assigned to uranium Xj (Meitner 1923 ; 
Hahn and Meitner 1923 ). We have made a very rough estimate of an upper 
limit to the intensity of this radiation from various published absorption 
measurements (and in particular from the data of Richardson ( 1914 )), 
together with our own value for the total y-ray activity per millicurie of 
a source of uranium (Xj-f-X,). Our estimate is 0 01 quantum per dis¬ 
integration. Now a radiation of this small intensity might quite possibly 
follow a once forbidden transition of UX x , and this wo have shown tenta¬ 
tively in the figure without attaching great weight to our suggestion. 
In any case, unless this rare mode of disintegration is in any way involved 
in the formation of uranium Z (a possibility which we have so for completely 
disregarded) it is not of any real importance to our main theme. 

[Note added in proof, 8 March 1938. Coincidence experiments on the 
y-radiation of uranium Z, earned out in collaboration with Mr J. V. Dun- 
worth, have shown that two y-ray quanta are emitted “simultaneously” 
in a large fraction of the disintegrations, as postulated by the level scheme 
of fig 7. A full account of these experiments will be published shortly.] 


7. Summary 

The radiations from uranium Z have been examined by the absorption 
method using a tube counter. The effective quantum energy of the y- 
radiation is 0-70 ± 0-05 x 10® e-volts and the intensity 1-50 ±0-25 quanta 
per disintegration. An analysis of the /9-radiation into continuous Bpectra 
with limiting energies 0-56 and 1-55 x 10* e-volts, and intensities in the 
ratio 17.1, is suggested, though it is pointed out that the component of 
lower energy is probably itself complex. The uranium X,-uranium Z 
branching ratio has been determined as 665 ±65:1. 

On the basis of these results the isomerism of the nuclei UX, and UZ 
is discussed in the light of v. Weizs&cker’s hypothesis and a level scheme 
is put forward which appears to account for all the facts. Reasons are 
given in support of the conclusion that uranium Z is formed from uranium 
X, in a /9-y branching, rather than from uranium X lf directly, in a /9-/9 
transformation. 
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The adsorption of vapours at plane surfaces 
of mica. Part I 

By D. H. Bangham and S. Mosallam 

(Communicated by D. L. Chapman, F.R. 8 .—Received 20 January 1038) 

1. Introduction 

The measurement of the adsorption of vapours at plane crystalline 
surfaces is attended by the inherent difficulty of packing into a reasonably 
small dead-space a sufficient quantity of the solid to give an appreciable 
effect. The use of powders is open to the objection that the superficial area 
of the particles cannot lie directly measured with accuracy; moreover, their 
surfaces may contain a network of fine cracks, the effeot of which is to 
multiply the area by an unknown factor (Smekal 1925, Joflfe 1928, 
McBain 1932). 

Plates of mica, used first by Langmuir (1918) and later by Bawn (1932), 
are free from these objections. The peculiar laminar structure of this 
substance renders it highly unlikely that the sheets of atoms in its exposed 
cleavage planes are subject to a strong distortional influence such as affects 
the surface lattioes of sodium chloride and similar crystals (Lonnard-Jones 
and Dent 1928). When cleaved, a plate of mica parts along the plane of the 
potassium atoms; and though the exposed face may comprise a number of 
“steps”, over each of these the surface is “true” to a molecular thickness 
(W. L. Bragg 1937). 

Both Langmuir and Bawn confined their measurements to the region of 
very low pressures, and in no case was the adsorption found to exceed (or 
even closely to approach) the value for a unimolecular layer. In this paper 
an apparatus is described whereby the course of the adsorption could be 
followed with accuracy from pressures of 0-02 mm. right up to within a 
few per oent of saturation. The investigation brought to light phenomena of 
considerable complexity, and showed beyond doubt that multimoleoular 
films are formed at pressures well below saturation. 

2. Preliminary experiments 

Preliminary experiments with benzene vapour showed the isotherms of 
this substance to be of the sigmoid form illustrated in fig. 1; they are rather 
similar to those of water vapour on cellulose and wool, where capillary 
[ 652 ] 
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condensation is usually supposed to play an important part near saturation. 
In these experiments no attempt had been made to separate the mioa strips, 
as Langmuir had done: tightly wired-up bundles of mica were packed into 
the adsorption tube so as to economize dead-space. Prima facie, therefore, 
the rapid inorease of the adsorption near saturation appeared to be due to 
oapillary condensation between contiguous surfaces of mioa. This explana¬ 
tion proved untenable, however, when exactly similar isotherms were found 
with the mica plates separated from each other by fine wires. 



Fid. 1 . Isothonnals of benzene at 25 ° C. The continuous ourvo shows the general 
course of the isothermal with tightly packed mioa stripe. The point circles refer to 
observations where the strips were separated by fine wires. 


A comparison of the isotherms obtained with benzene vapour at 25° C. in 
the two cases will serve to establish this point (fig. 1). The circles refer to 
measurements with the separated plates, whilst the full curve shows the 
general trend of the isothermal (ignoring discontinuities) when the plates 
are packed olosely together. Although it is true that the area of the mioa 
was a few per cent greater in the former case, so that the results as they 
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stand are not quite oomparable, these measurements show conclusively 
that the mode of packing the mica is largely immaterial. 

Tests for capillary condensation at broken edges. An attempt was next 
made to discover whether capillary condensation in incipient cleavages 
at the more or lees ragged edges of the plates could be considered the cause 
of the rapid increase of adsorption near saturation; for although every care 
had been taken in outting the stripe, and any showing interference colours 
had been rejected, the edges must undoubtedly have presented a much 
rougher surface than the cleavage faces. 

A mica strip showing well-defined interference patterns due to internal 
cleavage at an edge was first heated in an evacuated tube, and then exposed 
to the saturated vapour of benzene, exoess of the liquid being present. Even 
after long standing there was no change in the appearance of the patterns, 
so that it is certain that capillary condensation in those cleavage spaoes did 
not take place. To speak more generally, we found no evidenoe that any 
portion of a clean mica strip is capable of forming a nucleus for the con¬ 
densation of liquid benzene. The liquid condensed readily on the wire used 
for suspending the strip, but not at its point of contact with the mica. 

To offset against this negative evidenoe are the facts, brought to light by 
experiments to be described in a later paper. (1) that after the formation of the 
first unimolecular layer the heat of adsorption falls abruptly to a value very 
close to the normal heat of liquefaction; and (2) that towards saturation the 
quantities of different vapours adsorbed at equal fractions of the saturation 
pressures represent roughly equal volumes of the normal liquids. Though 
(aa Hiickel (1932) has emphasized in the one case, and Polanyi (1933)* in 
the other) neither of these relations is in actual agreement with the theory 
of capillary condensation, their approximate validity is so suggestive of the 
filling up of cavities with liquid phase that the possibility cannot lightly be 
disregarded. Further experiments were therefore undertaken. 

Spreading experiments in the presence of saturated and supersaturated 
vapours. A plate of mica was supported horizontally in an all-glass system, 
and, after being given the same vacuum heating as the mica used in the 

* Even if the oontact angles wore zero for a number of liquids, the relative pres¬ 
sures at which equal volumes of those would be condensed by capillarity are not equal, 
but would be smaller 111 the case of liquids of high surface tension and large molecular 
volume. On account of the broken form of the isotherms obtained with mioa, and the 
rapid increase of adsorption near saturation, a detailed comparison of the data with 
the requirements of the capillary condensation theory would be difiloult, and of 
doubtful value; it is sufficient to state that the deviations from the "equal volume” 
rule are often m the sense opposite to that predicted on the basis of this theory, zero 
contact angles being assumed. 
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adsorption experiments, was exposed to the saturated vapour of benzene. 
Drops of liquid benzene were then caused to fall on its surface from the end 
of a fine oapill&ry. These drops did not spread in the way they should if the 
surfaoe had been covered with a film of liquid benzene. They flattened, it iB 
true, under the influence of the kinetic energy of their fall, and their 
oontours were often irregular. But it often happened that a second drop, 
following the first, would roll the latter back from the centre leaving, for 
the time, a clear space at the point of impact. The behaviour of the drops 
was rather similar to that of water drops on a slightly greasy surface. The 
angle of contact could not be estimated on account of the irregular contours 
of the drop; all that can be stated with certainty is that it was loss than 00° 
and much greater than 0 °. Other pure liquids (methyl alcohol, carbon 
tetrachloride, acetio acid) behaved very similarly to benzene, as also did 
such liquid mixtures as were tried. 

In a further set of ex periments, freshly split surfaces of mica were exposed 
to dry, drop-free air supersaturated with the vapour of benzeno and other 
organic liquids as it issued from a jet into the open. Provided the degree of 
superBaturation was not too great (it was still great enough to cause 
immediate bulk condensation on a slightly smoked glass slide), there was 
no condensation of liquid observed. Instead there appeared on the mica a 
film rendered visible by colours which we believe to be due to interference 
On placing small drops of liquid benzene on these coloured films, the drops 
flattened to an extent depending on the degree of supersaturation of the 
vapour, but they did not merge their identity with that of the films. We 
regard these experiments as proving. (1) that the polymolecular films 
known to exist from the adsorption measurements are situated at the 
ordinary cleavage surfaces of the plates, and are not concentrated only at 
the edges; and (2) that these films have properties which differentiate them 
from the normal bulk liquids. 

Obreimoff's experiments. It may be objected, in regard to the experiments 
last described, that since the mica was for a short time exposed to air after 
cleavage, the adsorbing surface would probably be not that of mica itself, 
but a film of adsorbed moisture. Thus Obreimoff (1930), who measured the 
surfaoe tension of mica by splitting it with a wedge and noting the curvature 
near the edge of the split, concluded that whilst a freshly cleaved surface in 
air has a surface tension of 1500 dynes/cm., that of a surface cleaved in a 
good vacuum is as high as 20,000 dynes/cm. 

A rough calculation based on Gibbs’s adsorption equation showB that if 
10 A*/molecule be allowed for the water in the monolayer, in order to cause 
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a surface tension lowering of 18,500 dynes/cm., the layer would need to be 
stable to a lO^fold reduction of pressure at ordinary temperatures. The 
film would withstand the most drastic vaouum heating, and it can safely be 
inferred that if the peculiarities of behaviour towards supersaturated vapours 
shown by mica freshly split in air are due to a film of adsorbed water, this 
water film was also present on the degassed mica used for the adsorption 
measurements with benzene and other vapours. It iB of interest to note, in 
connexion with the possible role of a water film, that a jet of air, if even very 
slightly supersaturated with benzene vapour, gave immediate condensation 
when played on the surface of ordinary water; also that supersaturated 
water vapour behaved towards freshly split mica in muoh the Bame way as 
has been described for benzene and other organic liquids. 

3. Apparatus and materials 

The apparatus comprised. (1) a supply bulb containing the experimental 
liquid, ( 2 ) a train for its fractionation under vaouum conditions, ( 3 ) the 
pumping ByBtem which included pentoxide tubes and a McLeod gauge 
reading to 2 x 10 ~* mm., ( 4 ) the adsorption vessel containing the mica, and 
( 5 ) a combined burette and pressure gauge. Only the two last require special 
description. 

The measuring system and connecting tubes are sketched in fig. 2. It 
will be noted that the former has neither taps nor ground-glass junctions, 
and is designed for complete immersion in a water thermostat. AAAA is 
the thermostat tank, and the frame BBBB serves to support the adsorption 
vessel C and the gauge burette DEFOH. These two vessels are connected 
at the inserted join F. 

The gauge burette comprises: (1) the four bulbs on the limb DE ; each was 
of about 15 c.c. capacity, and they were separated by short lengths of 
tubing provided with etched marks at the positions shown; (2) the bent 
oapillary at E, of 1-5 mm. bore ; ( 3 ) the uniform gauge tube EFOU of 8 mm. 
bore; this had seven finely etched scale marks at positions 0,1, 2,..., 0, and 
led directly to the McLeod gauge and pumping system. 

In measuring a quantity of vapour prior to its introduction to the 
adsorption vessel, the mercury in the gauge tube was first raised above the 
inserted join at F, oontrol being effected through the tap K. The mercury 
was prevented from entering the mioa tube by the operation of the float 
valve L. The vapour was then introduced through the cut-out M, imprisoned 
between mercury surfaces set to the etched marks in DE and EF, and its 
pressure reoorded with the aid of a cathetometer reading to 0*01 mm. 
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After the distribution of the vapour to the adsorption vessel via the 
inserted join F, its pressure was recorded at intervals until no further change 
could be observed. The whole procedure was then repeated. 



Fio. 2. 

The gauge burette is so constructed that the pressure can either be read 
directly, as was necessarily the case when approaching saturation, or 
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indirectly, making use of the principle of the McLeod gauge. For the 
measurement of low pressures, the mercury was raised in limb DE to fill 
some or all of the bulbs, and in limb EF to one of the etched marks above 
the inserted join F, the compression ratio being chosen so as to give the 
greatest reading accuracy. In the extreme case, quantities of vapour of the 
order of cubic millimetres at N.T.P. could be measured with an error much 
below 1 %, by imprisoning them between the etched marks immediately 
on either side of the bent capillary at E. 

Settings of the mercury to the etched marks on the gauge tube were in¬ 
variably made with a rising meniscus, and readings were rejected if the 
difference between the meniscus heights exceeded 0*05 mm Capillarity 
corrections were applied throughout. It is probable that errors exoeeding 
0-03 mm. in the direct pressure readings were thus avoided. 

Calibration, and control of errors. The volumes enclosed between the 
various etched marks (mark 6 excepted) were calibrated with mercury, due 
regard being paid to the direction of curvature, under working conditions, 
of the mercury meniscus sot to each The adsorption vessels were calibrated 
by measuring out quantities of hydrogen in the burette, and then deter¬ 
mining its pressure after distribution via the inserted join F. To control the 
errors involved in this indireot calibration, a blind tube of about the same 
capacity as the adsorption vessels was calibrated with mercury, sealed to 
the apparatus, and recalibrated by a hydrogen distribution experiment. The 
mean of six concordant determinations gave a result differing from the 
mercury calibration by no more than 0-080 c c. Though the possible ad¬ 
sorption of a little hydrogen would lead to larger errors than this in the case 
of the mica tubes, their effect in terms of quantities of vapour measured at 
relatively low pressures would again be very small. 

Several experiments were made, more particularly with benzene vapour, 
to estimate the errors involved in the use of the McLeod principle in 
measuring the pressures indirectly, and in calculating quantities of vapour 
on the basis of the gas laws. With benzene these tests showed Boyle’s law to 
be valid within about 0-5 % up to 95 % of the saturation pressure; thereafter 
systematic deviations occur, probably arising from a wall effeot. With 
methyl alcohol the errors involved are rather greater,* but they are quite 
insufficient to invalidate the conclusions to be drawn from the adsorption 
measurements with this substance. 

In accordance with the findings of Coolidge (1924), who used a quartz 

* Cf. Bangham, Fakhoury and Mohamed (1934), where data are given for a rather 
similar apparatus. 
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suspension gauge to control the errors involved in measuring low pressures 
of vapours by the McLeod principle, observations relating to pressures 
< 0-02 mm. are omitted from this paper, even though they are supported by 
the data for slightly higher pressures. In the range of moderate pressures 
the direct readings provided the necessary check on the indirect measure¬ 
ments, and showed these to be free from systematic error, provided a suit¬ 
able compression ratio was chosen. 

The mica. A supply of clear muscovite mica of about 0-05 mm. thickness 
was obtained from a firm which had undertaken that the sheets should not 
be fingered either during splitting or packing. The sheets were cut with 
cleaned soissors and forceps into strips about 1-5 x 18 cm , and tied with 
wire into bundles, care being taken to avoid contact with the fingers. 
Stripe showing jagged edges or interference colours were rejected. Three 
adsorption vessels, A , B and C, were used at different stages of the work. 

Vessel A, area of mica 1 8 x 10 4 cm.* ; dead-space volume 68-1 o.c. 

„ B, „ 1*9 x 10 4 om *; „ 89-7 c c. 

„ C, „ 2-4 x 10* cm.*. 

In vessel A the strips were packed tightly together in bundles with fine 
copper wire; 1*8 g. of copper was used, its superficial area being 26 cm.*. 
The vessel itself had a wall area of 220 cm.*. 

In tubes B and C the mica strips were separated by fine wires. From wire 
of co. 0-1 mm. diameter three spirals were first prepared, each containing as 
many turns as there were strips of mica to be packed in the bundle. With 
the aid of pinB and a wooden frame, these spirals were held in slight tension 
(their axes being parallel), and the strips were inserted between the turns. 
On releasing the pins the strips became firmly gripped between the coils, 
and it was then a comparatively easy matter to secure the bundle with wires 
passed round it opposite the two end spirals. On viewing the bundles from 
the sides, no contacts between the strips could be observed For tube 
B 6-7 g. of copper wire sufficed, its superficial area being co. 300 cm.* 

To degas the mica, the tubes, after being sealed to the apparatus, were 
heated to 280° 0. and pumped for several days; in between whiles they were 
flushed out with the experimental vapour. The pressure, as shown by the 
McLeod gauge, became unreadably small at the end of this period. 

The experimental vapours. The choice of working substanoee was dictated 
by the desirability of knowing something of the molecular cross-sections in 
different possible orientations. Benzene, methyl alcohol, and carbon 
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tetrachloride were choeen. All were rigorously purified and dried before 
use, and repeatedly fractionated after sealing in the apparatus until quite 
free from dissolved gases. 


4. Experimental results* structure or the monolayers 

The observed adsorption is conveniently expressed in oubio millimetres 
of vapour at N.T.P., and the symbol q will be used to denote its value in 
termB of this unit. It will be noted that q depends, ceteris paribus on whioh 
of the three adsorption vessels the measurement refers to, for the area of the 
mioa was different in each. The quotient of the adsorbing area by the 
number of molecules adsorbed, that is, the area per molecule, is measured 
in Angstrom units and denoted by A . Pressures of vapour are in millimetres 
of mercury and denoted by p. 

The analysis of the results is complicated by the appearance of break¬ 
points in the isotherms and the formation of multimolecular films, pheno¬ 
mena whioh are discussed in a later paper. Nevertheless the experiments 
yielded two sets of data, the portions of the isotherms of benzene and 
methyl alcohol in the pressure range < 0*04 of saturation, which repay 
comparison with theory; carbon tetrachloride, even in this low pressure 
range, gave quite anomalous results. 

Comparison ivith theoretical isotherms. The theoretical isotherms to which 
we shall refer the data are: (1) the Langmuir equation 

n = constant x—— -, (1) 

where q m , the limiting adsorption at very high pressures, is identified by 
Langmuir as the number of adsorbing centres or “elementary spaces” 
measured in the Bame units as q\ and (2) the equation 

log*? = l°fe~^+~;~+ confitftnt 

or p * constant x —?—exp — (2) 

whioh applies to a film of mobile adsorbed molecules between whioh only 
short-ranged “ collision” foroes are acting (Bangham and Fakhoury 1931).* 
* The isotherm applies to a surface phase obeying the equation of state 
F(A-B)= RT, 

where F is the two-dimensional pressure; a constant differential heat of adsorption is 
implied. 
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Here q m , the limiting adsorption at high pressures, is unrelated to the 
lattice constants of the adsorbent, but the corresponding value of A, whioh 
we shall call A x , is the “incompressible” cross-sectional area of the 
adsorbed molecules, and should be slightly less than the value calculated, 
for example, from X-ray measurements. 

For the purposes of comparison it is convenient to plot the data on a 
double logarithmic scale, and then to superpose the theoretical curves, 
similarly plotted on transparent paper, bo as to obtain the best fit. The 
graphs of fig. 3 (benzene) and fig. 4 (methyl aloohol) have been obtained in 
this way, log w p being the abscissa and log 10 q the ordinate. 

It will bear emphasis that the graphs of equations ( 1 ) and ( 2 ) are so very 
similar that if both the constants in each are treated as adjustable para¬ 
meters, any set of data, unless of very wide range, must necessarily agree 
tolerably well with the one if it does so with the other.* The values of q„ 
obtained with the aid of the equations, however, are markedly different, 
only by finding out whether these q m values are related to the lattioe 
constants of the solid or to the dimensions of the adsorbed molecules can 
one decide whether the latter are fixed or mobile. 

Structure of the mica surface. The orystal structure of muscovite has been 
examined by Jackson and West ( 1930 ). In the uncleaved crystal each 
potassium is surrounded by twelve oxygens arranged in two hexagonal 
rings, one on each side of the plane where cleavage is to take place, these 
oxygens form part of the bases of the silicate tetrahedra, to the hexagonal 
network of which the mica owes its characteristic structure. 

In the sheets of potassium atoms the distance between each K and the 
next is 5-18 A, so that, the arrangement being a hexagonal one, the area 
per K becomes fl-18* ^3/2% 23 A*. It is to be expected that when cleavage 
takes place these K atoms distribute themselves fairly evenly between the 
opposite surfaoes, so that the area to be assigned to each is then 46 A*. The 
radius of this atom being 2-31 A, and that of the K+ ion only 1-33 A, it 
follows that the potassiums will be far from covering the surface completely: 
the remainder will be occupied partly by close-packed oxygons forming the 
bases of the silicate tetrahedra, and partly by “holes” from whioh potas¬ 
siums have been removed; at the foot of each “hole” is a hydroxyl. 

Since the potassiums are at least partly ionized,! it is to be expected that 

* The effect of the exponential term of equation ( 2 ) on the shape of the double 
logarithmic graph is only to render it rather less concave to the log p axis near the 
point of maximum curvature. 

t Jaokson and West (1930) (who, however, report the measurement as open to some 
doubt) found 17-7 electrons per K in the uncleaved orystal. 
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strong electrostatic forces will subsist at the cleavages, and that their 
polarizing effect will reinforce the “dispersion” forces in producing the 
adsorptive field. With methyl alcohol there is also some possibility of 
hydroxyl bond formation, either with the partly exposed hydroxyls of the 
lattice or with chemisorbed water molecules. The part played by the latter 
remains an unknown factor. 


Low-pressure isotherms of benzene. In fig. 3 there are graphed the 
experimental data for benzene at 25 and 35° C, together with the following 
theoretically derived curves: 



Fig. 3. Isothermala of benzene on mica, The broken lines CC are graphs of Langmuir’s 
isotherm, allowing 40 A* per olementnry space Curves A A' are for a film of mobilo 
molecules lying flat (A W = 30A*): curves BB' for mobile molecules on edge 
(A m — 21*0 A'). 

(1) The broken curves CC' which are graphs of Langmuir’s equation if 
4fi A* is allowed for each elementary space. The agreement obtained here is 
poor; it would be even worse if only 23 A* were allowed per elementary 
space. 

(2) The full lines A A' derived from equation (2) for a film of mobile 
molecules of incompressible area 36 A a , which is approximately the area to 
be assigned to the benzene molecule if lying fiat. 

(3) The full lines BB' which are graphs of the same equation, but for 
molecules of incompressible area 21-6 A*, which is the cross-section of the 
benzene molecule perpendicular to the plane of the ring (Cox 193 a; see 
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Adam 1930 ). Here the agreement with experiment is tolerably good. It u 
even better with A -= 20 A 1 , which U quite a reasonable estimate since the 
limiting adsorption values give the molecular areas under high compression. 

We oonolude that the molecules forming the monolayer of benzene are 
freely mobile (as indeed one would expect them to be on chemical grounds, 
oompound formation being highly improbable), and that over the range of 
concentrations examined they are oriented on edge; it is not unlikely that 
at still lower concentrations they tend to lie flat.* 

Objection may be raised to the above conclusions on the grounds that the 
effects of intermolecular forces have been ignored, and that the deviation 
from the Langmuir graph may be due to the formation of a second mole¬ 
cular layer. Neither objection is as seriouB as appears at first sight. Evi¬ 
dence will be given in a later paper that the formation of polymolecular 
films sets in with something of the abruptness of a phase transition; the 
differential heat of adsorption, which is very nearly constant over most, if 
not all, of the range here considered, then falls sharply to a value very near 
the normal heat of condensation. 

Low-pressure isotherms of methyl alcohol. The experimental isotherms for 
methyl alcohol graphed in fig. 4 lead to very similar conclusions. To obtain 
agreement with the Langmuir equation, which when plotted on the double 
logarithmic scale gives the broken curves in the figure, it is necessary to 
suppose that each elementary space occupies 17-7 A*, a figure which bears 
no obvious relation to the constants of the lattice. The equation for a mobile 
film (full line) requires A = 11-4 A*. Bearing in mind that the use of this 
equation necessarily leads to a low estimate of the molecular cross-section, 
this is a not unreasonable figure for the end-on orientation of the molecules, 
the closeness of paoking of which would then be determined by the cross- 
sectional area of the CH S groups.f Using the data of Langmuir ( 1918 ), 
Bangham and Fakhoury ( 1931 ) found 14 A* for the cross-sectional area of 
the CH 4 molecule by applying the same method. 

* The graph of equation (2) for = 355 mm.*, A a> = 20 A*, whioh has been 
omitted from fig. 3 for the sake of clarity, gives almost perfect agreement with 
observation except for the three lowest points on the 35“ isotherm, which fall rather 
high. The measurements of the adsorption energy referred to m the text did not 
extend to quite such small concentrations, so that a different orientation in the region 
of very small covering is not precluded 

t Hendricks ((930) has shown that m a whole senes of solid eomjKiunds the 
distance of closest approach of two carbon atoms belonging to different molecules lies 
between 3-0 and 3*9 A. In a planar arrangement of one-carbon molecules in hexagonal 
close-packed array the area to be assigned to each would therefore be between 11-3 
and 13-2 A*. 
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Though possibly not quite conclusive, these measurements strongly 
suggest that the methyl aloohol molecules are also freely mobile in the 
monolayer, and that the statistically favoured orientation is that in which 
the CH S groups are pointing outwards, and the hydroxyls turned in towards 
the surface. This orientation was not found with methyl aloohol adsorbed 
on charcoal, where, both in the “primary” films formed at low concentra¬ 
tion, and in the denser ones at higher pressures, the evidenoe showed the 

2*8 


2*0 

1°g 18 P 

Fxo. 4. Isothermal* of methyl alcohol. The broken lines are graphs of Langmuir’s 
isotherm, allowing 17-7 A* per elementary space; the full lines are for film of mobile 
molecules onentod end-on (A « = 11 4 A*). 

axes of the molecules (not the dipole axes) to lie parallel with the surface 
(Bangham 1934 ). The different orientation at the surface of mica probably 
accounts for the surprising absence of any evidenoe of association in the 
adsorbed phase, at all events below the first breakpoint. Both on charcoal 
and on mercury the molecules of all the lower alcohols appear to be 
associated to a considerable extent, even at low concentrations. With 
mica this is certainly not the case,* and the tendency of the molecules to 
• To obtain further evidenoe on this point, some adsorption measurements were 
made at pressures well below the range to whioh fig. 4 refers. According to Coolidge’s 
already quoted statement as to the limits of accuracy of the McLeod gauge, these 
should be liable to a considerable systematic error, and they are not reproduced here. 
Use was made thereof, howevor, to obtain values of the surface energy lowering F 
with the aid of the integrated form of the Gibbs adsorption equation discussed 
recently by one of us (Bangham 1937); liere even a considerable systematic error at 
small adsorptions would lead to no very serious oonsequenoas in the range of denser 
covering. The graphs of FA against F were then plotted. These were found to be nearly 
linear, and to show no trace of the initial downward bend so characteristic of similar 
graphs for the alcohols adsorbed on charcoal. Such as it is, the evidenoe would 
suggest that Henry's law is obeyod by methyl aloohol on mica at pressures ~ 10~* mm. 
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duster together, which probably acoounts for the peculiarities of the 
oarbon tetrachloride isotherms now to be described, is entirely absent with 
benzene and methyl alcohol in the range of concentrations we have been 
considering. 


Experiments with carbon tetrachloride. The adsorption vessel B, containing 
separated mica strips, was used. The adsorption isotherm at 35 ° C. is 
graphed in fig. 5 , the abscissa variable being the pressure p. The graph 



Fici. 8. Isothermal of carbon totraohlonde at 85° C. 

shows marked discontinuities, recalling, on an enlarged scale, those found 
by Allmand and his co-workers (Allmand and Chaplin 1930, Allmand, 
Burrage and Chaplin 1932). The steeply rising sections of the graph, which 
are not improbably all concave to the adsorption axis,* point to a strong 

* The broken line joining the points in the figure is, of oourse, partly hypothetical, 
the points being too widely spaced to permit interpolation; the form given to the 
isotherm was suggested by the oourse of the curves immediately preceding the first 
and fourth breakpoints, which are both markedly concave to the adsorption axis. 
The experiments with carbon tetrachloride were carried out as rapidly as possible so 
as to avoid interaction between the vapour and the copper wire used for separating 
the plates; for unpublished experiments by N. Fakhoury in these laboratories have 
shown that oarbon tetrachloride is liable to slow decomposition at oertain metal 
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tendency for the molecules to cluster together under the influenoe of 
intermoleoular attractive forces. The breaks occur when the areas per 
molecule lie between the following limits: 

First, A =m 72-101 A*, Third, A = 17-8-20-4 A 1 , 

Second, 27-39, Fourth, 12-2-10-4. 

In normal liquid carbon tetrachloride at 35° C. each moleoule occupies 
about 103 A* (molecular volume divided by Avogadro oonstant), and they 
probably group themselves into a more or less close-packed arrangement 
(Menke 1932 ). It will be seen that the first break ooours when the first 
molecular layer is by no means complete If we suppose, following Lang¬ 
muir, that the mica presents more than one kind of “elementary apace”, 
so that its surfaoe is heterogeneous when viewod according to the scale 
represented by the molecule of carbon tetrachloride, it becomes an easy 
matter to account for the breaks, but the marked grouping tendency of the 
molecules presents a difficulty. Moreover, the areas per moleoule at the 
breakpoints bear no obvious relation to the lattice constants of the mica. 

If the molecules forming the first layer have no definite points of 
attachment, it is probable that the statistically favoured orientation is one 
in which each CC1 4 has three Cl atoms in contact with the surfaoe and with 
the Cl atomB of its neighbours. Given that as the concentration rises the 
molecules tend to group themselves into a close-packed arrangement of 
tetrahedra, it is quite comprehensible that discontinuities should arise, 
though the occurrence of the first of these at such a low concentration again 
presents a difficulty. 

If we assign to the adsorbed phase a density equal to that of the bulk 
liquid, the thickness of the film would lie between 4-2 and 0-0 A at the 
second break, between 8-0 and 9-2 A at the third, and between 13-4 and 
15-7 A at the fourth. These are not widely different from the thicknesses to 
be expected if each breakpoint coincided with the completion of a molecular 
layer; but it will again bear emphasis that any attempt to build up a model 
of the adsorbed phases on the same lines as a liquid is necessarily incomplete 
unless the theory takes into account the fact that the film is incapable of 
acting as a nucleus of condensation of bulk liquid phase. 

surfaces at comparatively low temperatures. In spite of the greater rapidity of 
working, we have no reason to question the accuracy of the data, whioh were obtained 
when the technique of measurement was well established, and is well supported by 
the appearance of oertain regularities, to be discussed elsewhere; the latter also 
indicate that no appreciable interaction with the copper can have taken plaoe. 
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One of the authors is grateful to the I^everhulme Trust Committee for 
the award of a Fellowship, which has expedited the long-delayed publica¬ 
tion of these results of experiments whioh were carried out in the laboratories 
of the Egyptian University during the years 1931-7. 


5. SlJMMABY 

Measurements have been made of the quantities of benzene, carbon 
tetrachloride, and methyl alcohol adsorbed at a known surface area of mica 
at pressures ranging from 0-02 mm. to near saturation. The general shape 
of the benzene isotherm is sigmoid, convex to the adsorption axis at lower 
pressures, where the monolayer is incomplete, but becoming markedly 
convex to this axis near saturation, where the film is polymolecular. The 
Bame isothermal is obtained when the mica plates are separated by fine 
wires as when they are tightly packed together. Capillary condensation in 
incipient cleavages at the mica edges does not take place, and the poly¬ 
molecular films have properties which differentiate them from the bulk 
liquids. The isothermals of benzene and methyl alcohol at lower pressures 
agree well with the theoretical equation for films of mobile molecules 
oriented end-on to the surface, but Langmuir’s equation leads to limiting 
adsorption values which bear no relation to the lattice constants of the 
mica (muscovite). The isothermal of carbon tetrachloride shows marked 
discontinuities, as also do those of benzene and methyl aloohol over the 
range of transition to polymolecular films. 
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The influence of rate of deformation on the tensile 
test with special reference to the yield point 
in iron and steel 

By C. F. Elam 

(Communicated, by Sir Harold Carpenter, F.R.S .— 

Received 28 January 1938) 

Part I 

The following experiments were carried out with two prinoipal objects 
in view: ( 1 ) to investigate the deformation of those metals, particularly 
iron and steel, in which the stress-strain curve does not immediately rise 
at the onset of plastic distortion; ( 2 ) to determine the effect of rate of 
deformation on the yield and subsequent stress-strain curve. 

It is impossible to give an adequate summary of the literature which 
deals with this subject, but a bibliography is included in an appendix and 
some of the most important results are referred to briefly below. 

The first description of a fall in the load at the yield point in iron and 
steel was made by Bach ( 1905 ). Since that time a similar effect has been 
observed in zinc and cadmium crystals (Becker and 0rowan 1932 ; Orowan 
1934 ; Sohmid and Valouoh 1932 ), copper and copper alloy (Elam 1927 ) 
crystals, sodium chloride (Classen-Nekludowa 1929 ; Dawidenkow 1930 ; 
Joflfe 1928 ), a brass (Elam 1927 ; Sachs and Shoji 1921 ), both single 
crystals and polyoryBtalline material, and duralumin (Dawidenkow 1930 ). 
The conditions affecting the occurrence of an upper yield point have 
been most fully investigated in the case of iron and steel, and of these 
the most important are: rate of application of load (Korber and Pomp 
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1934; Kuhnel 1928; Moser 1928; Quinney 1934, 1936; Siebel and Pomp 
1928); shape of teet-pieoe (Bach 1904; Dooherty and Thome 1931; Kuhnel 
1928; Quinney 1934, 1936); axial loading (Dooherty and Thome 1931; 
Quinney 1934, 1936); and heat treatment of the metal (Edwards and 
Pfeil 1925; Emsslin 1928; Kuhnel 1928). The value of the upper yield 
point may, under favourable conditions, be raised momentarily above 
that of the breaking stress under a static test (Ginns 1937; Hopkinson 1905; 
Quinney 1934, 1936). The value of the lower yield is less affected by 
the conditions enumerated above and remains approximately constant 
for the material (Emsslin 1928; Kuhnel 1928; Moser 1928). It is not always 
possible to distinguish an upper and lower yield on certain testing machines, 
and this fact has recently led to much discussion, particularly in Germany, 
on the relation between testing machine and results obtained (Bernhardt 
1936; Pomp and Krisch 1937; Siebel and Sohwaigerer 1937; Spftth 19370,6; 
Welter 1935). Welter (1935) started the controversy by stating that the 
type of curve obtained depended on the elasticity of the machine. He and 
other workers compared the results of tests by direct loading, in beam type 
machines and in three of the type originally devised by Polanyi (1925) 
and elaborated by Quinney (1934, 1936), in which the load is applied by 
pulling against a spring. Tests were also carried out with a spring placed 
between the shackles of a lever testing machine together with the test- 
piece (Siebel and Sohwaigerer 1937; Spftth 19370,6; Welter 1935). This 
method may be oompared with that of Robertson and Cook (1913; Cook 
193 1 ) who made use of a weigh-bar in their measurements. Different 
results were obtained with the different methods employed. These experi¬ 
ments also demonstrated the importance of rate of deformation in connexion 
with the yield point where a large increase in rate of flow takes place 
(Bernhardt 1936; Korber and Pomp 1934; Kuhnel 1928; Pomp and Krisch 
1937; Siebel and Schwaigerer 1937). 

The effect of duration of test has been studied chiefly in connexion with 
creep phenomena and the rate of flow at temperatures higher than normal 
or on metals with low melting-points. Experiments at constant stress 
led Andrade (1910, 1914) to put forward an empirical formula connecting 
ohange of length of a test-piece with time. The effect of velocity of defor¬ 
mation on the stress has shown that the Btress is greater at higher speeds 
(Deutler 1932; Ludwik 1909). A change from a fast to a slow rate of 
extension has been oompared with the afterworking of metals (Ludwik 
1909), and of amorphous substanoes (Braunbek 1929), which are very 
susceptible to velooity of deformation. 

In the Beoker-Orowan (Orowan 1934,1935a, 6,1936) theory of hardening 
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the rate of deformation is considered to vary with the externally applied 
stress and this in turn determines the shape of the stress-strain ourve. 

A stress-strain curve in which the load temporarily falls, or does not 
immediately rise with deformation, is very similar to the deformation by 
jumps (Becker and Orowan 1932; Classen-Nekludowa 1929; Dawidenkow 
1930, Joflfe 1928; Orowan 1934, 19350,6; Schmid and Valouoh 1932) 
which is characteristic of oertain crystals and polycrystalline materials. 
The magnitude and frequency of the jumps are remarkably uniform and 
they may be preceded by a building up of the stress caused by some 
hindrance to deformation, just as the yield point in iron is exceeded in 
certain circumstances. The extension associated with each jump varies 
from 8 to 200//. 

Another feature in common is the localized nature of the deformation 
which is associated with the formation of Ltider’s Lines in iron and steel 
(Dooherty and Thome 1931; Fell 1935; Kuntze and Sachs 1928; Nacfai 
* 93 *)- 


Part II. Introduction 
Tensile testing machines 

Two types of testing machine were used; a 50 ton Buckton and two 
autographic recording machines, referred to as 5 and 0 ton machines, made 
in the Engineering Department to the design of Mr Quinney. The latter 
have been fully described elsewhere (Quinney 1934, 1936), and it is only 
necessary to refer to the mechanism in so far as it affects the results of the 
tests carried out on them. 

The results of calibration of load, extension, etc., will be found in Tables 
II-IV. 

The rates of extension in the different gears were determined by means 
of a stop watch and measuring microscope and an automatic counter 
attached to the worm gear was also calibrated, and the time of each test 
and readings of the counter were made throughout the experiments. The 
rates of extension at the higher speeds, i.o. gears No. 2 ,3 and 4 on the 5 ton 
machine, varied slightly with load owing to the slowing up of the motor. 
The arrangements on the 6 ton machine made it unsuitable for tests where 
rates of extension were required to be measured. 

The record which is obtained on the smoked glass has one ordinate 
curved, as the pointer measuring the load moves along an arc of a circle 
of 35 in. radius. It must be measured in a similarly constructed machine 
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which has also been calibrated with the testing machine. One of the diagrams 
has been superimposed on a chart showing the relation between the record 
and the load and extension (fig. 2). 

The chief error was found to arise in the strain measurements due to 
stioking of the box holding the plate, tapes, etc., and to the fact that the 
bedding down of the heads of the test-pieoe and the differential extension 
of the shoulders are included in the total extension measured. Some of 
these difficulties cannot be overcome with the present design of the machine 
but the magnitude of the error can be ascertained. 

In order to calibrate the extension, a travelling microscope was adjusted 
to read between razor blades attached to each shackle, and a direct reading 
of the movement of both shackles was made and compared with the move¬ 
ment of the plate. One set of readings was taken with no test-pieoe in 
position, in which case only one shackle moved. When a test-pieoe was 
being pulled both shackles moved; that attached to the spring giving the 
movement due to the deflexion of the spring, whereas the difference 
between readings on both razor blades gave the total extension of the 
test-piece. By oarrying out a number of measurements of the extension 
both loaded and unloaded, it was found that there was always a difference 
in the zero when readings on loading and unloading were compared. On 
the other hand, extension measurements from stage to stage of a test are 
reasonably accurate and agree with independent measurements by means 
of scratches on the surface of the test-pieoe. In the course of a normal test, 
however, readings are required in both directions, particularly where an 
extension of the test-piece causes a return of the spring, such as occurs at 
the yield point of iron and steel. The total elastic extension was also found 
to be inaccurate and the figures given in the tables are only approximate. 

As all the tests and measurements were made in the same way, the results 
may be compared, even if errors are included in the absolute values given 
in the tables. 


Shape and dimensions of test-pieces 

The “streamlined” specimen advocated by Docherty and Thorne (1931) 
and by Quinney (1934, 1936) has serious disadvantages when extension 
measurements are required and any accurate correlation of load and 
extension during the test. The only advantage seems to be that it is possible 
to obtain a high value for the upper yield, but as this is liable to fluctuation 
from a number of causes and the variations obtained even with streamlined 
test-pieces are so great, the disadvantages appear to outweigh the advan¬ 
tages. 
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A normal shaped teet-pieoe was therefore used throughout, having a 
parallel length of 6 in., 0-30 or 0-4 in. diameter, and heads 0-75 in. diameter 
and 0'5 in. long, which fitted into the ball shackles in the manner described 
by Quinney. In addition, some measurements were made on luge bars 
18 in. long, 0*75 in. diameter, and 8 in. parallel with screw threaded ends, 
which also fitted into ball shackles for use in the 60 ton Buokton testing 
machine. It was therefore possible to ensure axial loading in both machines. 

The test-pieoee were ground to their final dimensions so that the finish 
was good. For the purposes of measuring change in dimensions, they were 
marked usually by four fine scratches at 90 ° along the axis of the bar, and 
by a series of scratches 1 or 2 om. apart at right angles to these. All 
test-pieces were heat-treated after machining by annealing in vacuo or, 
in the case of the large bars, in hydrogen. Measurements of the diameters 
were made by means of a micrometer, between scratches by means of 
a travelling microscope reading to 0*001 mm. 


Material 

Tests were made on armoo iron (not analysed) and two steels of the 


following composition: 

O T 

C 0-68 0*248 

Si 010 0*101 

Mn 0 30 0*016 

S 0 37 0 018 

P 002 0*867 


The oopper was Post Office specification, high conductivity metal but 
has not been analysed as the tests were only comparative. 

The duralumin was kindly given by Dr Leslie Aitcheson of James Booth 
and Co. 

A representative series of High Duty alloys was specially prepared and 
supplied through the kindness of Mr W. C. Devereux. 

The exact composition and treatment of these alloys are of secondary 
importance in the present investigation, as here also the tests are of a com¬ 
parative character. 

Description of experiments 

(1) Comparison of tensile tests in Buckton and Autographic machines, with 
special reference to the nature of deformation at the yield 

The first experiments were intended to test the conditions under which 
a drop in load associated with the yield point oould be demonstrated in 
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the Buokton testing machine and at the same time to measure the ohange 
in dimensions. For this purpose large bars were chosen to give the best 
possible accuracy of measurement of diameter. For dimensions and descrip¬ 
tion of preparation see p. 572 . The steel used was T, 0-248 % C (see p. 572 ). 

The load was applied in the usual way with the beam floating just above 
the stop. This was found to be neeessary in order to interrupt the test 
within the yield. 

After the load at which the first yield occurred was noted the specimen 
was removed and measured, reloaded, and the load at which it began to 
yield again measured. This was repeated until the load began to rise. The 
effect of rest during the yield for this steel was found to be negligible. 

The measurements showed that during the yield the deformation was 
not uniform and the diameters in two directions at right angles sometimes 
differed as much as 0-3 %. Luder’s Lines became visible on the surface, 
generally starting from one end, and spreading along the parallel portion. 
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The true stress was calculated at each stage of the extension from measure¬ 
ments of the diameters in the regions which showed maximum changes in 
dimension. In fig. 1, No. 1 was heated at 780 ° C. for half an hour, No. 2 
at 950 ° C. This treatment was given to obtain different grain sizes. Tests 
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on two other bars, both heated at 900 ° C., fig. 1, No*. 3 , 4 , gave very 
consistent results both as regards value of stress at which plastio yielding 
continued at different stages of the yield and for length of yield whioh was 
approximately 1 - 25 % in the case of the bars heated at 900 ° C. and 1 * 9 % 
for those at 780 ° C. 

Table I shows the spread of the extension during the yield. These measure¬ 
ments were made in Quinney’s machine on a smaller bar ( 0*4 in. diameter, 
6 in. parallel) and the travelling microscope was mounted so as to take 
readings while the specimen was still in the machine. 

Table I. No. 7 T, heated 750° C. Increase in length 
of sections of 2 CM. 

1st ext. 2nd ext. 3rd ext. 4th ext. 5th ext. 

1 0 0 0 0-002 0-040 

2 0 0 0 0-036 0-042 

3 0 0 0 0-032 0-044 

4 0 0 0-023 0-034 0-042 

6 0 0-017 0032 0-036 0-046 

6 0 003 0 032 0-035 0-035 0-042 

The end of the yield, indicated by the diagram, came between the 
fourth and fifth extensions, by which time the distortion had beoome uni¬ 
form, gaps between the Lhder’s LineB gradually having been “filled in”. 
There is every reason for assuming that the extension in each band is 
equal to the total yield. 

These experiments confirm the work of Kuntze and Sachs (1938) on the 
change in dimensions which takes place through the yield. The tendency 
of the load to fall after the initial yield, can be shown if proper precautions 
are taken, and it cannot be attributed to change in oross-seotional area. 
Those bars in whioh the load did not fall, continued to deform throughout 
the yield at an almost constant stress, and this is not surprising since the 
metal in the unchanged part of the bar is still un-work-hardened. The 
observations of Edwards and Pfeil (1925) on the connexion between grain 
size and length of yield are also confirmed. 

Some tests were also made with a § in. square bar of armoo iron and a mild 
steel in order to watch more closely the formation of Liider’B Lines. These 
were polished on all four sides and marked in order to obtain extension 
figures. The angles which the lines made on the faoes were also measured, 
and were found to vary from 40 to 88°. They were not the same on opposite 
faoes but in some cases could be traoed round the intersection of two 
neighbouring faoes. Assuming that in such a case the marks represented 
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the traces of a plane on the two faces, the inclination of the plane to the 
axis could be ascertained. The planes varied from 40 to 50 ° to the axis. The 
fact that, even in a polycrystalline metal, there is a tendency to slip along 
planes of maximum shear stress, is in agreement with the observation of 
the formation of an ellipse in the round bare noted above. In most cases 
two sets of bands were formed, but this would also cause a thinning of the 
bar in one dimension if the deformation were confined to two planes at 
180 ° to each other, i.e. on opposite sides of the bar. The amount of deforma¬ 
tion that occurs in this manner must be very small. 

Pyramid hardness tests were carried out on these bars in the region 
Bhowing Liider’s Lines. In the case of armeo iron the extension at the 
yield which was approximately 2 %, gave an increase of 11 % (Fell 1927, 
1935). ft m ttd Bteel an increase of 7 - 5 % was obtained with a yield of 
2 - 4 %. In both cases the measurements were made about 2 weeks after 
straining. 

(2) The effect of rate of deformation on the stress-strain curve (iron, steel, 
copper) 

Tests at different speeds were earned out on armeo iron, two steels 
(0 and T) and copper. The results are given in Tables i I-IV and selected 
diagrams in figs. 2-6. These are obtained by printing through two films 
at once. 



Fio. 2. Steel O. 7 = gear R.R. 

Great care was taken to compare test-pieces which had been out from 
the same bar and heat-treated simultaneously. Considerable variations 
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occurred in spite of all precautions, showing how sensitive the deformation 
must be to slight differences in individual tests. 

Full details of the measurements made in the case of iron and steel are 
given in explanation of the tables, but it may be desirable to state briefly 



20=gear R.R.; 24 = gear 3. 14=gear 4; 18=very slow. 



why these values were chosen for comparison. Previous work has shown 
that an increased rate of loading raises the upper yield point but the relation 
between this point and the subsequent extension is not so well known. 
The first measurement required was the highest point reached at the yield 
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(1). Secondly, the lowest load shown on the diagram after yielding had 
started (2), and the point at whioh this occurred in the yield, whioh is 
indicated by the extension (1-2). It has been pointed out already on p. 571 
that an extension of the test-piece results immediately in a return of the 
spring and a drop in load on the record but that exact numerical agreement 
between the two values was never obtained owing to errors in the machine. 
Moreover, while a test is in progress the end of the test-pieoe attached to 
the spring is being moved in the opposite direction and the reoord merely 
indicates the result of these combined movements. It is not surprising 
therefore to find that the average value for the lower yield also varies 



with the rate of testing and also that the lowest point may occur anywhere 
within the yield although in most instances it is nearer the upper yield. 
That is to Bay, maximum extension usually follows immediately the onset 
of plastic distortion, and is greater the higher the initial yield point. The 
ups and downs within the yield are associated with the propagation of the 
distortion by the formation of Liider’s Lines. The value of the load at 
the end of the yield shows if the metal has hardened during this stage of 
the deformation, and the figures in the column headed 1-3 give the length 
of the yield. These stages cannot be separated in armoo iron and are 
entirely absent in the tests at very slow speeds in both armoo iron and 
the steel 0. They persist, however, in steel T even at the slow speed of 
testing. 
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The results oontained in Tables II-IV and illustrated in figs. 3-6 may 
be summarized as follows: 

(1) The value of the upper yield point is raised by increased rates of 
deformation. 

(2) The value of the lower yield is raised by increased rates of deformation. 

(3) The length of the yield is increased by increased rates of deformation. 

(4) The horizontal portion of the stress-strain ourve may disappear in 
armco iron and a very low carbon steel if the rate of deformation is 
sufficiently bIow. 
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In fig. 7 the values of upper and lower yields are plotted against rates 
of deformation for armoo iron. The maximum difference ooours between 
the slowest rate (whioh is very nearly zero on the scale of the diagrams) 
and the slowest rate obtainable on the Wilson automatic gear-box (R.R.). 
Rates of deformation between these have not yet been investigated. 

Apart from the presenoe or absence of a well-marked yield, other 
differences are manifest between the very slow and more normal rates 
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of testing. The curves obtained at the slowest speed rise steeply from the 
elastic limit in a series of irregular jerks, each one of whioh oonsists of an 
exoesdve rise and fall in load like miniature yields, but the ourve continues 
to rise in between. The increase in resistance to deformation is also greater 
for the slow rate of extension. Fig. 9 shows the results obtained from two 
examples of armco iron. A quiok method of comparing the curves direct 
from the records was to print on to films and superimpose these, making 
a small allowance for differences in diameter where necessary. This obviated 
the laborious task of measuring up all the curves and plotting in the form 
of load-extension diagrams similar to fig. 9. 

A comparison of all the diagrams by this method showed that relatively 
large increases in rate of hardening occurred in armco iron and the steel 0 
(not steel T) between the R.R. gear and very slow rates of extension, but 
thtyt at greater speeds all the steels showed a change in the opposite direc¬ 
tion as the speed was increased. Moreover, a change in the middle of the 
test from gear No. 4 to gear R.R. caused a definite drop in stress. 



Similar tests were then carried out with copper mid here also a ohange of 
speed altered the stress. Fig. 8 was the ourve obtained when copper was 
extended in stages of alternate speeds, R.R. and gem No. 3, with intervals 
of rest of half a minute. A sudden drop in load was always observed when 
any test (both iron and oopper) was interrupted, the magnitude of the 
fall depending on the rate of deformation and the stress. There was no suoh 
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drop at the end of very slow tests although oreep would take plaoe in 
time. A very slow test on copper showed that, unlike iron, the rate of 
hardening was less than at high speeds (gear No. 4). The two curves are 
given and compared with iron in fig. 9. 
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The effeot of rate of deformation on the stress-strain curve juBt described 
is similar to that already investigated by Ludwik ( 1909 ) and Deutler ( 1932 ), 
and can be applied to explain also the effect of speed on the lower yield. 
But the increase in resistance to deformation whioh occurs in armoo iron 
and mild steel when extension is very Blow presents a different problem 
and a solution may be sought in another well-known oharaoteristio of iron 
and steel, namely, the property of hardening on resting after straining, 
originally investigated by Muir ( 1900 a, 6 ). 

The effect of rest. The following experiments were carried out to test the 
influence of rests of varying periods at different stages of extension. Full 
details are given in Tables V, VI and a representative record is shown in 
figs. 10 , 11 . 



Extension in inches 
Fid. 9 
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It will be seen that a rest, even under load,* is followed by a new high 
yield which may exoeed in magnitude the primary yield. This may be due 
partly to the better alignment of the test-pieoe and the smoothing out of 
inequalities during plastic distortion. The peak of the yield is followed by 




Fin. II. Armoo iron No. 12 t . Gear R.R. Figures refor to duration of rests m hours. 
(The bottom part of diagram has been out off to reduce size.) 

a drop back on to a curve which may be a continuation of the previous 
portion, or there may be a definite step up, according to the material and 
the length of rest. There was always a “step up” with armoo iron, but 

* Experiment showed that the same result was obtained if the load was removed 
during the test. 
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only after long rests with the steels. In foot, the curve with short rests 
was identical with a normal curve if the rates of extension were similar. 
There seems to be a tendency for the increase of hardness to beoome less 
for the same period of rest at the end of the test, but it is impossible to 
estimate the effect of previous rests on the subsequent behaviour of the 
apeoimen. The rate of hardening fells off with time, bat it is quite possible 
that if a sufficiently long rest were given at each pause to enable the 
maximum hardness to develop the increase in hardness would be closely 
related to the amount of extension. This point cannot be decided from 
the present experiments as extensions between rests were not always 
the same.* A large number of separate tests on a senes of specimens is 
required before the factors contributing to the increase in hardness are 
isolated and this involves introducing yet another variable in the use of 
different teBt-pieoes. For the present, it may be said to be sufficient to 
have established the fact that the iron and Bteel used in these experiments, 
hardens on resting, to an amount closely related to the length of pause, 
and that these results are in agreement with the effeot of a very slow rate 
of deformation in producing an increased rate of hardening. 

Similar tests with copper showed that this metal did not harden on resting 
and confirmed the observation that the rate of hardening at slow was less 
than at fast speeds. 

Tabka II-VI 

Tensile tests carried out on autographio machine (5 tons). 

Calibration of Machine. 

Extension: 

1 in. plate = 0-210 in. extension between shackles. 

Load- 

1 in. plate = 0-4076 ton. 

Deflexion of spring = 0-0676 in./ton. 

Rates of extension :f 

Very slow = 0-000204 in./min. 

Gear R.R. = 0-0406 in./min. i 

Gear 1 = 0-0001 in./min. 

2 = 0-110 in./min. j Wilson automatic gear-box. 

3 = 0-170 in./min. 

4 = 0-242 in./min. i 

* There was no means of ensuring equal extensions exoept by tuning and this was 
difficult over short periods. It was successful in No. 12 O, when the periods of 
extension wore 40 sec. 

t At rates of extension higher than gear No. I the load affeoted the values obtained. 
Those given are average for the teste made, 
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The numbers in headings refer to points measured on the curves as 
follows (see fig. 2): 

0 = beginning of record. 

1 = top of peak and beginning of plastio extension. 

2 =* lowest value of load given by pointer after plastic extension has 

begun. This is usually close to 1, but may occur at any point in the 
yield 

3 <= end of yield, i.e. point at which curve begins to rifle finally. 

Size of test-pieces, 0-30 or 0-40 in. diameter, 6 in. between shoulders. 


Table II. Abmco ikon, heated in vacuo at 750° 0. for 1 hr, 3-7 and 8-11 

HEATED TOGETHER. NO DEFINITE END OF YIELD OR HORIZONTAL PART 


OF CURVE 


Dtam. 

No. m. Gear 

7 0-400 Very alow 

8 0-401 

0 0-401 

11 0 400 

6 0 399 R R. 

4 0 401 2 

10 0-400 2 

8 0-399 3 


Load (tons) 


1 2 


0 977 
0-966 

1 04 1 005 

1-01 

1 25 1-18 

1-38 1 24 

1-385 1-315 

1-48 1-25 


Extension (in.) 
0-1 1-2 


0-0094 
0 0128 

0-0185 0-0425 

0 0141 0 0374 

0 0155 0 0522 

0 0174 0-0315 


Table II. Armoo iron, heated in v iouo at 750° C. for 1 hr. 


Diam. 

No. in. Gear 

14 0-397 R.R. 

15 0-398 R.R. 

16 0-399 1 

18 0-398 2 

19 0-397 3 

17 0-399 4 


Load (tons) 


12 3 

1-38 1-15 1 31 

1-44 1-135 1-295 

1-476 1-25 1 35 

1-576 1 31 1 43 

1 61 1 285 1-41 

1-635 1 32 1-425 


Extension (in.) 


0-1 1-2 1-3* 

0 0145 0-0363 0-0940 

0-0164 0 0294 0-0948 

0 0162 0-0320 0-1053 

0-0158 0-0400 0-114 

0-0182 0-0354 0 109 

0-0179 0 0363 0-1185 


25 0 398 

20 0-397 

21 0-398 

22 0-399 

24 0-398 

23 0-391 4 


1 075 
1-37 1-29 

1-51 1-25 

1-59 1-28 

1-53 1-33 

1-64 1-32 


1-183 0 0138 

1-24 0-0166 

1-29 0 0138 

1-34 0 0175 

1-38 0-0198 

1 38 0 0180 


0-0048 0-0320 

0-0439 0-0863 

0 0335 0-0911 

0 0400 0-0916 

0 0480 0-1055 

0-0343 0-0970 


Very alow 1-099 
R.R. 

1 
2 


* No horizontal part of curve in arraco iron, but all these test-pieces gave a slight 
break and change of direction of curve and this was taken as end of yield. 
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Table III. Steel 0 








Load (tons) 


Extension (in.) 

No. 

in. 

Gear 

l 

2 

3 

0-1 

1-2 

1-3 



Heated at 750° C. in vacuo for 0-5 lir. 



1 

0-401 

R.R. 

1-685 

1-53 

1-55 

0-0207 

0 0363 

0-118 

2 

0-399 

1 

1-64 

1-60 

1-60 

0-0192 

0-116 

0-116 

3 

0 399 

2 

1-665 

1-63 

1-58 

0-0177 

0-103 

0-130 

4 

0-398 

3 

1-73 

1-505 

1-03 

0-0168 

0-039 

0-135 

e 

0-399 

4 

1-65 

1 565 

1-67 

0-0181 

0 1295 

0-1315 



Heated at 800° C.»» vacuo for 0 6 hr. 






1st 

2nd 





10 

0400 

Very slow 

1 20 

1-33 1-296 

1-295 

00199 

0-0080 

0-0656 

7 

0-400 

R.R. 

1-699 

1-46 

1-56 

0-0230 

0-0469 

0-119 

11 

0 399 

R.R. 

1-685 

1-47 

1-58 

0-0188 

0-0060 

0-1315 

9 

0-399 

2 

1-605 

1-425 

1-53 

0-0201 

00274 

0116 

12 

0 400 

3 

1-62 

1-48 

1 05 

0-0173 

0-0149 

0143 

s 

0 401 

4 

1 525 

1-515 

1-02 

0-0180 

0 0041 

0-130 




Table IV. Steel T 





Diam. 



Load (tons) 


Extension (in.) 

No. 

in. 

Gear 

r 

2 

3 

0-1 

1-2 

1-3 



Heated it 

» vacuo at 800' 

’ C. for 0 5 hr. 



15 

0-299 

Very slow 

1-52 

1-425 

1-40 

0 0190 

0 0145 

0 0935 

13 

0-300 

R.R. 

1-625 

1-58 

1 05 

0 0214 

0 0108 

0-1218 

16 

0-299 

R.R. 

1-08 

1 60 

1 01 

0 0186 

00129 

0-1190 

14 

0-299 

4 

1-73 

1-655 

1-08 

0-0209 

0-0149 

0-1440 



Heatod n 

i vacuo at 900' 

“ C. for 0-5 hr. 



12 

0-298 

Very slow 

1 299 

1-285 

1-31 

0-0157 

0 0015 

0-0541 


Table V. Steel No. 11 O. Polled in stages with bests. Gear R.R. 
Original diameter, 0 399 in. Diameters not measured at rests 
L oad (tons) Extension 


Ext. 

Top of 


End of 

After 

Increase 

Time ox 
rest 

(in.) 

Total from 

no. 

peak 

Bottom 

ext. 

rest 

after rest 

hr. 

zero 

i 

1-69 

1-47 

1-90 

1-81 

_ 

__ 

0-2446 

2 

2-086 

1-98 

2-16 

2-05 

0-27 

0-5 

0-362 

3 

2 32 

2 21 

2-31 

2-21 

0-27 

0-5 

0-473 

4 

2-47 

2-37 

2-44 

2 32 

0 26 

0-5 

0 598 

6 

2 58 

2-48 

2-52 

2-35 

0-26 

0-5 

0-711 

6 

2-845 

2-62 

2-82 

2-51 

0-49 

2-5 

0-820 

7 

2-79 

2-66 

2-65 

2 586 

0-28 

1 

0-935 

8 

3-08 

2-90 

Curve falling 

0-60 

17 
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Table V. Steel No. 13 T. Heated in vacuo at 800° C. Pulled in 
STAGES WITH BESTS. GeAB R.R. ORIGINAL DIAMETER, 0-300 IN. 


Ext. 


Load (tons) 


Top of End of After 

peak Bottom ext. rent 


-v Time of 

Increase rest 

after rest lir. 


Extension 

(in.) 

Total from 


1- 625 1-58 

2 04 1-82 

2- 14 No drop 

2 205 2-02 


1 865 1-76 

2-10 1 08 

2-21 2 06 

2-33 2 22 


0 20 
(> 16 
0 23 


0-1830 
1 0-2870 

1 0-3664 

23 0 5030 


Table VI Armco iron No. 11, Heated lv vacuo at 050° C. for 0-6 hr 
Pulled in stages with rests. Gear R.R 


Ext. Area 
no sq. in. 


Load (tons) 


Increase Increase 
Top of End After after in stress 

peak Bottom oxt. rest rest tons/sq in 


Extension 
Time (in.) 
of rest Total from 
hr. Kero 


1 0-122 1 20 1-10 

2 0-117 1 705 1-605 

3 0-112 2-106 2-005 

4 0 100 2-50 2 31 

5 0-105 2-98 2 79 


1-40 1-385 — 

1 83 1 75 0-38 

2 18 2 09 0 41 

1 01 2 28 0 41 

2 84 2-75 0 70 


— — 0-1480 

3 11 0 5 0-2932 

3 50 0 5 0-5155 

3 00 0 5 0 7480 

0 66 22 5 0 0001 


Table VI. Steel No. 12 O. Pulled in stages with rests. Gear No. 3 


Ext. Area 
no sq. in. 

1 0-1255 

2 0-1208 

3 0-110 

4 0-111 

5 0-1076 


Load (tons) 


Top of 

peak Bottom 

1- 62 1-48 

2 27 2 00 

2 56 2-44 

2 71 2-01 

2- 80 2-70 


End of After 
oxt. rest 

1 085 1 875 

2 38 2-255 

2 58 2 44 

2 07 2 53 

2 72 2 585 


Increase Increase 
after in stress 
rest tons/sq. in. 

O 40 3 31 

0 30 2 58 

0 27 2 43 

0 27 2 51 


Extension 
Time (in.) 
of rest Total from 
hr. zero 
— 0-2758 

1 0 5027 

0-5 0 7354 

0-5 0 9725 

0-5 0 1001 
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Table VI. Armco iron No, 12,. Heated in vacuo at 950° C. Polled 
IN STAGES WITH BESTS. GeAB R.R. 




' 




Increase 

Increase 

Time 

(in.) 

Ext. 

Area 

Top of 


End of After 

after 

in stress 

of rest Total from 

no 

sq.m. 

peak 

Bottom 

oxt 

rest 

rest 

tona/aq. in. 

hr. 

zero 

1 

0 1246 

0-206 

1 13 

1-40 

1-396 

— 

— 

— 

0-1368 

2 

0-122 

1-77 

1-595 

1-75 

1-066 

0-38 

3-11 

0-6 

0-2184 

3 

0-120 

2-73 

2-12 

2-22 

2 13 

1 08 

000 

17 6 

0-340 

4 

0-1176 

2-64 

1-90 

2 446 

2 345 

0-41 

3-49 

0-6 

0-616 

5 

0-116 

2 72 

2-58 

2-66 

2-47 

0-38 

3-30 

0-6 

0-680 

6 

0-113 

2-80 

2-61 

2 056 

2-60 

0 33 

2-02 

0-8 

0-833 

7 

0-1106 

2 87 

2-72 

2-74 

200 

0 31 

2-81 

0-6 

0 906 

8 

0-100 

3-17 

3-00 

2-91 2-76 0 67 

(Load falling) 

4-00 

22 

— 


Part III. Tensile tests on aluminium alloys 

In view of the fact that duralumin was reputed to have a yield point 
similar to iron and steel and to show Luder’s Lines on straining (Dawidenkow 
1930), some tests were made on both duralumin and some High Duty alloys 
of different heat treatment. 

A quenched and aged duralumin gave a uniform, smooth ourve. One 
that was tested immediately after quenching gave a curve similar to that 
illustrated in fig. 13 . At a certain point in the extension, it seemed to 
become unstable and slipped in large jumps whioh increased as the test 
progressed. At the same time the bar became uneven. If the test-piece 
were kept in liquid air after quenching until it oould be tested, the jerky 
deformation began sooner. It was thought possible that the prooess of 
age hardening might be responsible for the jumping deformation so teste 
were made on certain High Duty aluminium alloys of different heat treat¬ 
ment. Some of these are stable at ordinary temperatures even in the 
quenched state, but the quenched alloys did not show this type of defor¬ 
mation. Both of those which developed jumps in the course of the test 
were annealed and slowly cooled (Nos. 1 , 6, Table VET, figs. 12 , 13 ). 

Some of the alloys were also tested at two rates of straining. Particulars 
of results are given in Table VII. 

The yield pointe were indefinite except in No. 5 so that these figures 
are only approximate. In every case, the curve at the slow‘speed slightly 
exoeeded the fast, in this way resembling armco iron. It is known (Guillet 
1926, Teed 1936) that deformation assists age hardening by precipitation 
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in quenched duralumin but there is no reason to expeot precipitation 
in annealed alloys. On the other hand, teste on aluminium at two speeds 
at different temperatures carried out by Martin ( 1924 ) always gave a lower 
result for the slow speed, in this way resembling copper. 



alloy R.R. 72. 



Fio. 13. No. 5 t , very slow. High 
Duty alloy R.R. 72 


Table VII. Tensile tests on High Duty alloys 


Original Diara. 0-35 in. Length 5 in. 

Feat =gear No. 3 1 . . „ 

Slow = very Blow speed) aame 88 m P rBV,OU8 Tab,e IL 


Stress, 
tons/sq. m. 
at yield 


No. 1 


No. 2 No. 3 


Fast Slow 
5 32 0-76 


Fast Slow Fast Slow 
909 1000 7-78 7-81 


No. 6 

Fast Slow 
11-25 11-75 


Maximum stress 
Extension* 


17-10 17-70 

8-86 10 25 


22-70 23-4 

10-10 15-85 


23-40 24-20 

17-80 17 05 


18-15 19-00 

9-05 10-15 


% on 5 in. 

1 1 . 
2 . 
3. 

R.R. 72 5. 


annealed, furnace oooled, 
soaked, 330° C. 
annealed, air cooled, 
soaked, 330° C. 
soaked, 525° C„ quenohed. 
annealed. 


It is characteristic of the deformation by jumps that their magnitude 
increases with the stress. The process is, in fact, similar to the increase of 
the drop in load illustrated in fig. 8 in the case of the copper test-piece whioh 
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was stopped for half a minute when the rate of extension was changed. 
The faster gear, which was responsible for the increased stress, gave 
a greater drop. The release of the spring caused by the sadden extension 
associated with each jump in the aluminium alloys causes the pointer to 
swing back and to vibrate and mask the ourve, but the peaks represent 
the loads held by the test-piece just before each jump oocutb and the 
distanoe between them the amount of strain associated with each. 

The lower series of points is unreliable for the purposes of measurement 
owing to the inertia of both spring and pointer. 

In the duralumin, the maximum extension of each jump near fracture 
amounted to 0 - 0105 mm.; in the High Duty alloy No. 5 to 00384 mm. 
Each step in the extension left the metal harder than it was before the load 
immediately began to rise again and a line drawn through the tops of the 
peaks also gave a gradually rising curve. 

The influence of rate of extension on the development of the jumps can 
be compared in figs. 12 , 13 . They reach their maximum at the slow speed. 
In this respect they may be compared with the rise and fall in the curves 
following a rest in iron and steel. In fact, the only difference appears 
to be that the jumps are not repeated in iron and steel except at very slow 
rates of straining (see figs. 5 , 6). 

The observations recorded above agree with the results of previous 
investigators on the occurrence of tliig type of deformation and it may well 
be that all plastic distortion takes place by steps and is not a continuous 
process. The uniformity of both dimensions and frequency of occurrence 
whioh has been noted in zinc and cadmium (Becker and Orowan 1932; 
Sohmid and Valouch 1932) and also rock-salt crystals (Classen-Nekludowa 
1929, Dawidonkow 1930; Joflfe 1928) suggests that they are related to 
the crystal structure On the other hand, it has also been shown that they 
follow damage to a crystal (Becker and Orowan 1932, Orowan 1934); 
for example, if a zinc crystal is bent or, if in course of preparation, it is 
drawn out of the molten bath too quickly. 

The evidence is in favour of regarding a jump as a result of slip inter¬ 
ference, by which the stress increases abnormally. When slip finally re¬ 
commences the rate of deformation is relatively so great that a large slip 
occurs before the metal hardens. The effect of rate of strain on the magnitude 
of the jumps is twofold (1) the hardening at slow speeds is greater in 
these alloys than at fast speeds, therefore the peaks tend to be higher; 
(2) the slow speed ensures that the full extension of the test-piece is 
reoorded in the movement of the spring. 
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Part IV. Discussion of results 

Previous work has been oonfirmed in all the experiments undertaken. 
With a uniform method of testing, the rate of deformation stands out as 
one of the most important factors influencing the stresB-strain curve in 
both ferrous and non-ferrous metals. It determines the stress at which 
plastdo yielding commences. This in turn, together with the rate of extension 
and flexibility of the spring, determines the value of the lower yield m 
iron and steel. At sufficiently slow rates of extension there may be 
only one yield point and no horizontal part of the stress-strain diagram. 
A high yield stress gives a longer yield. Henoo the influence of grain 
size on length of yield is also explained, as a fine-grained metal has a 
higher yield stress than a coarse. The mechanism of the drop at the yield 
appears to be similar to that associated with the jumping deformation 
described in Part III. The difference lies in the fact that in iron and steel 
the load does not rise again to the same value as the primary yield until 
a considerable further extension has taken place, whereas in the aluminium 
alloys the rise follows immediately. This particular type of slip is associated 
with a rise in stress above normal due to two principal causes- (1) high 
Bpeod of loading, which suggests that the load must be applied for a certain 
minimum time before the metal begins to flow, (2) an internal slip hindrance 
which seems to be connected with distortion of the crystal structure. 

The extension at the yield point in iron and steel has been shown to be 
very localized, so that large deformations take place m a relatively small 
number of crystals instead of being uniformly distributed over the whole 
length of the test-piece. This must cause instability in stress distribution 
and a tendency towards further deformation at a lower load, which is 
sometimes observed through the yield, although there is more often a 
slight rise. It is generally acoeptod that any distortion of the crystal struc¬ 
ture increases the resistance to further deformation and the material within 
a Liider’s Line has been shown to be harder than the unstrained metal. 
Therefore, immediately one part is deformed it will cease to yield further 
while the rest is undistorted, after which the stress must be increased to 
deform it further. If the steps by which this change proceeds are sufficiently 
small and are uniformly distributed, a gradually rising stress-strain curve 
iB the result. In the case of the initial yield of iron and steel, the deforma¬ 
tion, having once begun, proceeds normally during the horizontal part of 
the curve. But it is more difficult to explain how a large local extension 
can take place in the first place without affecting neighbouring crystals 
by causing an immediate hardening and spread of the distortion. 
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A comparison between the fast and slow rates of extension and'the 
effeot of rests on the different metals suggest a possible explanation. For 
the same extension, a very slow rate of deformation produces a greater 
degree of hardening in iron and low carbon steels and certain aluminium 
alloys and a lesser degree of hardening in copper, a higher carbon steel and 
aluminium. At normal and higher rates of deformation there ia an increase 
of stress with velocity of deformation for all these metals, which has already 
been investigated by Ludwik (1909) and Deutler (1932), and the latter 
has succeeded in confirming Prandtl’s (1928) theory relating thereto. 
Prandtl assumes that certain atoms of a slip-plane in course of gliding 
are in an unstable position and require time to reach new positions of 
equilibrium. This may account for elastic after-working and a diminution 
of stress when deformation ceases (see p. 680 ). If sufficient time elapses, 
the metal may undergo a further process of recovery and may even 
soften considerably and creep under load. The process is accelerated by 
heat and if the temperature is high enough may counterbalance the effects 
of work-hardening. On the other hand it is reasonable to assume that if 
equilibrium is not reached immediately during deformation, the after 
effects may result equally well in an increase in hardness. On this hypo¬ 
thesis, a metal deformed at a slow rate may harden more for a given defor¬ 
mation than if it is deformed rapidly and a rest following a rapid distortion 
will enable the metal to reach its equilibrium state. This is a possible 
explanation of the experimental results obtained and is further confirmed 
by the fact that the increase in hardness is facilitated in iron and steel 
by low temperature annealing and that the first effeots of heat on cold 
worked metals is often to harden them (Mathewson and Phillips 1916). 

As increase in hardness implies an increase of potential energy, it is to 
be expected that other physical properties will show a change in the same 
direction. There is no evidence to confirm this at present. 

Assuming that certain metals do not immediately reach their maximum 
hardness on straining, a high rate of deformation may result in a pro¬ 
portionately large distortion before the resistance to further distortion 
becomes effective. While velooity of deformation determines the stress, 
the Btress in turn determines the rate of deformation under the influence 
of the spring in Polanyi’s and Quinney’s machines. 

The views expressed above are in close agreement with those of Orowan* 
(Orowan 1934,1935a, b, 1936) on the influence of time in testing. He ako, 
arrives at the conclusion that rest can equally well cause recovery or an 

* A critical cUsoumion of some of Orowan’s work is to be found in the “Report on 
Viscosity and Plaatioity" by W. G. and J. M. Burgers (1936). 
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increase in resistance to deformation. There may be a critical rate of 
straining for each metal at a given temperature at whioh rate of increase 
of resistance to shear is balanced by rate of reoovery. 

If the rate of deformation is so high that the metal does not harden, the 
flow is proportional to the stress and, in the case of the horizontal part of 
the curve of iron and steel, it closely approaches true plastio distortion. 

One point remains to be discussed. These experiments do not throw any 
more light on the problem of the high initial stress required to cause the 
first plastio yield in iron and steel or the rise which follows a rest. There 
seems to be greater difficulty in starting than in continuing plastio deforma¬ 
tion. Orowan refers to “slip-hindrance” in general terms and connects 
it with dislocations in the crystal lattice. There is, however, a close relation 
between rate of loading and stress and it appears that a load must be 
applied for a certain minimum time before flow commences. 

It is clear from the foregoing experiments that the rate of application of 
load should be stated in all tests, particularly when an autographio 
recording machine of the spring type is used. In fact, it may be said that 
no test is complete unless stress, strain, time and temperature are all 
recorded. 

This work was carried out in the Engineering Department, Cambridge 
University. I wish to express my thanks to Professor C. E. Inglis, F.R.S., 
for the facilities which have been given me in his laboratory. I am 
particularly indebted to Mr G. S. Gough, M.A., for suggestions and advice 
whioh have proved invaluable. 


References 

Andrade, E. N. da C. 1910 Proc. Roy. Soc. A, 84, 1. 

— 1914 Proc. Roy. Roc A, 90, 329. 

Bach, C. 1904 Z. Ver. ditch. Ing. 48, 1040. 

— 1905 Z. Per. ditch. Ing. 49, 015. 

Becker, R. and Orowan, E. 193a Z. Phyt. 79, 600. 

Bengough, G. D. and Hudson, O. F. 1910 J. Inst. Met. 4, 92. 

Bernhardt, E. O. 1936 Metallwirtschaft, 15, 889. 

BoaB, W. and Schmid, E. 1930 Z. Phye. 61, 707. 

Braunbek, W. 1929 Z. Phyt. 57, 501. 

Burgers, W. G. and J. M. 1936 “First Report on Viscosity and Plasticity." Verb. 

Ahad, Wet., Amst., Afd. Natuurk., 15, No. 3. 

Claaaen-Nekludowa, M. 1929 Z. Phye. 55, 656. 

Cook, G. 1931 PhUoe. Trane. A, 230, 103. 

Dawidenkow, N. 1930 Z. Phye. 61, 40. 

Deutler, H. 1932 Phys. Z. 33, 247. 



C. F. Elam 


Dooherty, I. G. and Thomo, F. W. 1931 Engineering, 132, 295. 

Edwards, C. A. and Pfeil, L. B. 1935 <!• Iron Steel I net. 112, 79. 

Elam, C. F. 1927 Proc. Roy. Soc. A, 116, 694. 

Email in 19*8 Z. Ver. ditch. Ing. 72 , 1625. 

Foil, E. W. 1927 Carnegie Schol. Mem 16, 101. 

— 1935 J. Iron Steel Inst. 

Ginns, D W. 1937 J. Inst. Met. 59, 61. 

Guillet, L. 1926 Rev. Met. 23. 48. 

Hopkinson, B. 1905 Proc. Roy. Soc. A, 74, 498. 

Joffo, A. 1928 “Physios of Crystals,” p. 50. Now York. 

Korber, F. and Pomp, A. 1934 Mitt. K.-Wilh -Inst. Eisenforsch. 16, 179. 

Kuhnel 1928 Z. Ver. dtsch. Ing. 72 , 1226. 

Kuntsse, W. and Bachs, G 1928 Z Ver. dtech. Ing. 72 , 1011. 

Lutlwik, P. 1909 Phys. Z. 10, 411. 

Martin, T. 1924 J. Inst. Met. 31, 121. 

Mathewson, C. H. and Phillips, A 1916 Dull. Amer. Inst. Min. (Metall.) Engre, 
No 1. 

Moser, U. 1928 Stahl u. Risen, DumsMotJ, p. 1601. 

Muir, J 1900 a Philos. Trans A, 193. 

— 1900 b Philos. Trans. A. 198. 

Nadai. A. 1931 “Plasticity." Now York. 

Orowan, E. 1934 Z. Phys 89, 005. 

— I93SO Z. Phys. 97, 573. 

— - 1935 b Z. Phys 98, 382 
-- 1936 Z. Phys 102, 112 

Polanyi. M. 1925 Z. tech Phys. 6 , 121. 

Pomp, A. and Krisch, A. 1937 Mitt K - With Inst Kisenforsch. 19, 330. 

Prandtl, I,. 1928 Z. angew. Math. Mcch 8 , 85. 

Qumnoy, H. 1934 Engineer, Icond . 157. 332 
- 1936 Engineer, Land., 161. 609 
Robertson, A. and Cook, G 1913 Proc. Roy. Soc A, 88 , 402. 

Sachs, G and Shoji, 11 1921 Z Phys. 45, 776. 

Schmid, E. and Boas. W 1935 “ Kristallplastizitat", p 125. Berlin. 

Schmid. E. and Valouch, M A. 1932 Z Phys. 75, 531. 

Siebf.1. K and Pomp, A. 1928 Mitt. K -With Inst Eisenforsch. 10, 03. 

Siohol. K and Sohwaigoror, S 1937 MetaUwirtsrhaft, 16, 701 
Split h, W. 1937 a MftnUwi rise haft, 16. 193. 

— 19376 Metallivirtschafl, 16, 097. 

Teed, P. L. 1936 J Inst. Met. 58, 48 
Welter, G. 1935 MetnUumrtschafl, 14, 1043. 

— 1936 Mclatlwirlschaft. 16, 885. 



INDEX TO VOLUME CLXV (A) 

Adsorption of vapours at plane surfaces (Bangham and MoBallam), 552. 

Adsorption phenomena, oscillography (Johnson and Henson), 148. 

Archer (C. T.) Thermal conduction in hydrogen-douterium mixtures, 474 

Amot (F. L ) and M’Ewen (Marjorie B.) Tho formation of mercury molecules, 
133. 

Atkins (W. R. G.) Photo-electric measurements of tho seasonal variations m 
daylight around 0-41/t, from 1930 to 1937 , 453. 

Bangham (D. H ) and Mosallam (S.) The adsorption of vapours at plane 
surfaces of mica Part 1, 552 

Benger (M.) See Randall, Bonger and Groocock 

Blackett (P. M. 8.) The nature of tho penetrating component of cosmic rays, 11 

Blackett (P. M. S) and Wilson (J. G.) The scattering of cosmic ray particles 
in metal plates, 209. 

Bom (M.) A suggestion for unifying quantum theory and relativity, 291. 

Brotschor (E ) See Feather and Bretsoher. 

Burhop (E H. S.), Hill (R. D ) and Townsend (A. A) The production of 
gamma-rays by neutrons, 110. 

Coal, chemical constitution (Randall, Benger and Groocock), 432. 

Corin (C.) and Sutherland (G. B.‘ B. M.) The infra-red absorption spectrum of 
methylene chloride, 43. 

Cosmic rays (Blackett), 11. 

Cosmic ray particles, scattering (Blackett and Wilson), 209. 

Cosmology (Dirac), 199. 

Coulson (C. A.) and Duncanson (WE) Comparison of wave-functions for 
HoH++ and Holl+, 90 

Crystal beams of sodium-ammonium soignotte salt (Mandell), 414. 

Devonshire (A F.) See Lennard-Jones and Devonshire. 

Dirac (P. A. M.) A new basis for cosmology, 199. 

Duncanson (W. E.) See Coulson and Duncanson. 

Elam (C. F.) The influence of rate of deformation on the tensile test with 
special reference to tho yield point in iron and steel, 568. 

Electromagnetism equations (Milne), 313, 333. 

Electron ferromagnetism (Stdner), 372. 

Fage (A.) 'The influence of wall oscillations, wall rotation, and entry eddies, 
on the breakdown of laminar flow in an annular pipe, 501. 

Fay (J. W. J.), GKickauf (E.) and Paneth (F. A.) On the ocourrenco of helium 
in beryls, 238. 

Feather (N.) and Bretsoher (E.) Uranium Z and the problem of nuolear 
isomerism, 530. 

Ferromagnetism, collective electron (Stoner), 372. 

Fluid motion (Schmidt and Saunders), 216. 

[ 593 ] 



594 Index 

Foster (J. S.), Langstroth (6. 0.) and MoRae (D. R.) Quantitative spectro- 
graphio analysis of biological material. III. A method for the determination 
of Bodium and potassium in glandular secretions, 465 

Qamma-rays, production by neutrons (Burhop, Hill and Townsend), 110. 

Gases, critical phenomena (Lennard-Jones and Devonshire), 1. 

Glandular secretions, sodium and potassium in (Foster, Langstroth and MoRae), 
465. 

Gliickauf (E.) See Fay, Gltiokauf and Paneth. 

Gliickauf (E.) and Paneth (F A ) Identification and measurement of helium 
formed in beryllium by y-rays, 229. 

Goodevo (C. F ) See Porret and Goodeve. 

Gough (H. J.) and Wood (W. A.) Tho crystalline structure of steel at fracture, 
358. 

Groooock (C. M.) See Randall, Benger and Oroocock. 

Helium in beryls (Gliickauf and Paneth; Fay, Gluckauf and Paneth), 229, 238. 

Henson (A. F.) See Johnson and Henson 

Hill (R. D.) See Burhop, Hill and Townsend. 

Hyperfine structure (Jackson and Kuhn), 303. 

Jackson (D. A.) and Kuhn (H ) Hyperfine structure, Zeeman effect and isotope 
shift in the resonance lines of potassium, 303. 

Jeffreys (H.) Significance tests when several degrees of freedom arise simul¬ 
taneously, 101, 

Johnson (M. C) and Henson (A F ) Oscillography of adsorption phenomena. 
III. Rates of deposition of oxygon upon tungsten, 148. 

Kothari (D S.) The theory of pressure-ionization and its application, 486. 

Kuhn (H.) See Jackson and Kuhn. 

Langstroth (G. 0.) See Foster, Langstroth and MoRae. 

Lennard-Jones (J. E.) and Devonshire (A. F.) Cntioal phenomena in gases. 
II. Vapour pressures and boiling points, 1 

Mandell (W.) Resonanoo in crystal beams of sodium-ammonium soignette 
salt, 414. 

McRae (D. R.) See Foster, Langstroth and McRae. 

Mercury molecules, formation (Amot and M’Ewen), 133. 

M’Ewen (Marjorio B.) See Amot and M’Ewen 

Milne (E. A.) On the equations of electromagnetism. I. Identifications, 313 

Milne (E. A.) On the equations of oleotromagnotism. II. Field theory, 333. 

Mosallam (S) See Bangham and Mosallam. 

Neutrino theory of light (Pryoe), 247. 

Paneth (F. A.) See Gliickauf and Paneth, and Fay, Gliickauf and Paneth. 

Photo-eleotrio measurements of daylight (Atkins), 453. 

Porret (D.) and Goodeve (C. F) The continuous absorption spectra of alkyl 
bromides and their quantal interpretation, 31. 



Index 


595 


Preagure-ionuatiov (Kothari), 486. 

Prioe (W. C.) and Simpson (D. M.) The absorption spectra of sulphnr dioxide 
and carbon disulphide in the vacuum ultra-violet, 272. 

Pryce (M. H. L.) On the neutrino theory of light, 247. 

Quantum theory and relativity (Born), 291. 

Randall (R. B.), Bonger (M.) and Groocock (C. M.) The alkaline permanganate 
oxidation of organio substances selected for their boaring upon the chemical 
constitution of coal, 432 

Salter (C.) See Simmons and Salter 
Saunders (0. A.) See Schmidt and Saunders. 

Schmidt (R. J.) and Saunders (O. A.) On the motion of a fluid heated from 
below, 216. 

Significance tests (Jeffreys), 161. 

Simmons (L. F. G.) and Salter (C.) An experimental determination of tho 
spectrum of turbulence, 73. 

Simpson (D. M.) See Price and Simpson. 

Spectra, absorption, of alkyl bromides (Porret and Goodeve), 31. 

Spectra, absorption (Price and Simpson), 272. 

Spcctrographio analysis of biological material (Foster, Langstroth and MoRao), 
465. 

Spectrum of methylene ehlorido (Gorin and Sutherland), 43. 

Spectrum of turbulenoo (Simmons and Salter), 73. 

Steel, crystalline structure (Gough and Wood), 358. 

Stoner (E. C.) Collective electron ferromagnetism, 372. 

Sutherland (G. B B M ) See Conn and Sutherland. 

Tensile test with special reference to tho yiold point (Elam), 568. 

Thermal conduction in hydrogen-deuterium mixtures (Archer), 474. 

Tomotika (S.) Application of the modified vortioity transport theory to the 
turbulent spreading of a jet of air, 65. 

Tomotika (S.) On the velocity and temperature distributions in the turbulent 
wake behind a heated body of revolution, 53 
Townsend (A. A ) See Burhop, Hill and Townsend 
Turbulent spreading of a jet of air (Tomotika), 65. 

Uranium Z (Feather and Bretsoher), 530 

Velocity and temperature distributions (Tomotika), 53. 

Wave-functions for HeH+^ and HoH + (Coulson and Duncanaon), 90. 

Wilson (J. G ) See Blackett and Wilson. 

Wood (W. A.) See Gough and Wood. 


RND OF THK OMB HUNDRED AND SIXTY-FIFTH VOLUME (SERIES A) 




ABSTRACTS 


OF PAPERS COMMUNICATED TO 
THE ROYAL SOCIETY OF LONDON 

In accordance with a resolution of Council, summaries or abstracts 
of papers are to be published as soon as practicable. The publica¬ 
tion of such abstracts in no way indicates that the papers have been 
accepted for publication in any fuller form. These abstracts will be 
issued for convenience with the “Proceedings of the Royal Society 
of London” but do not form a part of the “Proceedings”. 


3 March 1938 


Investigations of the mechanism of the transmission of plant viruses by 
insect vectors. II. By H. H. Storky. {Cmnmunicaled by F. T. Brooks, 
F.R.8.—Received 26 January 1938.) 

An attempt has been mode to determine the conditions that decide whether 
Cicadulina mbila succeeds or fails in transmitting the virus of streak disease of maizo. 
Evidenoe shows that individual insects, although belonging to an ootivo raco and 
therefore all capable of acting as vectors, vary greatly in their ability to cause in¬ 
fection during a short period of contact with tho plant. The results obtained by com¬ 
paring the infections following contacts of single insects anil groups of insects are 
interpreted as conforming with an hypothesis of independence; that tho effect of one 
insect is independent of tho effects of any other insects that may puncture the plant. 
If this interpretation bo correct, a small but definite variation in susceptibility of the 
maize plants used can be recognised. 

By removing at the end of the contact the portion of leaf-tissue exposed to the 
insect, the probability of infection was somewhat roduced. Tho effect, though 
probably significant, was small; and it was concluded that the virus had normally 
become established in the plant and had moved down at least a few millunetres 
during the period that the insect maintained contact. 

Cicadulina mlnla, while resting on a maizo leaf, always has its mouthparts inserted, 
although it may change the position of puncture and may suck material from the leaf 
only intermittently The stylets penetrate all tissues of the leaf, but appear to be 
moved frequently until tho phloem is entered. 

The insect can take up virus from a chlorotic area of a diseased leaf during a 
puncture lasting only 16 seconds, which never penetrates beyond the mesophyll. If 
oonfined to the green part of the leaf lying between the chlorotic areas, punctures 
whether to the mesophyll or to the phloem, fail to take up any virus 
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No feature in the behaviour of the insects while in contact with a loaf oould be 
oertainly related to their success in causing infection, except that the observations 
suggested that a high defalcation rate is unfavourable. Evidenoe was obtained that a 
single puncture can result in infootion The traces of all such single mfectivo punctures 
examined entered the phloem; those of unsuccessful punctures sometimes entered the 
phloem and sometimes ended elsewhere. 

The insect can inoculate the virus successfully by inserting its stylets through a 
wax membrane into a loaf held below, but only if tlie membrane us not too thick to 
prevent the stylets reoclmig the phloem. Seedlings were not infected by insects 
feeding on tlie coleoptile; in this organ the phloem is doep-soated, beyond the reaoh of 
the stylets. 

Plants were never infected by punctures, however numerous, if they wero all of leas 
than a certain duration This threshold-period is about 5 min. at temperatures 
botween 23 and 26° C. A study of the puncture traces showed that many sub- 
threshold punctures penetrated to the phloem 

A eonsideration of all the evidence euusos me to advance the hypothesis that the 
uuus-t inoculates the virus in distinct doses, each mdojiendont in its effect of any othor 
doses that may bo inoculated by tho same or other insects. The delivery of a dose is 
dotennmod by some incident, that occurs only after puncture has been maintained for 
some time. 


The influence of rate of deformation on the tensile test with special reference 
to the yield point In Iron and steel. By V. F. Elam. (Communicated by 
Sir Harold Carpenter, F ft.8. Receivetl 26 January 1938.) 

Tensile huts on ariuco iron and two steels have been carri<xl out in a 50 ton Huckton 
testing machine and in a spring testing machine designed by Qmnnoy The distortion 
at the yield j>omL and tlie formation of Ludcr’s Lines were investigated in both 
machines Tests with these metals and with copper and certain aluminium alloys at 
different spoods confirmed previous observations that tho faster tho rate of loading 
the higher the stress. On the other hand, at very low speeds, there was a greater 
increase of hardness in tho case of iron and mild steel and the aluminium alloys than 
at faster rates of testing In copper the reverse was the ease Tlie deformation at the 
yield jxunt is eoinjiarwd with the “jumping’’ deformation characteristic of many 
substances. It is suggested that under certain conditions, the rate of deformation 
may lie greater than the rate of increase in hardness and that rests or very slow rates 
of extension may equally well increase the effect of work-hardening as allow relaxation 
to take place 


The resistance of superconducting cylinders in a transverse magnetic 
field. By A. D. Misknkr (Communtcated by J. D. Cockroft, F.R.8 .— 
Received 31 January 1938.) 

Detailed experiments on the transition of jtolycrystallme cylindrical wires from the 
superconducting to the normal state in a uniform transverse magnetic field are 
described Several specimens each of tin, indium and lead of high punty were in- 
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vestigated. The appliod field strength (U t ) which restored the first traces of electrical 
resistance was accurately determined at various temperatures below the nonnal 
transition point. It is found tliat the ratio of this field to tho critical field (H k ) 
corresponding to the temperature of tho experiment, is not constant but vanes with 
the temperature. The venation is linear, tho ratio H,/H k increasing as the temperature 
is decreased. For all specimens the ratio H,/H t would have tho value 0 60 at tho 
nonnal transition point. 

It is considered that this effect is incomjiatible with the idea of an “intermediate 
state" existing in a tong cylinder, and an explanation is offered based on tho assump¬ 
tion that after penetration of the external magnetic field (above 0 60 H k ) the cylinder 
breaks up into macroscopic rt<gions of nonnal and sit|>erconduoting material. The 
agreement of this hypothesis with previously observed phenomena is discussed 
A preliminary experiment is rejKirtod in which, by monsuimg the rrewtonce of 
successive millimeter sections of a specimen, the coexistence of these normal and 
superconducting regions m shown directly 


j3 -transitions in a coulomb field. By F. Hoylk. (Communicated by 
R. II. Fowler, F.R.S.—Received 31 January 1938.) 

This paper attempts to give the selection rules, and tho possible forms of the 
electron enorgy spectra, whioh correspond to elements on the first, second, and third 
Sargont curves, in the case of each of the possible forms of //-interaction belonging to 
Hamdtonians that contain a donvativo of only the neutrino wavo function. This 
allows a ohoice of several possibilities for the interaction, among which is the form 
proposed by Konopinski and Uhlcnbock. The accurate solution of tho problom would 
require a knowledge of the wave equation of a nucleus containing many particles 
I assume that a nun-relativistic Schrodingrr equation can be formulated for tho 
nuolous, m which the spin co-ordinate of each particle has two jKissible values (3, 4). 
Tho solutions of such equations for the initial and final nuclei will give a first type of 
forbidden transition It is further assumed that a relativistic equation can bo 
oonstruoted for the nuolci, in which the spm co-ordinate of each particle will now 
havo four values (I, 2, 3, 4). From this point of view I regard tho Schrbdinger 
equations as given by noglecting, in tho relativistic equations, all comjionents of the 
wave function in which any spin co-ordinate is 1, 2. Generalizing from tho Pauli 
reduction of the Dirac equation in tho single-body problem, to the assumption that a 
component of the wave function in which one spm ro-ordinate is different from 3, 4 
oan be expressed to a suitable approximation, m terms of those components which 
occur m the Sohroduiger equation, the connexion between these components seems to 
be analogous to that given by Pauli in tho oue-body problem. This introduces small 
components of tho wavo functions into the expression for tho transition probability. 
These small components will havo selection rules which are different from thoso for 
tho large components, and transitions which were forbidden may npw become 
“allowed" for the small components (that is, the light particle wavo function! may be 
treated as oonstanta over the nucleus). It is convenient to distinguish those compo¬ 
nents whioh are small in the spm variable of the transition particle, and thoso which 
are small in other variables. Theeo two groups of small components will, m genoral. 
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also have different eeleotion rule*. The result of comparing the selection rules for the 
threo groups of components of the wave funotiona (the large components, and the two 
groups of small components), and of discussing the corresponding forms of the 
eleotron spectra, show that there may be elements on the second Sargent curve with 
either 

(1) The “allowed distribution form” given by Fermi, 
or possibly for light elements (nuclear charge << 20). 

(2) Eleotron distributions which differ from (1), and of types previously discussed 
(Hoyle 1937; p. 290, fig. 4,1, II), 

and that for elements on the third Sargent ourve we have the possibilities 

(1) The “allowed distribution form” given by Fermi. 

(2) Effectively the distribution (1), but with a slight humping at the upper and 
lower energy limits. 

(3) Distributions of the typos previously discussed (Hoyle 1937; fig. 4,1, II). 

(4) And for light elements (nuclear oharge 20) distributions whioh differ more 
widely from the “allowed form" than (3), the shapes of these distributions being 
similar to (3), but of a more exaggerated form. 


On the nuclear forces and the magnetic moments of the neutron and the 
proton. By H. Fkohlich, W. Heitler and N. Kemmer. {Communicated 
by N. F. Mott, F.R S.—Received 1 February 1938.) 

An attempt is made to explain tho properties of the nuclear particles proton and 
neutron by tho hypothesis that these particles are capable of emitting a positive or 
negative "heavy electron" respectively with a rest mass tn, between that of the 
proton and the electron. The existence of those particles has been made probable by 
cosmic ray observations. 

Tho heavy electrons are assumed to have no (or integral) spin and satisfy Bose- 
BtatiHtica. Tho wave functions of those particles are aasumod to be of vectorial 
character, tho components of which satisfy the Klem-Gordon equation. They are 
quantised according to tho scheme given by Pauli and Weisskopf. Thus, a free heavy 
electron can exist in three different states of polarization, there are two transverse 
and one longitudinal wavo with givon momentum. The interaction with tho nuclear 
particles is found by relativistic arguments and oontains—apart from the mass m ,— 
two arbitrary constants g and /, both with dimensions of an electric charge. 

With this scheme we have calculated: 

1. The neutron-proton force It is an exchange force and has a range l/A=X/m,c. 
In the *S-state the force is always attractive. (This would not be the case for a scalar 
wave function ) g and / can bo chosen so that tho *S- and '8-states have the right 
position. The experiments suggest gt=/ = 5 electron chargos, 

2. The magnetic moments fi r and /i, of the proton and neutron. They are found to 
be of nuclear dimensions and have the right sign. 

3. The mass m, can be determined independently from the range of the neutron- 
proton force and from tho magnetic moments. In both ways we flndm,i= 100 eleotron 
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4. The proton-proton foroo is obtained only m the fourth order of approximation 
Mid leads to a strong repulsion for distances lees than 1/2A. Attraction and equality 
with the neutron-proton force could be attained by introducing also neutral particles 
with mass m,. 

5. The theory leads to a diverging self energy of the proton and neutron 


Photoelectric measurements of the seasonal variations in daylight around 
0*41 1 & from 1930 to 1937. By W. R. G. Atkins, F.R.S. ( Received 1 
February 1938.) 

In collaboration with H. H. Poole photoelectric cells were standardized and records 
obtained with a vacuum sodium cell and Cambridge “thread recorder” for 1830 
( Philos. Trans. 1935, 335, 1-37; 1936, 335, 345-72). Further measurements are now 
summarized and compared with those for 1930, after establishing tho constancy of the 
cell used. The greatest, least and mean values of the daily maximum, in kilolux, are 
given for oach month, also corresponding values for tho total vortical illumination in 
kilolux hours. For tho sake of uniformity all the daily curves wore measured by the 
author. 

Five years were very similar and averaged 300 kilolux hours a day, but 1934 gave 
300 and 1930 gave 414. Tho greatest sunshine average was 5 17 hr. in 1933. A com¬ 
parison with the meteorological returns failed to explain satisfactorily the high values 
for 1930, though radiation at South Kensington was rather high that year. It is 
possible that specially clear upper air was prevalent in 1930, or it may be that the 
explanation heH in a variation in the ratio of ultra-violet to green in tho solar 
speotrum, os suggested by Pettit but since contested by Hemheimer. 


The coagulation of plasma by trypsin. By J. Mellanby, F R.8 and 
C. L. G. Pbatt. (Received 2 February 1938.) 

Trypsin digests the fibrinogen contained in oxalatod plasma when tho amount 
added is greater than tho quantity of antitrypsin in the plasma. Stable, non-oxa- 
lated, fowl plasma is subject to the same effect, but certain concentrations of trypsin 
bring about coagulation. This coagulant action is due to the liberation by trypsin of 
thrombokinaso previously masked m the plasma. Contrary to cortain recent claims, 
trypsin doea not activate prothrombase. It is possible to prepare fowl plasma, free 
from thrombokinaso, such that the addition of throrabokinase brings about coagula¬ 
tion whereas the addition of trypsin doea not The results indicate that thrombose is 
not identical with trypsin and that thromkokinase and oaloium cannot be replaced by 
trypsin in the activation of prothrombase. 
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Studies on the hypophyeectomized ferret. X. Growth and skeletal de¬ 
velopment. By A. 8. Pabkes, F.R.S. and I. W. Rowlands. (Received 
4 February 1938.) 

Sue immature male and two immature female ferrets were hypophyeectomized at 
a body weight of 600-600 g. (7-10 weeks of age). Subsequent body growth in ferrets 
of both sexes was retarded; m tho female the stums was almost complete but the males 
continued to grow until the age when the growth in the normal ferret ib complete. 

Skeletal development was studied by means of X-my photographs and prepared 
skeletons. It was found that skeletal growth had been arrested; the bones bad a low 
calcium content and open epiphyses. Stasis in the development of the skull was most 
marked, this being shown by the absence of sagittal and nuchal crests, open suturea 
and tho retention of all tho characteristics of tho skull of an unmuturo animal. 


The reaction between oxygen and nitric oxide. By E. M. Stoddart. 
(Communicated by F. G. Donnan , Fti S.—Received 4 February 1938.) 

It lias boon shown that the observations of Baker on the non-interaction between 
intensively dried oxygen and nitrio oxide can bo repeated, provided that care is taken 
to onsure that mixuig takes place entirely in tho ox> gen-contaming bulb. The only 
explanation of this phenomenon is that tho reaction between tho gases is a hetero¬ 
geneous one, an explanation which fits the observations of Hasehe, who showed that 
the rate of this reaction was lowered by as much as 20% in paraffin coated vossols. 
The present author suggests that the drying has no effect except perhaps that of 
removing tho adsorbed water him from the glass vessels, thus allowmg tho surfaces 
to adsorb a complete gas film in its place. When this gas film is oxygon, no reaction 
ocours in tho mixed gases, but when the gas him is nitric oxide, reaction is possible. 
At least this explanation agrees with tho known facts regarding lieterogenoous 
reactions. 

With reference to Bodenstoin’s observation that the ivaction lias a negative 
tomjierature coefficient, it was seen that he accounted for this foot by assuming a 
temporary association of nitric oxide molecules in the form of a complex, tho life of 
which diminishes with rise of temperature The present work indicates that this 
complex is best formed when the nitric oxide molecules are hold close together by 
adsorption on glass surfaces If thi'se complex molecules are free to evaporate from 
the surface and jxwsess a short life in tho gas phase, then it is clear that the roaotion 
may appear to be homogeneous when subjected to measurements of its kinetics and 
that it will have a ncgati\e tempemture coefficient owing to the shortening of the 
life of tho complex with rising temporaturo. It is seen from the present experiments 
that these complex molecules are not formed m the gas plume (os was believed by 
Bodcnstcin). 

The experiments described ns ‘“cleaning ” ox fieri men ts showed that theauthor’s 
observations wore obtainable without any roeourso to intonsive drying. It was also 
shown that the admission of water to tho non-reuctivo gases had no effect and there¬ 
fore inhibition of reaction is wholly due to surface conditions of the containing vessels, 
“drying” in itself having no effect. 
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The experimental observations of J. W. Smith were shown to be quite correct but 
his explanation of his observations needs much modilication. A new compound has 
been discovered which, as far os the author can determine, appears to be 2N0.F,0 1 . 
The existence of the nitrogen peroxide-phosphoric anhydride comiwund described 
by Smith is unconfirmed. It has been shown that Smith’s work does not prove that 
intensely dried mtno oxide and oxygon are incapable of reaction. 


The electrical conductivity of thin metallic films. 3. Alkali Alms with the 
properties of a normal metal. By A. C. B. Lovell. ( Communicated by 
A. M. TyndaU, F.R.8.—Received 4 February 1938.) 

The technique previously described for measuring the electrical conductivity of 
thin films deposited by evaporation, in very high vacua, on clean substrates, has been 
modified to include the deposition of thick films of the alkali metals. 

Caesium films 10,000 A thick have resistivities only 4% greater than tho bulk 
metal, and identical temperature coefficients. Thick rubidium and potassium films 
liavo rather higher resistivities, but. jkwscss tho same temi>orutiiro coefficients as the 
bulk metal. 

Evidence is produced that, tho films aro polyerystallino, and that tho higher 
resistivities are due to a simple residual resistance The gradation in properties of tho 
thick films is shown to follow consistently from tho projierties of the very thin films 
investigated previously. 

From these results and other considerations it is concluded that there are no grounds 
for the belief that thin films differ essentially in structure from the normal metal. 


The Zeeman and Paachen-Back effects In strong magnetic fields. By 

P. L. Kawtza, F.R.S., P. G Strelkov and E I. Laurman. (Received 
7 February 1938 ) 

1. A method is described for studying the Zeeman and Piwohen-liack effects in 
magnetic fields up to 320,000 gauss. 

2. It is shown that the Zeeman splitting is within the limits of oxjiemnental error 
proportional to tho magnetic field and obeys the theoretical predictions previously 
verified only in weaker fields 

3. In strong magnetic fields we were unable to discover any displacement of the 
oentre of gravity of the splitting pattern, which again is in agreement with the 
theoretical prediction 

4. Tho Pnschen-Back effect was Htudiod in fields up to 300,000 gauss on tho beryl¬ 
lium doublet, and it was shown that tho splitting accurately followed the theoretical 
predictions, and that tho intensities of the various components agreed qualitatively 
with the theory 

5 Tho initial stages of the Pasclien-Baek offoot wore also observed for tho nnc 
triplet 'P-»8. 
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The lift and moment on a flat plate In a stream of finite width. By T. H. 

Havelock, F.R.S. (Received 8 February 1938.) 

The paper give* a new treatment of the problem of a flat plate in a stream bounded 
by piano parallel walla, including circulation round the plate. The plate u considered 
as the limiting case of the elliptic oylinder, an integral equation is obtained whose 
solution by continued approximation leads to expansions for the lift and moment on 
the plate. The solution is modified to give similar results when the stream is bounded 
by parallel free surfaces, taking the boundary condition at a free surface in an approxi¬ 
mate form; and a further modification gives the case when one boundary of the 
stream is a plane wall and the othor is a free surface. The problem of the elhptio 
cylinder in general is also considered with reference to the moment of the foroos when 
the stream is bounded by plane walls and when there is no circulation. 


Quantum theory of Einstein-Bose particles and nuclear Interaction, 

By N. Kemmkr. (Communicated by 8. Chapman, F.R.S.—Received 9 
February 1938.) 

It is shown that there aro four meqmvalent but oqually simple possibilities of 
formulating a field theory of Einstein-Boso particles, in which a positive expression 
for the energy density exists. Any of these formalisms might tentatively be accepted 
as a description of the “heavy oloctron” Considerations of relativistic invariance 
show that two independent expressions for the interaction of those particles with 
protons and neutrons can bo chosen in each of the four cases. Taking account of the 
interaction terms, the general Hamiltonian form of the theories is stated and the 
quantisation is performed The resulting proton-neutron potential is determined and 
it is found that its sign and spin-dependence agrees with reality m only one of the 
four oases, namely in the case based on tho equations of Proea (1936). The (divergent) 
self energies of tho proton or noutron resulting from the interaction studied are 
evaluated 


The photosensitivity of dlphenylamine-p-diazonium sulphate measured 
by the method of photometric curves. By C. F. Goodeve and L. J. Wood. 
(Communicated by C. &. Ingold, F.R.S.—Received 12 February 1938.) 

The method of photometric curves, used previously to measure the photosensitivity 
of visual purple solutions, has been applied to the bleaching of diphonylamine-p- 
diazonium sulphate. 

The diazomum salt was bleached with light of wave-length 305 mp. and it was 
found to have a quantum efficiency of 0-34 ± 0-02, independent of concentration and 
temperature. The photosensitivity was also found to be unaffected by the removal of 
dissolved oxygen and by the addition of an internal filter. 

These results have been compared with those obtained with visual purple, and their 
photochemical significance discussed. 
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The control of beating and of micro-fibrillation by means of potassium, 
calcium and sodium in the chick embryo heart. Potassium fibrillation. 

By P. D. F. Murray [Communicated by Sir Henry Dale, F.R.S.—Received 
7 February 1938.) 

A previous paper showed that fibrillation, induced by calcium m the medium 
depends upon a rise in the ratio calcium at the cell surfacea/potassium m the ceil 
interiors. In the present paper experunonts similar in character to those described 
in the first paper show that fibrillation by potassium in the medium is (I) more 
readily produced m hearts previously rendered potassium-poor than in hearts which 
are not potassium-poor, (2) probably more readily produced in hearts previously 
rendered sodium-poor than in hearts which are not sodium-poor. It is concluded 
that fibrillation by potassium in the medium occurs (1) whon the ratio potassium at 
the cell surfaces/jxitassium in the cell interiors is abnormally high, (2) probably also 
when the ratio potassium at the cell surfaoos/sodium m the coll interiors is abnormally 
high. 


The energy loss of penetrating cosmic ray particles in copper. By 

J. G. Wilson, ( Communicated by P. M. S. Blackett, F.R.S.—Received 
10 February 1938.) 

A description is given of measurements of the energy loss of cosmic ray particles in 
a oopper plate, mado by means of the cloud chamber method, and tho measurements 
are compared with those previously made in load. 

The results show that the initial reduction of relative energy loss, (1 /E) {dE/dx), 
with increasing energy is probably rather less rapid in oopper than in lead, but there 
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in no indication that the Bethe-Heitler value for the radiation lose applies to markedly 
higher energies in the lighter element. For both lead and copper there is a maximum 
of relative energy loss at i?~ 1-6 x 10* e-volts. It is shown that this loss is not 
accompanied by the seoondary particles to be expected if it were due to the emission 
of collision radiation. Further, the value of the relative cross-section in this region 
varies with the absorber lees rapidly than Z*, and the position of the maximum is 
almost independent of Z. 

Absorption of this type will become of particular importance for elements of 
low atomio number, and it is suggested that the absorption with a maximum at 
K ~ 1-6 x 10* e-volts is responsible for the anomaly in tho sea-level energy spectrum of 
cosmic rays at E ~ 2-5 x 10* e-volts. 


The structure of the walls of parenchyma in Avena colt op tilts. By R. D. 

Preston. ( Communicated by W. Stiles, F.R.S.—Received 14 February 
1938.) 

Consideration of both intact cells and of single walla m oat colooptilee shows 
clearly that tho cellulose chains of the wall are mclinod to the transverse plane, in 
oontradistinetion to previously accepted ideas The chains may, therefore, bo repre¬ 
sented as forming a senes of spirals round tho coll; and the spiral may be right- or 
left-handed in different colls, though it retains the same sign throughout in any 
individual paronohyma. Growth of tho oolooptile under constant light conditions, at 
a temperature of 28° C., appears to involve a change m tho inclination of this spiral, 
in accordance with changes m cell dimension, winch may be interpreted in terms of 
the geometry of the spiral. Tho ratio of the length of the parenchyma to its girth is 
shown to be of importance in this respect. If this ratio increases, the spiral becomes 
steeper; if it decreases, the spiral may bo expected to become flatter. It is probable 
that both turgor forces and active growth of the wall, as well as external conditions, 
play a part in this ohange in micellar inclination. Further mvestigation of coleoptiles, 
grown under widely different conditions, is clearly necessary before the precise value 
of such factors can bo appreciated 


Some experimental observations for longitude, made by theodolite, 
fitted with a shutter eyepiece. By J. de Graaff Hunter, F.R.S 
(Received 14 February 1938.) 

Freoise astronomical position determination is required m geodesy and geophysics. 
Longitude observations depend on tuning star transits, and the observation errors, 
both systematic and accidental, are rolativoly large. At fixed observatories this is 
mostly overcome by the moving-wire micrometer; but tho heavy outfit precludes its 
wide use in field work, where longitude precision is ordinarily muoh lower than 
latitude precision. 

The present paper describes a new method, applicable to a theodolite, to enable the 
tnangulator to fix both latitude and longitude with equally high precision; with 
little additional equipment. The basic principle is to observe the position of a star 



Abstracts of Papers S 35 

at imtanU controlled by the chronometer; instead of observing the time at which it 
raaohes definite positions. 

A special eyepiece contains a shutter, operated eleotro-magnetioally every third 
second by the chronometer; operation period being say 0-07 sec. Operation may also 
be every second, for comparison of time with rhythmio radio signals. Further, a scale 
with horizontal lines is provided in the eyepiece and rendered luminous; while tho 
shutter is not visible. The scale readings of star position at some twenty successive 
appearances are recorded. Their mean, converted to arc seconds mid applied to the 
corrected vertical reading, gives the zenith distance at a known precise chronometer 
instant. With suitably chosen stars, both latitude and longitude are determinate. 

Observations over several years, made on the shutter principle with a meridian 
transit, have shown no personality. Recently, with a Tavistock theodolite of 10 in. 
focus, the M.s.s. of longitude from a pair of stars = ± 0 075 sec. S ± 0-7 equatorial 
sec. of arc; the over-all time of observation of the pair being 8 min. This result is 
holly as precise and rapid as that of a Talcott latitude pair with a zenith telescope of 
greater power. 


The maternal effects on growth and conformation in Shire horse* 
Shetland pony crosses. By A. Walton and J. Hammond, F.R.S. 
[Received 15 February 1938.) 

1. Reciprocal crosses between the largo Shire horse and tho small Shetland pony 
have been made by means of artificial insemination. 

2. At birth the foals wore approximately proportional in weight to the weights of 
their mothers and about equal to foals of the pure breeds to which the mothers 
belonged. The eross-foals from the Shire mare were three tunes the size of the oross- 
foals from the Shetland marcs. Maternal regulation of foetal growth was very 
marked and obscured any genetic differences. 

8. After weaning, when the foals were under the same nutritive conditions, 
genetic differences appeared. The foals from the Shire mares grew much lees rapidly 
than pure Shire foals, and the foals from tho Shetland mares grew much more 
rapidly than pure Shetland*. At about 18 months an equilibrium point was reached 
at whioh the relative growth rates of the cross-foals and the pure Shotland remained 
constant. At 3 years the difference between the reciprocal crosses is still marked and 
is apparently permanent. 

4. Differences in the proportions of tho animals, when size differences are 
eliminated, were not so marked as differences in weight and the influenoe of nutrition 
not so obvious. 

8. The mechanisms, by whioh maternal regulation may be brought about, are 
discussed and three {Kjssibihties suggested: (o) maternal regulation of foetal nutrition, 
(6) maternal hormonal control, (c) cytoplasmic inheritance. 

6. The bearing of these results on the theoretical oonoept of growth is discussed. 

7. The experiments illustrate tho mtorplay of nutritional and genetical factors 
whioh are involved m development. 
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The biological characters of spontaneous tumours of the mouse, with 
special reference to rate of growth. By A. H addon. (Communicated by 
B. L. Kennaway, F.R.8.—Received 15 February 1938.) 

The following findings were obtained in a study based on 330 spontaneous tumours 
m the mouse. The occurrence of multiple primary neoplasms approached a chance 
distribution, although the approximation was statistically inadequate to justify the 
assumption of actual random incidence. In the great majority of cases the linear 
measurement of tumour size increased linearly with time, although a email proportion 
showed exponential moreaso. No significant association could be established between 
rate of growth and the incidence of metastasis. A significant correlation was found 
between tumour size attained and the incidence of metastasis. Tune of duration of 
the primary tumour was found to be a highly important single factor in determining 
the occurrence of metastasis. No significance could be attributed to a somewhat 
increased proportion of metastasis in mice with multiple primary tumours. Tumours 
situated in tho caudal half of the body were observed to poesoss a mean growth rate 
significantly higher than the mean for similar tumours cophalio in position. No 
relation was found to exist between location of tumour and production of metastases. 
When tumours of extreme types were studied, it appeared justifiable to oonolude that 
those of differentiated adenomatous structure more often possessed low rates of 
growth as compared with tho higher rates frequently manifested by dedifferentiated 
and'anaplastic histological types. In the ease of pregnant animals no evidence was 
found to suggest that gestation influenced tho rate of tumour growth, but parturition 
and the onset of lactation were not uncommonly followed by a temporary retardation. 
Slow growth was frequently observed in tho earliest stages of tumour development, 
such examples attaining their maximal growth rate only after a variable and often 
considerable interval. Mention is made of tho possible etiological significance of this 
phenomenon. Apart from the effect described as consequent on parturition and 
lactation, retardation during tho later stages of growth was mainly due to incidental 
factors such as bacterial infection of tho tumour substance. 


The influence of carcinogenic compounds and related substances on the 
rate of growth of spontaneous tumours of the mouse. By A H addon. 
(Communicated by E. L. Kennaway, FR.8.—Received 15 February 1938.) 

Parenteral administration of 1.2:5.0-dibonzanthraceno in mice bearing spon¬ 
taneous neoplasms (mainly carcinomata of the mammary gland) resulted m most 
casee in a prolonged inhibition of the rate of tumour growth. The degree of individual 
response varied from slight to marked retardation, and a few cases manifested active 
regression, either partial or oomplete. The same result, with a corresponding degree 
of variation, was produced by tho carcinogenio substances 1:2:5: 8-dibenzacridine, 
methyl oholanthrene and styryl 430. Tho non-carcinogemo compounds pyrene and 
1.2:3: 4-dibenzanthracene provoked either no response or a transient interference 
with growth rate followed by oomplete recovery. Instances are given in whioh the 
non-oaroinogenio substances aoenaphthanthraoene and 1:2:5: 6-dibenzphenazine 
led to a retardation of growth not different from that produoed by carcinogenic 
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oompounds. Administration of large doses of oeetrone benzoate produced in some 
oases no inhibition and in others a moderate retardation with a tendency to recovery. 
The inhibitory response brought about by carcinogenic compounds and by certain 
related nan-carcinogenic compounds is attributed to tlio possession by such substances 
of toxicity of a special kind. 


The scattering of fast p-particles by mercury nuclei. By F. C. Champion 
and A. Barbkr. (Communicated by C. D. EUis, F.R.S —Received 17 
February 1938.) 

The scattering of ^-particles of about 1 mV energy by mercury nuclei is examined 
with an expansion chamber for angles of scattering greater than 20°. The absolute 
number scattered is much less than would bo expected from Mott’s formula. There is 
also mdication of more inelastic collisions than are predicted by the theory of Bethe 
and Heitler. Photographs am reproduced which show tho sudden stoppage of a fast 
/7-particle with tho simultaneous production of what appear to be low energy jmira 
of positrons and electrons It is suggested that tho results may be qualitatively 
explained on tho assumption of a repulsive field between electrons and nuclei for 
dose distances of approach. 


A high-temperature Debye-Scherrer camera and Its application to the 
study of the lattices pacing of silver. By W. Httme-Rothkrv, V R.S., and 
P. W. Rjcynolbs. (Received 17 February 1938.) 

A high-temporature Debye-Scherrer camera is described for use at temperatures 
up to 1000° V. 'Hie camera is designed primarily for tho accurate determination of 
lattice spaoings of metals and alloys. Tho specimen is contained in a very thm-walled 
sealed silica tubo in order to prevent change of composition of tho specimen owing to 
volatilization, oxidation, etc The temporaturo is measured by moons of a thermo¬ 
couple, and can be controlled to within ± 1° C. of the desired value. 

The lattice spacing of silver is determined accurately between 20 and 643° C. The 
values agree to within 0-0001 A with the data of Scheel for the expansion of massive 
bars of silver up to 500° C. Tho values of Keesom and Jansen for the coefficient of 
expansion of silver m the range - 253° C. enable tho lattico spaoings at low tempera¬ 
tures to be calculated, so that the lattico spacing of silvor is now known from 20° 
above the absolute zero to 18° below the melting-point. It has been found possible 
to express the results in the form of an equation such that only four constants are 
required to express the coefficient of expansion over the wliolo range. This equation 
is of such a nature that the coefficient of expansion vanishes at the absolute zero in 
agreement with thooretical requirements. One term in the equation becomes 
vanishingly small above 0® C„ and tho coefficient of expansion from room temperature 
to the melting-point can be expressed in terms of two constants only. The greatest 
difference between the calculated and observod values is equivalent to 1 part m 
10,000 m the lattioe spacing. An equation of tho same type has been found to hold 
for other substances. 
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IJie dispersion formula for nuclear reactions. By P. L. Kapur and 
R. Peierls. (Communicated by B. H. Fowler , F.R.S.—Received 17 February 
1938.) 

The dispersion formula of Bethe and Placcek, which expresses the cross-section for 
nuclear reactions in terms of the virtual levels of the oompound nucleus and their 
widths, is derived without using the assumption that the motion of the moident 
particle within tho nucleus can m any approximation be regarded as a one-body 
problem. 

It is possible to denvo a formula of tho type of the dispersion formula without any 
assumption at all about the mechanism of the reaction. However, in the general case 
this formula contains more parameters than the usual dispersion formula and is 
therefore of less practical value. 

The dispersion formula of Betho and Placzek is shown to hold rigorously if only 
the widths of all virtual levels which contribute essentially to the expression are 
much smaller than the distances between the levels. 


An X-ray study of the iron-nickel-aluminium ternary equilibrium 
compound. By A. J. Bradley and A. Taylor. (Communicated by W. L. 
Bragg, F.R.8.—Received 18 February 1938.) 

X-ray powder photographs of slowly cooled alloys of iron, mokol and aluminium 
have been used to construct a phase diagram for all compositions. The system falls 
into two distinct portions. Up to SO atamio per cent of aluminium there are only 
body-centred cubio and faco-centrod cubic structures. Beyond 60 per cent of alu¬ 
minium, the diagram is extremely complex and will be described in a later paper. 

The face-centred cubic phase field includes superlattic© structures related to 
Ni»Al or Ni*Fe (a,), as well as disordered structures (a). It encloses a miscibility gap 
whore two faoe-oontrod cubic miporlattico phases («, and <*') are in equilibrium. As 
the iron content increases, the gap closes. 

Tho body-centred cubic phase field includes super lattioe structures related to 
Fe,Al (ft x ) and FeAl or NiAI (/?,). There is a two-phaso field where the iron-rich 
ft phase (without a superlattice) is in equilibrium with the ft t phase. In consequence, 
the system is muoh more complicated than had previously been supposed. Instead 
of a two-phase field separating the face-centred cubic and body-centred cubic areas, 
there are four separate areas, comprising three two-phase fields and a three-phase 
field. In the latter a face-centred cubic structure (a) is in equilibrium with two body- 
centred cubic structures (ft and ft t ). The two-phase fields are a+ft, a+ft t and ft+ftt 
respectively. The comers of the tliree-phase triangle are placed at the following 
compositions, a, 02, 31, 7; ft, 90, 7, 3; ft t , 28, 41, 31. (The numbers represent atamio 
per oent iron, mokel and aluminium respectively.) 
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A not* on Guggenheim’s theory of strictly-regular binary liquid mixtures. 

By G. S. Rushbrookk. (Communicated by R. H. Fowler, F.R.S —Received 
18 February 1938.) 

An attempt is made to improve and extend Guggenheim’s tentative theory of 
strictly regular binary liquid mixtures by using Bethe’s indirect method to avoid the 
unknown combinatory factor in the partition function for the liquid phase. The 
expression found in this way for the configurational energy of the mixture differs 
somewhat from that proposed by Guggenheim, and consequently formulao for the 
thermodynamic functions are also modified. 

The conditions under which such solutions will exhibit critical mixing phenomena 
are also discussed and the variation with temperature of the concentration at which 
the liquid mixture begins to separate into two phases is investigated. 

Though for simplicity the theory is developed on the supposition that the molecules 
of the liquid are not close-packed, numerical calculations for face-centred cubic 
packing, mcluded in the last section, suggest that this does not significantly affect 
the results. 


Investigations on Mediterranean Kala-azar. XI. A study of leishmaniasis 
In Canea (Crete). By 8. Am. hr, 0. Theodor and (1. Witenberg. (Com¬ 
municated by Sir Henry Dale, F R.S.—Received 22 February 1938.) 

Tho epidemiology of leishmaniasis in Canea is discussed. Human visceral leishmani¬ 
asis, canine visceral leishmaniasis, and Ptdebotomus major liavo an identical distribu¬ 
tion m Canea. major is tho only sandfly in Canea of importance for the transmission 
of visceral leiahmamasiB. P. pemunosus var. tobbi and P, perfihewi are absent, and 
P. chmensia var. awnct is not common. 

The bionomics of P. major in Canea are discussed. 

The hitherto unknown male of P. laroussei is described and the relation of this 
species to P. vesuvianus and P. canaantttcus is discussed. P. vesumanus is considered 
a synonym and P. oanaanittcus a variety of P. laroussci. 

The olinioal condition of naturally infected dogs is improved and tho infection rate 
in P. major fed on these animals redueixi by placing them on a diet of fresh meat 
without any further treatment. 

A number of naturally infected dogs have difficulty m barking owing to infiltration 
of the vocal chords with macrophages and plasma cells. 

P. major, P. chtnensts var. nmtet P. sergmti and P. papatasit were infected with 
Letshmania infantum by feeding on naturally infected dogs, on Syrian hamsters and 
a spermophil. The infection rates m P. serpent » and P. papatasn were very low as 
compared with P. major. 

P. sergmti, P. papatasi\ and P. major were infected with L. tropica by feeding on 
lesions in human beings m Canea. The infeotion rate in P. papatasit vs very low as 
compared with that in P. sergmti. P. papatasit plays no significant role m the 
transmission of L. tropica in Canea, and P. sergmti appears to be the main vector of 
L. tropica m Canea. 
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The Canea strain of L. tropica is biologically different from the Palestinian one. 
In contrast to the latter it produoes a very low infection rate in P. papatatii both in 
Greece and Palestine. 

A human being was infected with L. tropica by the inoculation of flagellates from 
an artificially infected P. acrgenti. 

The general distribution of sandflies of the major group with relation to visoeral 
leishmaniasis in the Old World is discussed. 


The accurate analysis of gaseous mixtures. By B. Lambert and D. J. 
Borgars. (Communicated by C N. Hinsheluwod, F.R.S.—Received 22 
February 1938.) 

An apparatus is described for the accurate analysis of small volumes of gas mixtures. 

It has been found possible to obtain results aocurate to 0 02 per cent for the deter¬ 
mination of the percentage content of one constituent of a gaseous mixture using 
about 10 o.o. of gas. The apparatus im also suitable for "lnioroanalyses” of gaseous 
mixtures using 1 to 2 C.o. of gas mixture and results accurate to 0-1 per cent are 
obtainable. 

Difficulties associated with the accurate determination of carbon monoxide in a 
gaseous mixture are discussed and methods of overcoming them are described. 


Atomic rearrangement process In the copper-gold alloy Gu,Au. II. By 

F. W. Jones and C. Sykes. (Communicated by W. L. Bragg , F.R.S .— 
Received 24 February 1938.) 

The relation between the size of nuclei and electrical resistance has been deter¬ 
mined for the copper-gold alloy Cu^Au in both the annealed and cold worked states. 
The experimental results are interpreted using the hypothesis that nuclei are anti¬ 
phase with narrow boundaries. For large nuclei a linear relation, between resistance 
and the number of boundaries per unit length, is found from which the reflexion 
coefficient of a single boundary lias been deduced. This reflexion coefficient is the 
same for both cold worked and annealed material although the rates of growth of 
the nuelei in the two cases differ considerably. 
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On the theory of heavy electrons and nuclear forces. By H. J. Bhabha. 
(i Communicated by R. H. Fender, F.R.S. — Received 28 February 1938.) 

A theory is developed baaed on the idea that the proton and neutron are two 
states of the same particle, which can go over from one state to the other by the 
emission of a charged particle of mass intermediate between those of the proton and 
electron, as originally suggested by Yukawa. These “ (/-particles ” arc described by 
four wave functions. Quantization of the theory loads as usual to positive and 
negative (/-particles with a spin of one unit. The (/-particles are identified with the 
heavy electrons of cosmic radiation. The theory leads uniquely to short range forces 
of the Heisenberg and Majorana type of such a sort as to allow one to make the 
ground state of the deuteron the triplet state, the tign of the Majorana force being 
not at our choice. The range of the forces is connected with the mass of the U -partioles 
as before, and demands a mass of somo two hundred times the electron mass. The 
relativistic generalizations of a pure Heisenberg and pure Majorana force are given. 
The relativistic scattering of (/-particles by protons and neutrons is calculated. 
Tho theory also leads to showers of Heisenberg’s type, but consisting of heavy 
electrons and heavy particles only. 


The statistical mechanics of condensing systems. By M. Bobn and K. 
Fuohs. (Communicated by E. T. Whittaker, F.R.S.—Received I March 
1938.) 

J. B. Mayer’s general theory of gases was the subject of a disoussion at the Van 
der Waals Centenary conference in Amsterdam (1937) where objections were raised 
against his explanation of condensation. We present a new form of Mayer’s theory 
using the method of complex integration by whioh it is possible to show rigorously 
that Mayer’s statements are essen ti ally oorreot. 
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The starch-iodine coloration as an Index of differential degradation by 
the amylases. By C. S. Hanes and M. Cattle. (Communicated by F. F. 
Blackman, F.R.8.—Received 7 March 1938.) 

The alterations in iodine ooloration have been followed by a speotrophotometrio 
method during the action of five representative amylases on starch. It is found that 
the so-called saccharogenic and dextrinogenic types of amylase are distinguishable 
from the early stages of their action by the manner m whioh the absorption char¬ 
acteristics of the iodine compounds are changed The relation between the alterations 
m the iodine colouring property and the liberation of reducing groups throughout 
the different degradative processes has been examined; such colour I reducing power 
relationships are shown to constitute a diagnostic criterion for comparing the action 
of different amylases. 

The problem of the constitutional basis of the iodine colouring property of starch 
and starch dextnns is considered in the light of those quantitative data. It would 
appear that the hue of iodine colour exhibited by a particular product is to a large 
extent independent of the length of its chain molecule but is governed mainly by 
some factor such an the mode or degree of association of the ohemioal units aa they 
exist in molecular aggregations. This hypothesis is in harmony with the available 
evidence from purely chemical studies, on the one hand, and with conceptions of the 
mode of attack of the starch molecule by the different enzymes, on the other. 


The dielectric polarization of a n-long chain ketone at constant volume 
and variable temperature. By A. MDllkr. (Communicated by Sir William 
Bragg, P.R.S.—Received 7 March 1938.) 

Tho present work is a continuation of a previous investigation on the dielootrio 
polarization of a long chain ketone. The substance, instead of being allowed to expand 
at atmospheric pressure, is now kept at constant volume. This constraint produces a 
very marked change in the behaviour of the substance when compared with previous 
results. It is shown that the rise m polarization at constant pressure goes parallel 
with the huge expansion which precedes the melting. 

With regard to the thoory of cooperative phenomena the present experiments 
show the effect of a variation of the boundary conditions upon the behaviour of the 
substance. 


Transference of induced food habit from parent to offspring, III. By 

D. E. Sladdbn and H. R. Hewbb. (Communicated by B W. MacBride, 
F.R.8.—Received 10 March 1938.) 

A modification of food habit has been induced in stick insects and has been 
transmitted through a number of parthenogenotio generations. The anomalies of 
the earlier communications have been satisfactorily explained. 
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Formation of negative lone at metal surfaces. By R. A. Smith. (Com¬ 
municated by N. F. Mott, F.R.S.—Received 10 March 1038.) 

Various processes of formation of negative ions at metal surfaces, and the con¬ 
ditions under which they may take place are discussed. Detailed calculations are 
given for the conversion of Hg+ ions into Hg ions at a nickel surface. The positive 
ions are assumed to be neutralised by oaptunng an electron from the metal, and to 
form excited atoms which subsequently capture another electron m falling into their 
ground state. This process is shown to aooount for the experimental results of Amot 
and Milligan. The calculated probability of formation by this process is 1-4 x 10-* for 
200 V Hg+ ions striking a nickel surface normally. The process of simultaneous 
capture of two electrons from the metal is shown to be improbable. 

A negative ion formed near a metal surface for which tho work function is greater 
than the electron affinity of the corresponding atom or molecule will have a con¬ 
siderable chance of being neutralised through one of its electrons passing into an 
unoooupied level in the metal. It follows that slow positive ions or motaetablo atoms 
will be ineffective as a source of negative ions. 

The formation of atomic negative ions from molecular positive ions is discussed. 
Calculations for the formation of H~ ions from HJ ions and from protons are given. 
The value obtained for the probability of formation of H ions from 140 V protons 
striking a surface with work function less than 3-37 e-volts is about 4 x 10“*. It is 
shown that H~ ions will not bo formed from protons at a surface with work function 
greater than 3-37 e-volts unless simultaneous capture of two electrons takes place. 
For formation of H- ions from the observed probability is only 1-04 X 10 _I for 
200 V H+ ions striking a nickel surface. This low value is shown to be due to the 
small probability of formation of tho intermediate excited H atoms by dissociation 
of the incident ions. Clearly, further experiments, using separated beams of protons 
and H,' ions, are required in order to clarify the processes taking place when atomic 
negative ions are formed from molecular positive ions 


Shower* produced by the penetrating cosmic radiation. By W. Hbitlkr. 
(Communicated by N. F. Mott, F.R.8.—Received 7 March 1638.) 

The theory of the heavy electron developed by Frfthlioh, Heitler and Kemmer, 
has been applied to the passage of fast heavy electrons through matter. It is 
shown that various types of showers are produced (7 = heavy electron, P = proton, 
N = neutron). 

(1) Y+ + N = P+fty. The light quantum produces an ordinary cascade shower. 

(2) Multiple processes of the type Y++ N = P+ Y+ + Y~ and of higher order are 
possible. They load to penetrating showers produced by penetrating particles. 

(3) In a heavy nucleus: Y++N — P. The energy of F + is restored in the nucleus 
whioh subsequently evaporates emitting a few protons and neutrons (proton shower) 
accompanied by electrons and possibly also heavy electrons. 

The inverse process to (1) leads to the creation of heavy electrons by light quanta. 
It is shown that tho order of magnitude of the cross-section is sufficient to explain 
all heavy electrons at sea-level as secondaries produced in the high atmosphere. 
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Owing to the breakdown of the theory for energies > fie* (> 10* e-volts) all theee 
prooeasee oan only be discussed qualitatively and their orow-seotion can only be 
calculated approximately for energies of the order 10* e-volts or leas. For this energy 
the oroas-sections have a reasonable order of magnitude. 


The formation of helium molecules. By F. L. Abnot, Ph.D. and Mabjobhc 
B. M’Ewen, B.Sc. ( Communicated by H. 8. AUen, F.R.S.—Received 
11 March 1038.) 

An investigation of the formation of ionized moleoulee in argon, neon and helium 
lias been made by the balanced space-charge method which had previously been used 
by the authors to study the formation of mercury molecule*. No evidence of mole¬ 
cular ionization waa found in argon and neon. In helium molecular ionization sets 
in at the resonance potential. The results show that these molecular ions are formed 
by tho attachment of motastablo atoms to normal atoms acoording to the process 
Ho(Is*, *8 g ) + He'(l«2r, *8) -► He+(I«7«2jxr, 

The appearance potential of tho molecular ions w the energy of the 2*8 state, 19-77 V, 
which is 1-19 V greater than the ionization potential of the helium molecule. 

Attention is drawn to the fact that those molecular ions are formed from excited 
atoms in 8-states, whereas wo have shown that mercury molecular ions are appar¬ 
ently formed only by excited atoms m P-states. 


An accurate determination of the range-distribution curve of the radio¬ 
active alpha particles from *L1. By C. L. Smith and W. Y. Chang. 
(Communicated by J. D. Cockcroft, F.R.S.—Received 12 March 1938.) 

The paper describes a method for determining the number-range distribution 
curve for tho a particle* from radioactive lithium. These a. particles are shown to 
consist of a continuous distribution extending up to a maximum of 6-90 ±0-1 om. 
(7-75±0-05 mV). The shorteet range observed was 0-65 cm. (1-2 mV) and in the 
region from 0-65 om. up to 8-6 cm. there is a linear relation between the logarithm 
of the number of a particles and their range Comparison is made with the dis¬ 
tribution curves obtained by other workers and it is also shown that the upper 
limit of the energy of the a particles explains the failure to observe the protons 
emitted in the reaction: 

’Li + *D = *Li + »H. 

Upper and lower limits for the mass of *Li are calculated from the data and 
shown to be respectively 8-0203 and 8 0246. 



ABSTRACTS 

OF PAPERS COMMUNICATED TO 
THE ROYAL SOCIETY OF LONDON 

In accordance with a resolution of Council, summaries or abstracts 
of papers are to be published as soon as practicable. The publica¬ 
tion of such abstracts in no way indicates that the papers have been 
accepted for publication In any fuller form. These abstracts will be 
Issued for convenience with the “ Proceedings of the Royal Society 
of London" but do not form a part of the "Proceedings”. 


27 ArRiL 1938 


The structure and relations of the human premaxilla. By E. H. Johnson. 
{Communicated by F Wood Jonex, F.R S —Received 10 March 1938 ) 

The structure and relations of the human premaxilla have been described. It has 
boon shown to bo vestigial jn character compared with the homologous bones in 
lower animals. 

The premaxillne are completely covered on the facial aspect by the incisor processes 
of the maxillae. “Suture linos” on the facial surface have been shown to be due to 
superficial fissures between the ridges of developing bone on tho frontal process of the 
maxilla. From the conditions observed m the region of tho floor of tho nasal cavity, it 
seems that the double nanal margins which occur in prognathous races are attributable 
to an incomplete passage of the incisor processes of the maxillae towards the anterior 
ma^aI spine. 

The anterior alveolar walls of the incisor tooth are maxillary. 

The ascending process of the premax ill a becomes ontirely restricted to tho internal 
nasal surface of the maxilla, because of relative differences m the rate of bone growth 
in this region. In cleft palate, the variation in position of the cleft is not due to a 
division through the premaxillu, but to the lateral incisor and its alveolus becoming 
diaplaoed to the lateral side of the cleft. Pathologioal “exfoliation of the premaxilla" 
is not indioativo of its structural form. 

The premaxilla in man has been compared with that m other Primates and has been 
shown to differ in form, relations, and the tune of closure of the sutures. The peculiar 
shutting off of the premaxilla on tho face by the incisor processes of the maxillae is 
to be regarded as a specific character of man. 


Abstract* 
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The distribution of carbon dioxide in the hen’s egg. By J. B books and 

J. Pace. (Communicated by Sir Joseph Bar croft, F.R.8.—Received 14 March 
1938.) 

The oombined CO, of egg-white in equilibrium with different partial pressures of 
CO, was measured over the range p - OOS-l'O atm. CO, at 25° C. An increase in CO, 
pressure inoreaaed the concentration of combined CO,. It was assumed that the 
oombined CO, was present m the form of bicarbonate. On this basis the buffer value 
per g. protein was 4-8 x 10 - * for the pH range 0-6-7-S. The reasonable values oaloulated 
for the pH of the white and the buffer value of the protomB supports the assumption 
that the amount of earbamino—CO, preeent is small. 

The value of the Bunsen solubility coefficient for CO, and white at 25° 0. was 0-71. 
This value is about 8 % greater than the value calculated from the salt and water 
oontent of the white. It is suggested that, as in blood serum, the dxoess solubility 
is caused by the presence of traces of lipoids. 

The uptake of CO, by shell and yolk was measured. The retention of CO, and buffer 
values of egg-white and the relation between the salts of shell and white have been 
discussed. 


Radioactive nodules from Devonshire. By M. Perutz. (Communicated by 
J. D. Bernal, F.R.S.—Received 15 March 1938.) 

Globular concretions surroundod by bleachod haloes are found in Permian Beds 
west of Budleigh Salterton, Devonshire. Sections show that their internal structure 
is complex, a sandy matrix being impregnated by a blaok hard material in radial and 
conoentrio shoots. Contact photographs of a plane section show a distribution of 
radioactive material closely connected with the structure of the blaok impregnation. 
From measurements of the intensity of the radioactivity on an ionization counter a 
oontent of 0-4 % uranium was calculated and later confirmed by chemical analysis. 

The physical properties of the black part are caused by an apparently amorphous 
impregnation of vanadium oxides, various other ores also being present in smaller 
concentrations. Throe classes of nodules are described and the possibilities of their 
origin are dismissed. 

The last part contains a chemical and geometrical description of the bleached haloes, 
and after discussion of explanations of thetr formation suggested by earlier authors 
the ionizing effect of radon is proposed as an agent which might be partly responsible 
for the bleaching. 


Application of reciprocity to nuclei. By M. Born. (Communicated by E. T. 
Whittaker, F.R.S.—Received 15 March 1938.) 

The formula for tho distribution of quantum states, whioh follows from the principle 
of reciprocity and the assumption of a closed p -space, is applied to somo properties 
of nuolei. The results can be considered as confirmations of the hypothesis. The mass 
of a particle moving with velocity of light and maximum momentum is of the same 
order as that of the partioles whioh Yukawa has introduced. 



Abstracts of Papers S 47 

Classical theory of radiating electrons. By P. A. M. Dibao, F.R.S. (Received 
15 March 1938.) 

The object of the paper is to set up in the classical theory a self-consistent scheme 
of equations which can be used to calculate all the results that oan be obtained from 
experiment about the interaction of electrons and radiation. The electron is treated 
aa a point charge and the difficulties of the infinite Coulomb energy are avoided by a 
procedure of direct omission or subtraction of unwanted terms, somewhat similar to 
what has been used in the theory of the positron. The equations obtained are of the 
the same form as those already m current use, but in their physical interpretation the 
finite size of the electron reappears in a new sense, the interior of the electron being a 
region of spaoe through which signals can be transmitted faster than light. 


Self-consistent field with exchange for calcium and argon. By D. R. 
Habtrhk, F.R.S. and W. Hartrkk. (Received 16 March 1938.) 

The differences between the atomio wave functions calculated by the method of 
the self-consistent field with and without exchange can in certain cases be plotted in 
such a way that the results for different atoms fall on approximately the same curve, 
which then oan bo used for interpolating between different atoms. 

Wave functions so estimated using the results already calculated for Cl~ and Ca ++ 
have been used aa the basis of calculations of the self-consistent field for K+ and Ar. 
For K+ all the (ni) wave functions have been calculated; the results showed that for 
Ar all but tho outer [(3s) and (3p)] wave functions could be interpolated to adequate 
aoouraoy by the method mentionod. 

Results are given, and values of the diamagnetic susceptibilities calculated and 
compared with observed values. 


Studies of the post-glacial history of British vegetation. By H. Godwin 
and M. H. Clifford. (Communicated by Sir Albert Seward, For.Sec.R.S .— 
Received 16 March 1938.) 

The plant remains of the fon deposits have boen analysed, and stratigraphy has 
been determined from profiles and from extensive borings: the methods of pollen 
analysis have been employed to indicate the drift of local vegetation phases on the 
fans themselves. 

Part I deals with the Woodwalton Fen area, a part of the fenland margin south of 
Peterborough, where the fen peats have been little damaged by drainage and peat 
cutting. It is shown that on the landward side there is a single peat bed, whioh is 
separated into two not for from the fen margin, by the tapering edge of a bed of fen 
day shown by forarainiferal and diatom analysis to have been laid down in brackish 
water. This clay, whioh must have represented a marine transgression, interrupted a 
phase of extensive development of fen woods, at first mainly alder-oak, and later 
pine-birch. Tree remains are very abundant. The peat above the fen day showed dear 

7-e 
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evidence of the development of aoidio sphagnum peat of the kind found only in re feed 
bogs (“Hochmooro”). Thu type of peat was previously unrecognised in the fens, and 
it reflects conditions of freedom from flooding by alkaline water. It is probable that 
this phase corresponds with the Bronze Age, and that in the suooeeding Iron Age 
conditions changed sharply. The acid sphagnum peat is overlaid by the calcareous 
lake marl of Ugg Mere and Trundle Mere, lakes which were only reoently drained. 
They are thus shown to have had a very reoent origin. 

Put II of the paper extends the observations m the Woodwalton area towards the 
sea and towards the southern half of the fens. A aeries of long sections has been 
constructed which converge towards Wisbech (upon the main estuary of the last 
phase of fen history). These sections show that the upper and lower peats, separated 
by the fen day, oocur regularly and continuously over the entire area. On the seaward 
side they are overlaid by an upper layer of semi-marmo silt, deposited in the Romano- 
Bntish period. By a long series of shallow boros the above senes of sections was tied 
to the known profiles at Wood Fen, Ely. Thence it was clear that the phases of lower 
peat, fen day, upper peat and upper silt could be aooepted as broad major divisions 
across the whole of the southern part of the Fenland. 

Peat formation m the Boreal penod was restnoted to places of local wetness, such 
as deep nvor valleys. A dry phase at the Boreal-Atlantic transition corresponded with 
a late Tardenoisian culture horizon. Poat formation became general in the fens in the 
Atlantic period, and the fens became wooded in the Neolithic period, during the end 
of which time, or just after winch, there was an extensive but shallow marine trans¬ 
gression which caused the fen clay to bo formed. The succeeding period in the fens 
began with “A" Beaker culture and during the Bronze Age they were dry: the fens 
were either wooded or formed raisod-bogs, and were fairly habitable. The ensuing 
Iron Age must havo been wot. The Roman period was marked by the deposition of 
considerable thicknesses of semi-marme silt m a wide belt on the seaward side of the 
fens, and in tongues along the courses of the estuaries. There were human settlements 
upon the silt whilst it was forming, and its present surface shows the remains of dense 
occupation. The great meres of tho Fenland probably formed either in tho Iron Age 
or the Romano-flntish period. 


On the theory of scattering of light. By Hans Mtjmjjcr. (Communicated, 
by R. H. Fowler, F.R.8.—Received 10 March 1938.) 

The Knshnan effect can be explained if the fluctuations of the optical anisotropy 
in the medium arc not independent in neighbouring volume elements. By applying 
Bnlloum's method to longitudinal and transversal waves the Knshnan effect is 
calculated for arbitrary directions of observation. It is found that the reciprocity 
relation is always valid. Every substance which has a Krishnan effect should show 
a Mie effect. Both effects are related to the photoelastic properties in the oaae of 
solids, and to the constants of streaming birefhngenoe in the case of liquids. 

The Knshnan and Mie effects must occur for temperature scattering in solids. In 
isotropic solids the scattered light must oonsist of two pairs of Doppler components, 
for crystals three different Doppler shifts can be expected. The Krishnan effort can 



8 49 


Abstracts of Papers 

ooottr in ordinary liquids if Lucas' transversal waves give a noticeable contribution 
to the eoattering. For temperature scattering the depolarisation p k = VJH k ts always 
larger than 1. 

A new theory of the scattering of light in glasses is proposed. It is based on the 
aeeumption that glasses contain a random distribution of “frozen in” strains. Slightly 
below the solidification temperature these strains are normal ones, but at lower 
temperatures shearing strains arc created due to temperature contraction. p k is 
smaller then 1 because the shearing strains are always smaller than the normal 
steams. It is found that Krishnan’s data arc m excellent agreement with those 
calculated for glasses for which the photoelastie constants ore known. 

Liquids with molecular clusters can be treated as if they were uniform liquids with 
a distribution of internal strains. They show p h < 1 because the strains are pre¬ 
dominantly normal ones. A relation between tho Mie effect for critioal opalescence 
and the deviation from the A -4 law is found to agree with Rouaset’s observation. 

It is pointed out that scattering data furnish a Founer analysis of the optical 
variations within the medium and can be used to determine the size of molecular 
clusters and of colloidal particles. 

Gans' theory of scattering by molecular dusters is discussed and it is shown that 
it agrees with Krishnan’s reciprocity relation. 


The two-stage auto-lgnition by hydrocarbons. By U. P. Kank. (Com¬ 
municated by A. C. G. Egerton, F.R.S.—Received 17 March 1938.) 

Previous investigations into the spontaneous ignition under pressure of the higher 
paraffins and olefins containing more than three carbon atoms have shown that in the 
temperature range between oo. 270-400° C , ignition occurs by a two-stage prooess 
preoeded by an induction lag t, before the formation of a cool flame and a second 
lag t, before the subsequent ignition of the cool flame products; increasing pressure 
shortens both these lags, and although kinetic relationships have been developed it 
has not been possible adequately to test them owing to the extreme violence of the 
ignitions at pressures muoh above the minimum ignition pressure. 

An optical recording manometer is described whereby it has been possible to measure 
ti and *, at pressures up to IS atm. with an accuracy of l/100th of a second. 

With propane, (, decreases more rapidly than <j with increasing initial pressure and 
at a ontioal pressure (about 8 atm.) the two-stage is replaced by a single-stage prooess; 
the induction lag then deoreasos very rapidly with pressure with propylene, where the 
induction lags are muoh greater, no such transition had occurred at prewures up to 
IS atm. 

The bearing of these results both on the nature of the kinetic prooeaaes operative 
and on the problem of “knock’’, is briefly dismissed. 
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The morphology of the brachial plexus, with a note on the pectoral muscle, 
and the twist of Its tendon. By W. Harris. (Communicated by W. Trotter, 
F.R.S.—Received 17 March 1938.) 

The primary or ventral divisions of the spinal nerves subdivide again into dorsal 
and ventral nerves to supply the dorsal and ventral rausoles and skin of the limb, 
dorsal joining dorsal and ventral joining ventral divisions. 

The simplest type of plexus consists of two cords, dorsal and ventral, formed by 
the union of the dorsal and ventral subdivisions of all the primary nerves entering 
the plexus, as in frogs and toads, and in birds. In mammals the original ventral oord, 
and to a less extent the dorsal oord becomes split up into different nerve trunks, 
though dorsal and ventral nerves remain apparently stnotly apart. 

Examination of the reptilian type of plexus in salamanders, turtles, beards, 
crocodiles and the Monotrernata demonstrates the passage of dorsal fibres into the 
median and ulnar branches of the ventral oord, probably for convenience of carnage, 
facts which suggest that essentially dorsal fibres in Man must enter the ventral trunks 
early, and thus explain the dorsal cutaneous and muscular supply in the hand by the 
median and ulnar nerves in Man. 

The marsupial plexus is a primitive mammalian type, and vanes little with the 
structure of the animal. 

Short-necked mammals like the manatee and the Cetacea have fivo to seven nerves 
in the plexus, and long-neckod forms like the llama and horse have a oompressed 
plexus. 

The Carnivora and quadrupedal Ungulate have lost the fifth oervioal nerve from 
the plexus. 

The seoond dorsal nerve may be considered to be a disappearing feature in the 
ma mm alian plexus. 

In tho Primates with arboreal life and increasing use of the deltoid, the fifth cervical 
nerve reappears and the plexus becomes increasingly prefixed up to the anthropoids, 
and the pectoral muscle develops a twist of 180° in the tendon of its lower half, aiding 
the power of olimbing. 


The nuclear magnetic moment of copper. By S. TohANSKY and G. 0. 
Fobbstrh. (Communicated by P. M. S. Blackett, F.R.S.—Received 18 March 
1938.) 

The doublet hyperfine structures of the resonance lines of the copper spectrum, 
A 3247 and A 3274, have been measured with a quarts Lummer plate. The lines are 
produced free from reversal effects, the doublet separations being respectively 379 
and 405 x 10“* cm. -1 . The following hyperfine structure interval factors are calculated. 
3d 18 4» 1 *Sj = 197 6,3d 10 4p 2 *Pj =14 and 3d 18 4p 2*P f = 4-8 (all m cm.- 1 x 10“*). The 
mean nuclear magnetio moment for the two oopper isotopes, 63 and 65, is derived 
from the ground state, 3d 1 * 4s 1 *Sj. The value found is ft = 2-47 nuclear magnetons, 
this being probably a better estimate than that given by other terms, since the 
ground state is spherically symmetrical and thus not affected by quadrupole moment 
of the nuoleus. By adopting Sohiiler and Schmidt’s value for the ratio of the magnetio 
moments of tho two isotopes, it is found that fi Cu*, = 2 43 and n Cu^ a 2-54 nuclear 
magnetons. 
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The disintegration id boron by slow neutrons. By C. O’Cbajllaioh and 
W. T. Davos. ( Communicated by X. V. Appleton, F.R.S. — Received 18 
March 1988.) 

The disintegration of boron by slow neutrons- ,B 1 * + # » 1 = i Li 7 + t He* + Q l —has 
been studied in an expansion chamber. Evidence has been found for the emission of 
three groups of heavy particles of ranges 4-25 ±0-2 mm., 7-15 ±0*26 mm. and 
8-9 ± 0 4 nun. in air at 15° C. and 760 nun. The 4-26 mm. group is clearly due to tho 
lithium nucleus. On the basis of the reoent range-energy determinations of Blewett 
and Blewett, the 7*15 and 8*0 mm. groups, which must consist of iz-particles, would 
lead respectively to energy releasee of 2*46 and about 3x10* e-volts. Substitution m 
the equation of reaotion of the masses at present accepted leads to a value for Q, 
of 2*99 x 10* e-volts. The 8-9 mm. a-partioles would correspond, therefore, to the 
production of the Li* nucleus in the ground state, and the 7-16 mm. particles to an 
excited nucleus having an energy of 0*55 ± 0 15 x 10* e-volts above the ground state 
Evidence based on the emission of two groups of protons in the reaotion 
,Li*-P 1 D» = ,Li , + t H‘ 

leads to the prediction of one low-lying excitation level of Id of 0 44 x 10* e-volts. 
This is oonflrmed by absorption measurements on the y-radiation accompanying this 
disintegration. Our value 0*56 ± 0-15 X 10* e-volts is in satisfactory agreement with 
the above figure. A study of the y-radiatwn arising from the non-capture excitation 
of Li 7 by a-partioles would seem to indicate the presence of two low-lying excitation 
Ievelsof0*6and0*4x 10* e-volts, but it is possible that transitions to the 0-6 x 10* e-volts 
state are not allowed in the above reactions. 


The heteropycnosls of sex-chromosomes and its Interpretation in terms of 
spiral structure. By M. J. D. White. (Communicated by J. B. 8. Haldane, 
F.R.S.—Received 22 March 1938.) 

There appear to be two kinds of heteropyonoais met with in the chromosomes of the 
OrthopUra aaltatoria, which may be called tho reversible and non-roversible typos. 
In the reversible type the same ohromosomo may show both positive and negative 
heteropyonoais at different stages. In the non-reveraible type only positive hetero- 
pycnosis is seen. During negative heteropycnosia the ohromosomo does not undergo 
as much thiokening as m the "control'’ autosome. In positive heteropycnosia the 
ohromosomo undergoes more thiokening. 

Both positively and negatively heteropyonotic chromosomes have a spiral structure 
at metaphase. The number of gyres in tho spiral per unit length is believed to be 
inversely proportional to the diameter of the ohromosomo, bo that it will be greater 
in negatively heteropyonotio chromosomes than in positively heteropyonotic ones. 
The direction of coiling of the spiral is not constant in the X -chromosomes of the 
Tettigonidae, i.e. the same ohromosomo may show cither right-handed or left-handed 
coiling. In the spermatogonial divisions the direction of ooiltng may be reversed at 
the spindle attachment of the chromosome or elsewhere. 
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A new and anomalous type of meiosie in a mantid. By M. J. D. White. 
(Communicated by J. B. 8. Haldane, F.R.8.—Received 22 March 1938.) 

The meiosis of Cattimantw takes place in a maimer which is entirely unique. No 
ohiaamata are formed and the first meiotic division is consequently reduotional for 
all parts of the ohromosomes. The usual diplotene and diakineeis stages an completely 
absent. Unlike other mantids hitherto studied this speoies (C. antiiiarum Sauas.) is 
XO in the male. 


The problem of n bodies in general relativity theory. By Sir Arthur 
Eddington, F.R.S. and G. L. Clark. (Received 22 March 1938.) 

The motion of a system of two bodies (e.g. a double star) is investigated as far as 
terms of the socond order in the potentials. Contrary to a result obtained by Levi- 
Civita in 1936, we find no secular acceleration of the centre of mass of the system. 

The work revealed an error in the standard formulae for the lino-element of a 
system of n bodies, given by de Sitter m 1936. As a result of correcting the error, 
the equivalent mass M of the system is found to be 

M = E+ &*€!<&, 

where E is the energy (including potential energy) and O the moment of inertia about 
the oentre of mass. 


The secretion of crystalloids and protein material by the pancreas. By 

S. A. Kumarov, G. 0 . Lanostroth and D. R. MoRan. (Communicated by 
J. 8. Foster, F.RJS.—Received 25 March 1938.) 

The conoontrations of Na, K, Ca, Cl, HCO t , and protein and non-protein nitrogen, 
were determined in Berios of samples of pancreatic juice secreted by dogs in response 
to (a) constant rate of administration of secretin. ( b) varied rate of administration of 
sooretm, and (c) interrupted administration of secretin (rest period, 2 hr ). The use of 
quantitative spectroscopic methods of analysis in the determination of the metals, 
and of absorption spectrum methods ui the study of the protein composition of the 
aeoretion, were important features of the technique. 

The fact that the observed concentrations of metals m the secretion are independent 
of the degree of activity of the gland, is considered to indicate that the glandular 
membranes offer little resistance to the passage of simple inorganic ions. The apparent 
marked differences in permeability to different ions, as indicated by Ball’s (1930) 
injeotion experiments, are probably due to a transformation of part of the injected 
substances to “non-diffusible" forms m the blood stream. 

The observed increase in the bicarbonate concentration with increasing rate of 
seoretm administration, and the compensatory relation with the chloride concentra¬ 
tion, is interpreted on the basis of (a) the formation of at least a part of the bicarbonate 
as a product of metabolism within the glandular oells, and (6) the action of membrane 
force*, probably of an eleotrioal nature. 
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A oomUtion of absorption speotrum measurements with protein nitrogen data 
admits of two alternative interpretations; (a) only one type of absorbing protein is 
pre se nt in the secretion, and a part of all of this serves as a carrier for enzymatically 
active groups, or (6) several types of absorbing protein are present, and these, whether 
ensymatioaUy active or not, are always socreted in constant proportions. 

The interpretation of protein nitrogen and certain other data is given in the 
aooompanying paper. 


The processes of synthesis and secretion of protein material in the pancreas. 

By S. A. Kumabov, G. 0. Langhtboth and D. R. MoRab. (Communicated 
by J. 8.'Poster, F.R.8.—Received 25 MarcJi, 1938.) 

. A theory of the process of synthesis of protein material by the pancreas, and its 
secretion in response to secretin administration, is developed The thoory leads to 
expressions which describe quantitatively tho behaviour of the protein output in 
samples of secretion obtained under widely varied experimental conditions. It 
permits some insight into the fundamental nature of certain of the glandular processes, 
as well as the calculation of various factors not directly observable in critical experi¬ 
ments. It is rioh in suggestions for now problems in connexion with the secretory 
processes. 


The applicability of the Gibbs’ adsorption theorem to solutions whose 
surface tension curves exhibit minima or horizontal portions. By J. W. 

MoBaix, F.R.S. and G. F. Mills. (Received 26 March 1938 ) 

The classical Gibbs’ adsorption theorem appears to be a limiting law applying to 
oases where mutual repulsion or oriented dipoles upon the surface and the effects of 
submerged double layer and of electrification do not also condition the surface tension. 

All aqueous and ionizing systems involve the lmjwrtant factor of a submerged 
double layer of greater or lesser development, powerfully affecting tho surface tension, 
appreciable even for insoluble oil films on water or for pure water itself. 

Abundant examples of “Type 3” surface tension curves have boon obtained by 
many authors by every experimental method. In these, the static or true equilibrium 
surfaoe tension is very greatly lowered m extreme dilution, thereafter remaining 
oonstant or passing through one or more maxima or minima, although the dynamic 
or immediate surface tension is several tunes greater, nearly that of water. Application 
of the classical Gibbs’ theorem in its exact form to these cases yields a series of 
obviously impossible results, no matter m what form they are calculated. The different 
reasons adduced by many authors for avoiding such applications are seen to be gravely 
at variance with the foundations of chemical thermodynamics. 

The faotors of orientation and submerged double layer omitted in tho Gibbs’ 
formulation are indicated. 

It follows from the Qibbs’ equation that the surface of solutions of soluble substanoes 
is very deep as compared with molecular dimensions, in oontrast to the familiar 
oonoeption of insoluble films on water. 
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The first spark spectrum of platinum. By A. G. Shxnstokb. (Communi¬ 
cated by R. H. Fowler, F.R.8.—Received 25 March 1988.) 

The paper reporta observations on the Spoctrum Pt II and classifies a large number 
of levels. A list of lines is also given inoluding (i) all identified lines between A976 
and A1242, (h) all oertain low transition lines and all identified high transition lines 
between A1242 and A 4514. 


The adsorption of vapours at plane surfaces of mica. Part II. Heats of 
adsorption and the structure of multimolecular films. By D. H. Bah oh am 
and S. Mosallam. (Communicated by D. L. Chapman, F.R.S—Received 25 
March 1938.) 

The results are given of measurements of the quantities of benzene, methyl aloohol, 
and carbon tetrachloride adsorbed at a known surface area of mica at pressures 
approaohing saturation. The adsorption energy is constant whilst the first molecular 
layer is being formed, but its completion is marked by an abrupt decrease to a value 
near the normal hoat of liquefaction. The graphs of apparent film thiokness against 
relative pressure for the three substances are not widely divergent over much of the 
range investigated, but the isotherms show discontinuities or sharp changes of 
curvature at adsorption values whioh are thought to be related to molecular spaoinga 
in the bulk condensed phases. Approximate values are given for the surfaoe tension 
lowering of the mica, caused by tho saturated vapours. 


The swelling of charcoal. Part V. The saturation and immersion expansions 
and the heat of wetting. By D. H. Bangham and R. I. Razouk. (Com¬ 
municated by D. L, Chapman, F.R.S.—Received 25 March 1938.) 

The percentage linear expansion x, of a rod of inactive wood charcoal when exposed 
to the exactly saturated vapour of methyl aloohol is found to be lees than the expansion 
x t produced by immersion m the liquid. The expansion is proportional to the surface 
energy lowering of the oharcoal, and this relation is confirmed by oompsring 

with the measured heat of wetting. On immersion of the sir-free 

oharcoal the liquid wets all, or nearly all, of the adsorbing surfaoe. From well- 
supported estimates, previously given, of the speoiflo surfaoe of the oharcoal, it 
beoomes possible to assign values to the free and total energy changes per cm. 1 whioh 
aooompany saturation and immersion. 
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The crystal structure of certain bridged palladium compounds. By A. F. 

Wells. (Communicated by J. D. Bernal, F.B.8.—Received 28 March 1038.) 

The crystal structures of the bridged compounds [(OH, ^AsyM^Cl^ and its bromine 
analogue have been determined. The crystals of the tetrachloride from alcohol and 
from dioxane and those of the tetrabromide from dioxane arc all isomorphous. A 
probable structure deduced from the optical profierties, coll dimensions and symmetry 
was confirmed by Fourier projections using visually estimated intensities Tho 
structure of tho tetrabromide was investigated in detail, the configuration of tho 
molecule being finally obtained from a section of the three-dimensional electron 
density distribution. The bridged molecule is found to be planar with the configuration 


Ur \Br/ 


The interatomic distances are: Pd-Rr 2-45 and Pd-As 2 50 ± 0-05A. The molecules 
are stacked in columns along 4, axes m tho space group I 4/m, and the columns of 
molecules are held together by very weak van dor Wools forces. The paoking of tho 
molecules m this way loaves tunnels through the structure. These remain empty m 
oertain oirnumstanoes, as, for example, when the totrachlonde crystallizes from 
alcohol. On crystallizing from dioxane, however, this compound takes up dioxane 
of crystallization presumably owing to the fact that the diameter of the dioxane 
molecules is approximately the same as that of the holes in the structure. The 
introduction of the solvont is accompanied by a small increase in the cell size and a 
slight reonontation of the moleculos of the palladium compound. 


The paramagnetic magneton numbers of the ferromagnetic elements. By 

W. Sucksmith and R R Pearce. (Communicated by A. M Tyndall, F.R.8 
—Received 28 March 1938.) 

A method ia doscnlied for measuring magnetic susceptibilities in a controlled 
atmosphere or in vacuo at temperatures up to 1500° C The special precautions 
required to prevent solid diffusion anil minimize evaporation in measurements on 
metals are discussed. Accurate measurements on tho suHceptibditios of the ferro- 
raaghitic elements, hitherto confined to mokol, are extended to cobalt and iron. The 
magneton numbers for both these elements are deduced to an estimated accuracy of 
1-2 % from the experimental data. It is shown that the existing theory is inadequate 
to explain the new results obtamed. 


Electromagnetic induction in non-uniform conductors, and the determina¬ 
tion of the electrical conductivity of the earth from terrestrial magnetic 
▼ariationa. By A. T. Price and B. N. Lahiri. (Communicated 8. 
Chapman, F.R.8.—Received 28 March 1938.) 

The results of previous investigations by Chapman and Price of the induoed fields 
and current distributions, associated with the raagnetio daily and storm-time varia¬ 
tions, suggest that more preoise information as to tho distribution of electrical 
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conductivity (k) wxthm the earth, might be obtained by considering elootrodmgnotio 
mduetion in a non uniform sphere The general theory for any non uniform conductor 
is here considered, and the formal solution for any conductor with spherical symmetry 
is obtained Detailed formulae for the induced hold mid current distribution, m the 
special case when K=kp ", where k and m are constants are obtained and applied 
to the terrestrial magnetic variations The results obtained support the view, expressed 
by Chapman and Pi ice, that there is a considerable increase of k with increasing depth, 
beyond 150 km It seems however, that the really important inoroaae in K taker 
place at about 700 km depth beyond which k is at least as great as JO -11 emu 
while above this depth the moan conductivity may bo of the same order as for rooks 
on the earth s surface (10 “ or 10 “emu) This suggests that there is some change 
in the composition of the eaith (e g t > a mote metallic oontent) at a depth of about 
700 km Meismological evidence appears to mdicato that such a transition occurs at 
a somewhat greater depth ihe results also show that theie m an effective distribution 
of k at or near the surface of th< oarth and it seems most probable that this represents 
the influence of the relatively highly conducting oceans Fho induced currents do not 
penetrate appreciably boyond a d pth of atioul one fifth of the earth a radius, so that 
the knowledge of k afforded by the daily vai mtiona and the storm time variations 
will bo restricted to an outer shell of this thickness 


The photochemical polymeri7ation of methyl acrylate vapour By H W 
Melville (Communicated by k K Ruleal FRS Received 28 March 
1938 ) 

The photopolymenzation of methyl acrylate vapour has been studied at pressures 
up to 60 mm and at temperatures between 20 and 150° C Polymerization ooenrs 
almost quantitatively giving a dense cloud of polymer m the gas phase when about 
10 quanta are absorbed/o c /boo at 2537 A the quantum yield ranging from unity 
to 5000 depending on the tempt laluie and intensity At shorter wave lengths the 
moleoult is dissociated to hydiogtn and propiolic ester Growth of the polymer oeases 
when two growing polymers intt mot with each othor The temperature of this latter 
process is so laigu that the |>olymennation has a negative temperature coefficient 

rhe reaction is very sonsiti ve to inhi bi tors especially to oxygen and to a lesser extent 
butadioiu By controlled us of ml ibitois a diroct ini asure of tho ent rgy of activation 
of the propagation reaction has boon made it amounts to 4 k cal At high oxygen 
pressures oxygen exerts a positive catalytic effet t believed to be due to the mercury 
sensitized production of O atoms 

The molecular weight of the polymer has boen estimated by measuring the ratio 
of aorylate to butaditno molecules used up in the inhibited reaction under a given 
mtensity of illumination Hence by calculation the molecular weight of the product 
m the normal reaction is easily found 

Thu behaviour of aorylate is in marked contrast with that exhibited by methyl 
methacrylate, the long life timo of tho latter polymer being absent m the acrylate 
Like the methacrylate the acrylate grows by the double bond raeohamam and the 
differences in behaviour of these two molecules u aooounted for by the theories 
advanced in this and previous papers 










